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Abstract:Two-phase electrostatic charged flows have been applied in electrostatic spray, crop-
dusting, fuel spray and so on. Electrostatic charged spray can improve desulfurization effi-
ciency, decrease water usage. There exist interactions between non-uniform electric and flow
fields, and phase interaction between charged particle and continuous phases, which makes the
flow more complex. Based on the Reynolds transport equation, equations for the volume aver-
aging and instantaneous state of the electrostatic charged two-phase flow have been obtained in
this study, thus the k − ε− kp model is closed.
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1 Introduction

The research of electrostatic charged spray has developed abroad in crop-dusting, atomization, fuel spray and
so on. Electrostatic charged two-phase turbulent flow is very complex[1]. There exist interaction between
spatial non-uniform electric field and flow field, and phase interaction between charged particle phase and
continuous phase, which make the flow more complex. From the point of electric field[2], there exist exterior
electric field and derivational electric field by the charged droplets, which could influence the force on the
droplets and the continuous phase via interactions between phases. Moreover, ripple of charged droplets
could bring the ripple of electric field. So the structure of the charged two-phase turbulent flows of gas and
liquid is very complex.

2 Volume-averaging conservation equations of electrostatic charged two-
phase flows

2.1 The volume-averaging approach

The diameter difference of solid particles in the pesticide insufflations or liquid droplets in the spray
is very little in the charged two-phase turbulent flow. Furthermore, the experiments indicate that when the
droplets are charged, atomization uniformity can be observed increasingly. So dispersed particles can be
regarded as one phase with the same physics characteristics[3].

According to the description of the two-phase flow, the dispersed phase and continuous phase occupy
the same space with interaction between them[4]. As shown in Fig. 1, a control volume dV is chosen in the
mixture, and its surface area is represented by dA. Within the control volume, the volume of k-phase is dVk,
and the surface is dAk.
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Figure 1: The control volume in two-phase flows

Volume averaging approach is applied. Videlicet, to macro flow field, and each variable value in liquid
tiny unit is the average value in the control volume. The average value of parameter ϕ is defined as[5]:

〈ϕ〉 =
1
V

∫

V
ϕkdV

The sign of < > denotes the volume averaging. V = Vp + Vc is the control volume. The subscripts
p and c denote particle and continuous phase, respectively. Three useful volume averaging expressions are
summarized as follows.

1) Gauss formula ∫

V

∂aj

∂xj
dV =

∫

Ak

ajnjdA

2) Transport principle

〈∂ai

∂t
〉 =

∂

∂t
〈ai〉 − 1

V

∫

A
aivjnjdA

3) Average principle

〈∂aj

∂xj
〉 =

∂

∂xj
〈aj〉+

1
V

∫

A
ajnjdA

2.2 The phase of microcosmic conservation equations

Dispersed phase would be regarded, for example, as liquid in this study. Taking the basic equation
inside k-phase and adopting the apparent density, the conservation equations can be written as:

1) Continuity equation
∂ρk

∂t
+

∂

∂xj
(ρkvkj) = 0

2) Momentum equation

∂

∂t
(ρkvkj) +

∂

∂xj
(ρkvkjvki) = ρkfki − ∂pk

∂xi
+

∂τk,ji

∂xj

3) Energy equation

∂

∂t
(ρkCvkTk) +

∂

∂xj
(ρkCvkTkvkj) = −p

∂vkj

∂xj
+ τk,ijsk,ij +

∂

∂xj
(λk

∂Tk

∂xj
) + ρkqk

where ρk is the apparent density of k-phase, vkj is the velocity of k-phase, fki is the force acting on k-phase
of unit mass, τk,ij is tangency stress tensor; Cvk is the definite volume specific heat, λk is the heat exchange
coefficient, sk,ij is the deformation speed tensor and qk is the gross of quantity of heat in k−phase.
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2.3 Volume averaging conservation equation

Applying the average principle to continuity equation, we get:

〈∂ρk

∂t
〉 =

∂

∂t
〈ρk〉 − 1

V

∫

Ak

ρk
⇀
v s · d

⇀

A

〈∇ · ρk
⇀
vk〉 = ∇ · 〈ρk

⇀
vk〉+

1
V

∫

Ak

ρk
⇀
vk · d

⇀

Ak

∂〈ρk〉
∂t

+∇ · 〈ρk
⇀
vk〉 = − 1

V

∫

Ak

ρk(
⇀
vk − ⇀

v s) · d
⇀

Ak

According to physics meanings, ⇀
v s is the displacement velocity at phase interface due to phase change,

and ⇀
vk − ⇀

v s is the displacement velocity of k-phase relative to interface. So the right sides of the above
equations are source terms related to the phase change in the control volume of two-phase flows.

− 1
V

∫

Ak

ρk(
⇀
vk − ⇀

v s) · d
⇀

Ak

=
1
V

∫

Ak

⇀
n · [ρk(

⇀
vk − ⇀

v s)] · dAk

=
1
V

∫

VK

∇ · [ρk(
⇀
vk − ⇀

v s)] · dVk

=
1
V

∫

VK

SkdVk

= 〈Sk〉

where Sk is the unit volume averaging source term due to phase change.
Thus k-phase volume averaging continuity equation is:

∂〈ρk〉
∂t

+∇ · 〈ρk
⇀
vk〉 = 〈Sk〉

Removing< >, macro k-phase volume averaging continuity equation is obtained:

∂ρk

∂t
+∇ · (ρk

⇀
vk) = Sk

In the same way, the continuity equations of particle phase and continuous phase can be given by:

∂ρp

∂t
+

∂

∂xj
(ρpvpj) = S

∂ρc

∂t
+

∂

∂xj
(ρcvcj) = −S





where S = np
dmp

dt np is the particle number density of p-phase, and mp is the mass of one particle.
The momentum and energy equations can also be obtained by the similar method. These equations are:
1) Particle phase

∂ρp

∂t
+

∂

∂xj
(ρpvpj) = S

∂

∂t
(ρpvpi) +

∂

∂xj
(ρpvpjvpi) = ρAqEi + ρpgi − ∂p

∂xi
+ ρp

vpi − vci

τv
+ vciS

∂

∂t
(ρpCvpTp) +

∂

∂xj
(ρpCvpTpvpj) =

∂

∂xj
(λ

∂Tp

∂xj
) + ρpqp − CvpTpS




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2) Continuous phase

∂ρc

∂t
+

∂

∂xj
(ρcvcj) = −S

∂

∂t
(ρcvci) +

∂

∂xj
(ρcvcjvci) = ρcgi − ∂p

∂xi
+

∂τji

∂xj
− ρc

vpi − vci

τv
− vciS

∂

∂t
(ρcCvcTc) +

∂

∂xj
(ρcCvcTcvcj) = −p

∂vcj

∂xj
+ τijsij +

∂

∂xj
(λ

∂Tc

∂xj
) + ρcqc + CvcTpS





where Aq is the ratio of charge to mass, ~Eis the electric field intensity, vciS is the momentum of phase
change matter sources, CvpTpS and CvcTpS are energy of particles and continuous phase in the unit volume
due to phase change, respectively.

3 Time averaging conservation equations of charged two-phase flows

The instantaneous state of the electrostatic charged two-phase flow has been obtained previously. For
the charged two-phase turbulent flows, with the similarity to the single phase turbulent flow equations, the
relevant Reynolds-averaging equations can be given by:

1) Electrostatic dispersed phase

∂ρp

∂t
+

∂

∂xj
(ρpvpj) = S

∂

∂t
(ρpvpi) +

∂

∂xj
(ρpvpjvpi) = ρAqEi + ρpgi

− ∂p

∂xi
+ ρp

vpi − vci

τv
+ vciS +

∂

∂xj
(−ρpv′pjv

′
pi) + ρpA′qE′

i

∂

∂t
(ρpCvpTp) +

∂

∂xj
(ρpCvpTpvpj) =

∂

∂xj
(λ

∂Tp

∂xj
)+

ρpqp − CvpTpS − ∂

∂xj
(ρpCvpT ′pv′pj)





