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1 Introduction

It is well known that nonlinear complex physical phenomena are related to nonlinear partial differential
equations (NLPDEs) which are involved in many fields from physics to biology, chemistry, mechanics, etc.
As mathematical models of the phenomena, the investigation of exact solutions of NLPDEs will help one to
understand these phenomenon better. Various methods for obtaining exact solutions of NLPDEs have been
presented, such as variational iteration method[1], homogeneous balance method[2], Sine-Gordon expan-
sion method[3], truncated Painleve expansion[4], Adomian decomposition method[5,6], Hirota methods[7],
inverse scattering method[8], algebraic method[9], and so on. Recently, F'-expansion method[10] was pro-
posed to construct periodic wave solutions of NLPDEs, which can be thought of as an overall generalization
of Jacobi elliptic function expansion method. F'-expansion method was later further extended in different
manners, for example, the modified F'-expansion method[11,12], the generalized F-expansion method[13]
etc.

In this Letter, we propose an extended generlized F'-expansion method to construct more general exact
solutions of NLPDEs. In order to illustrate the convenience of the method, we will consider the coupled

MKDV Egs:

1 3
Uy = iuarxx - 3u2ux + ivxﬂc + S(UU)I —3Aug ey

Vit = —Vggy — VUV — SUgVsp + 3u2vm + 3\, )

where A is constant. The solutions of coupled MKDV Egs. possess their actual physical application; this
is the reason why so many methods, such as trigonometric function transform method[14], extended tanh-
function method[15,16], algebraic method[17], modified extended tanh-function (METF) method[18], a
new generalized ansatz in homogeneous banlance method[19] have been applied to obtain exact solutions of
the coupled MKDV Egs., but what they gave are quite simple and little in quantity. In this letter, we obtain
many more generalized exact solutions of the coupled MKDV Egs., most of them are newly proposed.
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The rest of this letter is organized as follows: in Section 2, we give the description of the extended
generalized F'-expansion method; in Section 3, we apply this method to the coupled MKDV Egs.; in Section
4, some conclusions are given.

2 Description of the extended generalized F'-expansion method

For a given NLPDE with independent variables x = (¢, x1, x9, - - - z,,) and dependent variable w:
F(U, Uty Ugy s Uggy * 5 Uz, s Uxyty Uxotsy ** y Uzyyty Uity Upyzy s Uzozas * s Uzpyap,s * " ) =0 (3)

We seek the solutions in the new and more general form:
u=ao+ ) {aF (&) +biF () + ciF M EF(€) + diF (O F' ()} )
i=1

where {=k(x+ct), and k, c are both constants (k #0). Here k denotes value of waves, ¢ denotes speed of
waves, a;(i=-n,..., 0,..., n), k, c are all constants to be determined, F'(£) and F’(§) in (4) satisfy

F'(&) = A+ BF(&) + MF?(¢) (5)

where A, B and M are all parameters, the prime denotes d/d¢. Given different values of A, B and M, the
different Riccati function solution F'(§) can be obtained from equation (5) (see Table 1). To determine u
explicitly, we take the following four steps:

Step 1. Determine the integer n by balancing the highest order nonlinear terms and the highest order
partial derivative of v in Eq. (3).

Step 2. Substitute (4) along with (5) into Eq. (3) and collect coefficients of F'(£)F/(¢) (i=1,..., n),
then set each coefficient to zero to derive a set of over-determined partial differential Egs. for ag, a;, b;, ¢; ,
d; (1=1,2,...,n) and &.

Step 3. Solve the system of over-determined partial differential Eqs. obtained in Step 2 for ag, a;, b;, ¢;
,d; (i=1,2, ..., n) and £ by use of Mathematica.

Step 4. Select A, B, M and F'(§) from Table 1 and substitute them along with ag, a;, b;, ¢; , d; (i=0,1;
j=0, %1, ..., 4n) and £ into (4) to obtain Riccati function solutions of Eq. (3) (see Table 1 for F"*(£)), from
which hyperbolic function solutions trigonometric function solutions and rational solutions can be obtained.

