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Abstract: We apply the first integral method to study the solutions of the variant Boussinesq
and the nonlinear Drinfeld-Sokolov systems. This method is based on the theory of commuta-
tive algebra. The new idea in this paper is to find the solution of a system of nonlinear partial
differential equations using the first integral method.
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1 Introduction

The study of the solutions of partial differential equations (PDEs) has enjoyed an intense period of activ-
ity over the last forty years from both theoretical and numerical points of view. Improvements in numerical
techniques, together with the rapid advance in computer technology, have meant that many of the PDEs aris-
ing from engineering and scientific applications, which were previously intractable, can now be routinely
solved. In finite difference methods differential operators are approximated and difference equations are
solved [1]. In the finite element method [2] the continuous domain is represented as a collection of a finite
number N of subdomains known as elements. The collection of elements is called the finite element mesh.
The differential equations for time dependent problems are approximated by the finite element method to
obtain a set of ordinary differential equations (ODEs) in time. These differential equations are solved ap-
proximately by finite difference methods. In all finite difference and finite element methods it is necessary
to have boundary and initial conditions. However, the Adomian decomposition method, which has been
developed by George Adomian [3], depends only on the initial conditions and obtains a solution in series
which converges to the exact solution of the problem. In recent years, ansatz methods have been developed,
such as the tanh-function method [4-6], extended tanh-function method [7, 8], the modified extended tanh-
function method [9, 10], the generalized hyperbolic function [11, 12]. Other methods are the variable sepa-
ration method [13, 14] and the first integral method [15-21]. Wu and He [22] solved the variant Boussinesq
system using the Exp-function. He and Abdou [23] derived the solutions of the nonlinear Drinfeld-Sokolov
system using the Exp-function. Yomba [24] proposed the extended Fan’s sub-equation method to solve the
variant Boussinesq system. Wazwaz [25] used the Sine-Cosine and tanh-function methods to obtain the
solutions of the nonlinear Drinfeld-Sokolov system. The purpose of this paper is to propose a new approach
by applying the theory of commutative algebra to study the solutions of the variant Boussinesq and the
nonlinear Drinfeld-Sokolov systems using the first integral method.
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2 The first integral method

Consider the nonlinear PDE:
F(u,ut,ux,um,um,...) :07 (1)

where u(z, t)is the solution of equation (1). We use the transformations
u(z,t) = f(§), {=a—ct, 2
where c is constant. Using the chain rule we obtain

9 d 0 d 0? d?
a(-) =—c Tg(')’ %(-) = dfg(.), @(.) = Je

We use (3) to change the PDE (1) to ODE:

0, - 3)

G(f, fe, fee, ) = 0. 4
Next, we introduce new independent variables
X(©) =1, Y =/[lo) Q)
This yields a system of ODEs
Xe(6) =Y (6), ©

Ye(§) = F1(X(£), Y (§))-

If we can find the integrals to equation (6) under the same conditions of the qualitative theory of ordinary
differential equations [26], then the general solutions to (6) can be solved directly. However, in general, it is
very difficult for us to realize this even for one first integral, because for a given plane autonomous system,
there is no systematic theory that can tell us how to find its first integrals, nor is there a logical way for
telling us what these first integrals are. So, we apply the Division Theorem to obtain one first integral to (6)
which reduces (4) to a first order integrable ODE. Then, an exact solution to (1) is obtained by solving this
equation. Now, let us recall the Division Theorem:

Division Theorem: Suppose that P(w, z) and Q(w, z) are polynomials in C|w, z] and P(w, ) is irre-
ducible in Clw, 2] . If Q(w, z) vanishes at all zero points of P(w, z) , then there exists a polynomial G(w, z)
in Clw, 2| such that

Qw, z] = Plw, z] Glw, z].

3 Applications

In order to illustrate the solution procedure, we consider the following two systems, the variant Boussinesq,
and the nonlinear Drinfeld-Sokolov systems. All calculations in this article have been done using the aid of
the MATHEMATICA software package.