2) Continuous phase

∂ρc

∂t
+

∂

∂xj
(ρcvcj) = −S

∂

∂t
(ρcvci) +

∂

∂xj
(ρcvcjvci) = ρcgi − ∂p

∂xi
+

∂τij

∂xj

−ρc
vpi − vci

τv
− vciS +

∂

∂xj
(−ρcv′cjv

′
ci)

∂

∂t
(ρcCvcTc) +

∂

∂xj
(ρcCvcTcvcj) = −p

∂vcj

∂xj
+ Φ+

∂

∂xj
(λ

∂Tc

∂xj
) + ρcqc + CvcTpsS − ∂

∂xj
(ρcCvcT ′cv′cj) + ε





where Φ is the dissipation function and ε is the dissipation rate of turbulent energy.

4 The model of charged two-phase turbulent flows

Based on the time averaging conservation equations and under the supposition that particles can be regarded
as continuous phase, equation groups are closed.
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4.1 The simulation of continuous phase

Relevant terms of turbulence fluctuating in the equation groups are:

−ρcv′civ
′
cj τ ′ijs

′
ij , − ρcvcT ′cv′cj

1) Turbulence stress term τt = −ρcv′civ
′
cj and turbulent energy dissipation term τ ′ijs

′
ij can be solved by

the single phase k − ε two-equation model.
2) The term of temperature and velocity fluctuating is simulated by the temperature gradients:

−T ′cv′cj =
kT

ρCv

∂T

∂xj
=

υt

σT

∂T

∂xi

where αT = υt
σT

is defined as turbulent Prandtl number.

4.2 The simulation of charged dispersed phase

Relevant terms of turbulence fluctuating in the dispersed equation group are:

−ρpv′piv
′
pj , ρpA′qE′

i, −T ′pv′pj

1) Reynolds stress term of charged dispersed phase

−ρpv′pjv
′
pi = µp(

∂vpj

∂xi
+

∂vpi

∂xj
)− 2

3
ρpkpδij

where µp = ρpυp, and

υp = Cµ p

k2
p

εp

Equations for solving the dispersed phase turbulent energy kp are:

∂kp

∂t
+ vpj

∂kp

∂xj
=

∂

∂xj
(
υp

σp

∂kp

∂xj
) + υp(

∂vpi

∂xj
+

∂vpj

∂xi
)
∂vpi

∂xj
+ εp

εp = vpi
vci − vpi

τr

2) The term of interaction between charged dispersed phase and electric field is:

ρpA′qE′
i =

υE

σE
Aq

∂V

∂xi

whereV is distributing function of voltage in the electric field and σE is Schmidt number of field fluctuating.
3) The term of temperature and velocity fluctuating is:

−T ′pv′pj =
υpT

σpT

∂Tp

∂xj
= αpT

∂Tp

∂xj

5 Conclusions

Based on the analysis of forces in the charged two-phase flow and Reynolds transport equation, and
under the assumption that particle phase is regarded as continuous phase, the sequence , momentum and en-
ergy equations for the charged dispersed phase and continuous phase have been obtained. Three-dimension
basic equation group for the charged two-phase flows is established[6–8].

Based on the characteristics of charged two-phase turbulent flows, the dispersed phase has been regarded
as one phase with the same physics property. The k − ε − kp model for the charged two turbulent flow is
deduced. In addition, the two phases are simulated separately in the model. So the problem is simplied. The
comparison between k−ε−kp model numerical results and experimental PIV data has shown that the model
of the electrostatic charged two-phase flows is capable for the engineering simulation. The conclusion will
be helpful for the development of the electrostatic charged two-phase flows.
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