Relations between values of (A, B, M) and corresponding F'(€) in Riccati Eq.

F'(¢) = A+ BF(§) + MF*(¢)

are listed in Table 1.

Table 1: The relations between values of (A, B, M) and corresponding F'(§) in Riccati Equation

A B M F(¢)

0 1 -1 3+ Ttanh(39)

0 -1 1 5 — 3 coth(5)

> 0 —3 coth(€)£csch(€), tanh(€)~tisech(£)
1 0 -1 tanh(§), coth(&)

% 0 % sec(§)+tan(§), csc(§)-cot(§)

— % 0 — % sec(&)-tan(§), csc(§)+cot(§)

1(-1) 0 1(-1) tan(§), cot(§)

0 0 #0 -1/(C*&+ m) (m is an arbitrary constant)
arbitrary constants 0 0 A€

arbitrary constants #0 0 %

IJNS email for contribution: editor @nonlinearscience.org.uk



G. Cai, et al: An Extended Generalized F-expansion Method for Solving Coupled MKDV Equations 53

3 Exact solutions of the coupled MKDYV Egs.

Let us consider the coupled MKDV Egs. (1), (2). We use the transformations u(z,t) = U(&), v(z,t) = V(&)
with E=z+ct. Egs. (1), (2) are transformed into the following form:

W'(E) — SU"(€) +3UAOU' () — SV'(6) - V() +3AV'(€) = 0 ©

V(&) + V(&) + 3V ()V'(€) +3U'(E)V'(€) = 3U(EV'(€) — 3AV'(€) = 0 @)

By balancing the order of U?(£)U’(¢) with the order of U"”(¢) and the order of U?(£)V'(¢) with V" (£)
in Egs. (6), (7), we get n=1. Thus the ansatz solutions of Egs. (1), (2) can be expressed by

U)=n+aF&) + b FE) " +aF'(€)+dF(E)F (¢ (8)

V() =2+ a2F (&) + ba (&)™ + coF'(§) + da F ()T F/(€) 9)

With the aid of Mathematica, substituting (8), (9) along with (4) and (5) into Egs. (6)- (7), the left -hand
side of Egs. (6),(7) are converted into finite series of F"*(¢) F/(¢) (i=0,1; j=0, &1,...,%£n), then setting each
coefficient to zero, we derive a set of over-determined partial differential Eqs. for 1 a1,b1,¢1,d1,v2,a2, b2, c2 d2
and c. Solving these over-determined partial differential Eqs. by use of Mathematica, we get the following
results:

Case 1.

AQQ 23(12

1
by = —AB+ = + 2ABdy + 2471, 72 = 5(—B? 20+ 9B%dy + 2Bv1), do = — 22

M?

1
c= 5(BQ + 2AM — 6B%dy + 6B%d? — 6By, 4+ 12Bdyy1 + 67%), a1 = —Md;, by = A— Ady,

where 71 ¢1,d1,a2 and co are arbitrary constants.

Case 2.
PR _ B?M 4 4cM — 4AM? + 12M X + 12Bay
2 — Ma Y2 = 12M )
A 1
where c; di az c2 and c are arbitrary constants.
Case 3. A
a a
by = ﬁ, by =—-Ady, a1 =—-Mdy, dy= _MQ,
where 71 ¢1,d1 2 a2, coand care arbitrary constants.
Case 4.
= L(B2M +4cM — 4AM? +12M )\ + 12Basy), by = Aay
V2 = 19M 2) 2 = M 3
1 as
Y1 :*(B*ZBdl), blzfAdl, ale*Mdl, d2:777
2 M
where c;.d; a2 c2 and c are arbitrary constants.
Case 5.
= L(B2M+4 M +8AM? +12M\ + 12Basy), by = Ay
72_12M c az), 2_M’
1
v ==(~B—=2Bd1), b=—A—-Ad, ai=-M—Md, dp=—=2