Example 1: We start with the variant Boussinesq system [25]

ur(z,t) + vg(z,t) + u(x, t) ug(x,t) =0, (7a)
ve(z,t) + (u(x, t) v(z,t)) s + Ugee(x,t) = 0. (7b)

Introducing the following transformations

u(z,t) = f(£),
vl t) = g(6), ®)
where, £ = x — ct, the system (7) becomes
df(f) 9(§) af€) _
e+ B 0 —o, %)
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_dg©) A€ g(€) | ()

s + i + e = 0. (9b)
Integrating equation (9a), we obtain g(§) as
1
9(8) = ¢ f(§) = 5 (f(€)* +a, (10)

where « is an arbitrary integration constant. Integrating equation (9b) and substitute g(§) we get

O — 100+ @ -0 10 - 5 GO + 5 (O an

Let X = f(€), Y = % . and then equation (11) is equivalent to
X(©) =Y, (12a)
V(€)= (B+ae) + (¢ — ) X(6) ~ 5 (X(9)* + 5 (X(€))" (120)

According to the first integral method, we suppose that X () and Y (£) are nontrivial solutions of (12),
m .
and ¢(X,Y) = > a;(X)Y" = 0is an irreducible polynomial in the complex domain C[X, Y] such that

i=0
g[X(€),Y (&) =) a(X)Y' =0, (13)
i=0
where a;(X)(¢ = 0, 1, ..., m) are polynomials of X and a,,(X) # 0 . Equation (13) is called the first

integral to (12), due to the Division Theorem, there exists a polynomial g(X) 4+ h(X)Y in the complex
domain C[X, Y] such that

dg  0q9X 0q0Y o~ i
E_aiXaig_FWaig_(g(X)—kh(X)Y) ;aZ(X)Y. (14)

In this example, we take two different cases, assuming that m = 1 and m = 2 in equation (13).
Case I: Suppose that m = 1, by equating the coefficients of Y* (i = 2, 1, 0) on both sides of equation
(14), we have

i (X) = h(X) a1 (X), (159)
a0(X) = g(X) + h(X) ag(X), (15b)
(X)(5+a0) + (¢~ 0)X(€) ~ 2 (X(€)+ 3 (X(€)) = g(X)ao(X). (150

Since a;(X)(i = 0, 1) are polynomials, then from (15a) we deduce that a; (X) is constant and h(X) =
0 . For simplicity, take a1(X) = 1. Balancing the degrees of g(X) and ao(X) , we conclude that deg
(9(X)) = 1 only. Suppose that g(X) = A; X + By, and A; # 0, then we find ao(X)

1
ao(X) = Ag+ By X + 5Al)(?. (16)

Substituting ao(X) , a1(X) and ¢g(X) in equation (15¢) and setting all the coefficients of powers X to
be zero, then we obtain a system of nonlinear algebraic equations and by solving it, we obtain

B =0, a=—A, A1=1, ¢ = —By, (17a)
6=0, a=A4), A =-1, c=B5By. (17b)
Using the conditions (17a) in equation (13), we obtain

_ —2A4p-2By X — X?
— 5 .

Y

(18)
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Combining (18) with (12), we obtain the exact solution to (11) and then the exact solutions to the variant
Boussinesq system (7) can be written as:

2A0

u(z,t) = =By — \/2 Ap — B} tan| ( + Bot + &),

TR (19)
Ap—B2
v(z,t) = 2’40_230 (sec| 2 > Bo (x + Bot +&0)))2.
where & is an arbitrary constant.
Similarly, in the case of (17b), from equation (13) we obtain
—2A9—2By X + X?
y= Tt T (20)
2
and the exact solutions to the variant Boussinesq system (7) are given by:
—2 Ap—B2
u(a,t) = Bo+ /=2 Ao = BY tan[ X5 (z — Bot + &) on

v(x,t) = % (sec[iﬁ%*Bg(x — Bot+&)))%

2

Case II: Suppose that m = 2, by equating the coefficients of Y (i = 3, 2, 1, 0) on both sides of
equation (14), we have

i (X) = h(X) aa(X), (20
a1 (X) = g(X) az(X) + h(X) an(X), (220)

+9(X) a1(X) + h(X) ap(X),
@ (X) (B+ @) + (¢ — ) X(O) — 5 (X(©) + 5 (XOF) = g(X)an(X).  (220)

Since az(X) is a polynomial of X , from (22a), we deduce that az(X) is a constant and h(X) = 0 . For
simplicity, we take a3(X) = 1, and hence (22) can be rewritten as

a2(X) =1, (23a)
a1(X) = g(X), (23b)
+(X) a1 (X) +h(X),
@ (X) (B+ @) + (¢ — ) X(©) ~ 5 (X(©) + 5 (X(O)F) = g(X)an(X).  (230)

Balancing the degrees of g(X), a1(X) and ag(X) , we conclude that deg (g(X)) = 1 only. Now we
discuss the case if deg (¢(X)) = 1, suppose that g(X) = A; X + By, and A; # 0, then we obtain a1 (X)
and ap(X) as