2
where c1,d1 az cz and c are arbitrary constants.
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Case 6.
! ——(B*M + 4cM + 8AM? + 12M ) + 12Bay), by = Aag = 1(B 2Bd,)
2T oM A VA 1/
a
by =A—Ad, ay=M— Md, dz:_MQ,
where c; di az c2 and c are arbitrary constants.
Case 7. 198 4
ag ag
B? 4 4¢ — 4AM + 12\ by = —=
Y2 = 12( +4c +120 4+ — ), ba TR
1 as
= —(—-B—-2B =—-A-A =-M = ——=
" 2( di), b dy, a1 dy, da U
where c; d; a2 c2 and c are arbitrary constants.
Case 8.
1 12Ba2 Aa2 1
= —(B?>+4c—4AM + 12 = = (B-2B
V2 12( +4c + 12X + ), b2 [T 2( di),
alz—Mdl, ble—Adl, dgz—%, ale—Mdl,
where c1 d1 a2 co and c are arbitrary constants.
Case 9.
Yo = 15(B% + 4c + 8AM + 12X + 12Ba2y -, = Aoz
’71:%(3_23611), ble_Adla d2:_aﬁ2) ble_Adla d2:_aﬁ2,

where c1 dy a c2 and c are arbitrary constants.
Substituting Cases 1-9 into (8), (9) respectively, we have nine kinds of formal solutions of Eq. (8), (9).
Taking case 1 for example, we get the following exact solutions of the coupled MKDV Egs.:
Now we give the formal solutions of the coupled MKDV Egs. in case 1:

U(€) = =MF(©d + 2+ +eaF(6) + L

AB+ ]\/I +2ABd1+2A’71

(a)
V(&) = F(&)az + a0 + 3(—=B%*+2x+ 282 1 2B2%d), + 2By)

where {=z+ct, ¢ = $(B? + 2AM — 6B%d; + 6B%d; — 6By, + 12Bdiy1 + 677).

1) From Table 1, choosing A=0, B=1, M=-1, F(§) :% + %tanh(%), inserting them into (a), we obtain
d1sech2(g)
(2+2tanh(5))
vi(z,t) = Zsech?(§) + (=1 +2)\ — 2as + 2dy + 271) +

+di(3 + L tanh(§))
agsechQ(g)

up(z,t) = %sechQ(%) + 7+
I3 _a2sech”(3)
2 (2+2tanh(5))

+ag(3 + Ltanh(§))

where {=x+ct, ¢ = %(1 — 6dy + 6d? — 671 + 12d17y1 + 673),a2, d1, 71,c2, A, ciare arbitrary constants.
2) From Table 1, choosing A=0, B=-1, M=1, F(§) =1/2-(coth (£/2)) /2, inserting them into (a), we
obtain

2
=

up(z,t) = % esch?(§) — di (3 — S coth(§)) +

)

|

)

o)

o

-+

=

~
DN ook

—

L(—1 42X\ — 2a3 + 2d; — 271)

h2(%
vo(x,t) = ag(% — %coth(g)) — % + 2 csc h?(

where {=z+ct, ¢ = (1 — 6dy + 6d3 + 671 — 12d171 + 677),a2, d1, 71,¢2, A, ciare arbitrary constants.
3) From Table 1, choosing A=1/2, B=0, M=-1/2, F(§)=coth(§)%csch(§) or tanh(§)tisech(§), inserting
them into (a), we obtain

1d1

_ 2 1_41
u3(1) (33 t) b Cozlégi)(giﬁgi)h(g;(:h ) + coth(£)+csc h(€) + (COth(f) + CSCh(f))

+c1(— coth(€) esc h(€) — esc h2(€)) + 11
. —a 2as(— coth(€) csc h(&)—csc h?(€ .
v3(1y (2, 1) = coth(.ﬁ)i—tzclh(f) + Zaad cot(h()g)+cs(c1)z(g) G as(coth(&) + csch(€))
+ca(— coth(€) esc (&) — csc h2(€)) + A
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l_ﬂ

co csc —csc h?
u3(2) (.CC,t) = = t}(l:gii(f)]jgi)c h({)h e + coth(f) CQSC h(&) + %(COth(f) - CSCh(f))

+c1(coth(€) esc h(€) — csc h?(€)) +m

— a —CS 2
v32)(2,1) = ime ean T : Q(Coﬂfg(cgs)cﬂfc) h(Cg)Ch €D + ay(coth(€) — esc h(€))

+ca(coth(€) esc h(€) — csc h?(€)) + A

;-3 d h2(§)—isech nh
us(@)(T,t) = st + 3 (Fsech(§) + tanh(g)) + e Eisec i nh()

+c (sec h2(§) —isech(§) tanh(€)) + ’yl

—a as(sec h? isech anh
03 (#:1) = reeeier (g T 02(isech(€) + tanh(€)) + Zseﬁii@mﬁfgg =

+ea(sec h? (&) — isec h(&) tanh(€)) +

+ ol

1
U3(4) (:U’t) = —isech2(§) ~+tanh(§) + 4 isec h( ) + tanh( )

e ) dalsee h2(€) bisec h(E) tanh(e)
+cq (sec h2(§) + isec h(&) tanh(§)) + 1
)+
)

—isec h(€)+tanh(€)

. —as+ . 2az (sec h2(€)+isec h(€) tanh(¢
U3(4) ($’t) T —isec h(g)—&lanh({) + aQ(_Z sec h( ) + tanh( ) . —1 st(ec)h(f)-i-taih)(g) a
(

+ea(sec h2(€) + isec h(€) tanh(€)) +

where {=x+ct, ¢ = l( 3+ 6v9), az, di, 71,c2, A, ciare arbitrary constants.

4) From Table 1, choosmg A=1, B=0, M=-1, F(&) =tanh(§) or coth(§), inserting them into (a), we
obtain

{ uy1)(,t) = c1 sec h2(€) + (1 — dy)coth(€) + dy csc h(€) sec h(€) + 1 + ditanh(€)
vy (@, ) = A+ ag ese h(€) sec h(€) + casec h2(€) + (271 — az)coth(€) + astanh(§)

{ uy(2)(w,1) = —ciesch?(€) + dy coth(€) — dy csc h(€) sec h(€) + 1 + (1 — dy) tanh(&)
vy(2) (2, ) = A+ ag coth(€) — agesch(€)sech(€) — eacsch(€) + (21 — ag)coth?(€) 4 (2v1 — az)tanh(§)

where {=x+ct, ¢ = %(—2 + 64%), ag, d1, Y1,c2, A, ciare arbitrary constants.
5) From Table 1, choosing A=1/2, B=0, M=1/2, F({)=sec({)+tan(§) or csc(&)-cot(€), inserting them
into (a), we obtain

lidfl 56C2 sec an
{ usny (2, t) =71 + P GEETIR ‘é—l(sec(ﬁ) + tan(€)) + c1(sec?(€) + sec(&)tan(€)) + d( (Se(cg()gJ)r_Ftaf()g)) ©)

a 5662 sec an
Vs (2, 1) = A 2o BEL s+ an(sec(€) + tan(€)) + ca(sec?(€) + sec(§)tan(g)) — 22l Ehrscc)ons)

sec(&)+tan(€)

- ﬂ CSC2 —CO csc
sy (1) = c1(esc®(€) — cot(§)esc()) + ORI G A (esc(€) — cot(£)) + i Cs(f()f)fcigg()&) €) 4+,
Us(2)(, 1) = A+ ca(esc?(€) — ese(€)cot(€)) — 2leCEesdQeellel) 4 b 4 ay(ese(€) — cot(€))

csc(€)—cot(€

where E=z+ct, ¢ = %(% + 642), az, di, 71,€2, A, ciare arbitrary constants.
6) From Table 1, choosing A=-1/2, B=0, M=-1/2, F(§) =sec(§)-tan(§) or csc(&)+cot(§), inserting them
into (a), we obtain

sec? sec(&)tan .
Ue(1) (‘T’ t) =n+ aui= sec(é))+ taff( );: = d2 (SGC( ) - tan(g)) + sec(&?—t;n(ﬁ)
)