1
a1(X)=Ag+ By X + 3 A X2, (24)

a(X) =d+ L (AlBo+20)X3 1(A2 = 2) X' + LX2(Ag A+

BO—QC —|—20é)—|—X(A()B(]—ZCOé—2ﬁ). (25)

where Ag and d are arbitrary integration constants.
Substituting ap(X) , a1(X) , a2(X) and g(X) in (23d) and setting all the coefficients of powers X to
be zero, then we obtain a system of nonlinear algebraic equations and by solving it, we get

A2 — Ay — By

d 47ﬁ 0,0( 2 , C 9 ) 1 ) (63)
A2 A B

d= ,ﬁ—O o= 20 0270,141:—2. (26b)
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Using the conditions (26a) in equation (13), we obtain

 —Ay—ByX — X?
= : :

Y 27

Expression (27) is the first integral of (12). Combining equation (12) with equation (27), we obtain the
exact solution to equation (11) as follows:

F6) = LBy - \J1 49— B2 tan(Y A = BTEF &)y 08)

2 4

where & is an arbitrary integration constant. Then the exact solutions to the variant Boussinesq system (7)
can be written as

_n2 z Bgt
u(z,t) = L(=Bo — /A Ay — B tan(YAA= I ety w0y
2 x Bt
v(w,t) = —A0 — By By — /T Ay — BE tan(Y BT ) 29)

Bpt
(—Bo — /A Ay — B2 tan(Y A= B e 5 t0) )y

1
8
Similarly, in the case of (26b), from equation (13) we get

_ —Ap— By X + X?

Y 30
5 ; (30)
and the exact solutions to the variant Boussinesq system (7) are given respectively by
—4 Ag—B2 (z—Bot
u(z,t) = 1(By + /=4 Ag — B2 tan(Y—A0 B0 1= 0) )
— — p2 _ Bgt
v(z,t) = 4 + Bo(By + \/~4 Ay — B? tan(Y 4 4o Bo4(x o)y (31
_ B2 (p—Bot
— LBy + /=4 Ay — B tan(Y A B0 m 2 t00) )2
All these solutions are new exact solutions.
Example 2: We consider the nonlinear Drinfeld — Sokolov system [25] in the form
w(, ) + o3z, 1) = 0, (32a)
’Ut(l',t) - vmmm(xat) + (3U(.’E,t)’l)(.%’,t))m =0. (32b)
Introducing the following transformations
u(:c,t) = f(f),
(33)
v(z,t) = g(8),
where £ = z — ct, the system (32) reduces to
df(€) | dg(¢)*)
— = 34
c d + d 0, (34a)
dg(§) _ d’g(§) | d(3f(§)g(&))
— — =0. 34b
d dgs + i (34b)
Integrating equation (34a), we obtain f(¢) as
2
-
GER 65)
where « is an arbitrary integration constant. Substituting f(£) into equation (34b) yields
d?g(¢ 3(g(6))3 -3«
R TG 36)

a2 c c

IJNS homepage:http://www.nonlinearscience.org.uk/



116 International Journal of Nonlinear Science,Vol.5(2008),No.2,pp. 111-119

Using the first integral method we get the system of ODEs

X(©) =Y, (37a)
V(€)= 2 (X(©) +(—2 ) X(€) - 6. (370)

According to the first integral method, we suppose that X (£) and Y () are the nontrivial solutions of (37),
m .
and ¢(X,Y) = > a;(X)Y" = 01is an irreducible polynomial in the complex domain such that

i=0
alX(9),Y(€)] =D ai(X)Y' =0, (38)
i=0
where a;(X)(¢ = 0, 1, ..., m) are polynomials of X and a,,(X) # 0 . Equation (38) is called the first

integral to (37), due to the Division Theorem, there exists a polynomial g(X) + A(X)Y in the complex
domain C[X, Y] such that

dg _0q9X 0q0Y 0 (X) 7
1t = 9% ¢ + oy ag ~ OO0 FAOV) S a(x) v (39)

In this example we discuss two different values of m assuming that m = 1 and m = 2 in equation (38).
Case I: Suppose that m = 1, by equating the coefficients of Y (i = 2, 1,0) on both sides of equation
(39), we have

i (X) = h(X) a1 (X), (40
a0(X) = g(X) + h(X) ap(X), (40b)
@ (X) (2 (X + (722~ ) X(€) - B) = g(X) ao(X) (400)

Since a1(X) is a polynomial of X, then from equation (40a), we deduce that a;(X) is a constant and
h(X) = 0. For simplicity, take a;(X) = 1 . Balancing the degrees of g(X),a1(X) and ag(X) , we
conclude that deg g(X) = 1 only. Suppose that g(X) = A1 X + By, and A; # 0, then we find ag(X) .