+e1(—sec? (¢ )+S6C §tan(§))

vey(T,1) = A+ 205 ssgc(( )Hfjsg?)mn 2()566( ) — tan(§)) + m

+ca(—sec?(€) + sec()tan(€))

- 2 CO
ue(2) (T, 1) = mae )Imt@ﬁ 1(Cese (&) coll@esel)) | di(ese(€) + cot(€))

L el Feot(©)
er(—esc() —cot(@)ese(€) +m
Ue(2) (2, 1) = Bl + ca(—escX(€) — esc(§)cot(€)) + 22 (G escll)eot(€)

+A + az(esc(§) + cot())

where {=z+ct, c=(1+1272) /4, as, d1, 71,C2, A, ciare arbitrary constants.
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7) From Table 1, choosing A=1(-1), B=0, M =1(-1), F(§) =tan(§) or cot(§) inserting them into (a), we
obtain

{1700 ) w9 (1~ dgor§) - hese@r) -0 e
vz (2, 1) = X — agesc(€)sec(§) + casec? (€) + (az 4 2v1)cot(€) + astan(€)

{ Uy (x,t) = —cresc?(€) — dicot(€) — diese(§)sec(€) + (1 — di)tan(§) +
v7(2) (T, ) = A+ agcot(§) + agesc(€)sec(§) — cacsc®(€) + (ag + 2y1)tan(€)

where £=x+ct, c=1+37%, az, dy, y1,c2, A, ciare arbitrary constants.
8) From Table 1, choosing A=0, B=0, M #0, F(£)=-1/(C*&+ m) (m is an arbitrary constant), inserting
them into (a), we obtain

C*(—m—C*¢)dy + Md;

_ _Cr
{ us(@,t) = gy + A T
o c* a2C*(—m—£C*
US(:E?t) = A + (mféc*)2 - =2 (m—+EC*)2 - (m—;—lgC*)

where £=x+ct, ¢ = 37%, az, di, y1,c2, A, c1, C*, m, are arbitrary constants.
9) From Table 1, choosing A as an arbitrary constant, B = M=0, F'(§) =A¢, inserting them into (a), we
obtain

ug(w,t) = Afay + %15 + Acy + % + 7
vo(x,t) = Aas + %25 + Aco + %2 + 72

where £=x+ct, c=3ﬁ, A, aq, by, c1, dy, as, ba, 2, do, y1, 7y2, are arbitrary constants.
10) From Table 1, choosing A as an arbitrary constant, B #0, M=0, F({)=%,inserting them
into (a), we obtain

—A+eP8a Bb B BeBéd
Ulo(x7t):( B )2+_A+:B§ +CQ€ E+_IZ+652§+72

—A+eB8a Bb B BeBéd
{ ulo(x,t):( 5 )1+—A+é35 + c1e E+_j+651§+71

where {=a+ct, ¢ = 1(B? — 6B%d; + 6B%d; — 6By1 + 12Bd1v1 + 677), A, B, a1, by, c1, d1, az, ba, ca.da,
Y1, Y2, are arbitrary constants. We may give the other explicit exact solutions of the coupled MKDV Egs.
for cases 2 to 9 in the same way. It is clear that we may get many new and more explicit exact solutions for

Egs. (1), (2).

4 Conclusion

In this letter, we have proposed an extended generalized F-expansion method to construct more exact so-
lutions of NLPDEs. The advantages of the method is that it can be used to obtain more exact solutions
which cannot be fully obtained by trigonometric function transform method[m14], extended tanh-function
method[15,16], algebraic method[17], modified extended tanh-function (METF) method[18], a new gener-
alized ansatz in homogeneous banlance method[19]. With the aid of Mathematica, the method provides a
powerful mathematical tool to obtain more general exact solutions of a great many NLPDEs in mathematical
physics. Applying the method to the coupled MKDV Egs., we have successfully obtained many new and
more general combined Riccati function solutions, including hyperbolic function solutions, trigonometric
function solutions and rational solutions. Most of those results we obtained are newly found in present
papers.
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