1
ag(X) =Ag+ By X + 5AlX?. 41)

Substituting ag(X) , a1(X) and g(X) in equation (40c) and setting all the coefficients of powers X to
be zero, then we obtain a system of nonlinear algebraic equations and by solving it, we obtain

—vV6cAn — 2

520704:60300’141:\/3 By =0, (422)
VBeAg — 2 6

=0, a:C;C,Alz—\/; By = 0. (42b)

Using the conditions (42a) in equation (38), we obtain

Y:—Ao—i-\/iX. 43)
2¢c

Expression (43) is the first integral of (37). Combining equation (37) with equation (43), we obtain the
exact solution to (36). Hence the exact solutions to the Drinfeld-Sokolov system (32) can be expressed as:

v(z,t) = — {3V Ay tan[f/%\/fo(a? —ct+ &),
V6 Ag+Ve3++/6 Ag (tan[ * 32 VAg (z—ct+£0)])?
3/ ’

(44)
u(x,t) =
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Similarly, in the case of (42b), from equation (38) we obtain

Y = —Ag+ \/in, (45)
2c

and the exact solution to the Drinfeld-Sokolov system (32) can be written as:

o(z,t) = = /% VAo tanh[{/ 3 VAo (@ — et + &),
—VB AoV V6 A (tanh[ & VAQ (a—ct+6o)))?
3/ ’

(46)

u(x,t) =

Case II: Suppose that m = 2, by equating the coefficients of Y (i = 3,2,1,0) on both sides of
equation (39), we have

az(X) = h(X) az(X), (47a)

i1(X) = g(X) az(X) + h(X) a1 (), (47b)

0(X) = ~2a(X) (2 (X@) + (22— ) X(€) ~ ) +9(X) ar(X) +h(X)ao(X),  (470)
ar(X) (2 (X©) + (22— ) X(€) ~ ) = 9(X) ao(X). @7d)

Since az(X) is a polynomial of X , from (47a), we deduce that ag(X) is a constant and h(X) = 0. For
simplicity, we take ao(X) = 1 . Balancing the degrees of g(X), a1(X) and ag(X) , we conclude that deg
g(X) = 1 only. Now we discuss this case: if deg g(X) = 1, suppose that g(X) = A; X + By, then we
find a1 (X) , and ap(X) .

1
a1(X) = Ao+ By X + 5 A X2 (48a)

(A2 c—12) X4 + X?(AgA1c+BE c+2c?+6 )
8¢ 2¢ (48b)

ap(X)=d+ 2A1 By X3 +
+X (A[)BO + Qﬂ),
where Ay and d are arbitrary integration constants.

Substituting ap(X) , a1(X) a2(X) and ¢g(X) in (47d) and setting all the coefficients of powers X to
be zero, then we obtain a system of nonlinear algebraic equations and by solving it, we obtain

A2 —V6cAg —2c? 26
1 B=0,a 5 » =72 Bo 0, (492)
A2 V6cAy —2c? -26
d=-2,3=0,a= A = By = 0. 49b
4 ; /B 0,0[ 6 ) 1 \/E s 0 0 ( 9 )
Using the conditions (49a) in equation (38), we obtain
—A —/6X?
y = —A Ve Vox? (50)
2,\/c

Expression (50) is the first integral of (37). Combining (37) with (50), we obtain the exact solution to
equation (36) as follows:

_ VA Ve V3VA (€ + &)
g(f) - % tan( {1/@ )’ (51)

where &q is an arbitrary integration constant. Then the exact solutions to the nonlinear Drinfeld — Sokolov
system (32) can be written as

v(z,t) = _\/{0/;/5 tan( %\/Aioégct-i{o))’

v (52)
ule,t) = —YBeA=2E | dn (g (VA Grclito)))2.
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Similarly, in the case of (49b), from equation (38) we obtain

_ 2
y = —Ao \f}\/éx , (53)
c
and the exact solutions to the nonlinear Drinfeld — Sokolov system (32) are given respectively by
_ _VAgye V3vVAg (z—ct+€o)
v(z,t) = 7 tanh( e )s 54)
92 _
u(z,t) = —7\/&’208 L %(tanh( 3‘/‘470{%70”50)))2.

All these solutions are new exact solutions.

4 Conclusion

The first integral method is applied successfully for solving the system of nonlinear partial differential
equations which are the variant Boussinesq and the nonlinear Drinfeld-Sokolov systems exactly. Thus, we
deduce that the proposed method can be extended to solve many systems of nonlinear partial differential
equations which are arising in the theory of solitons and other areas. The exact solution of the general
system of nonlinear partial differential equations using the first integral method is still an open point of
research.
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