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Computing Klein-Gordon Equation on Turing machine

Dianchen Lu ∗ , Donghai Jiang
Nonlinear Scientific Research Center, Faculty of Science, Jiangsu University

Zhenjiang, Jiangsu, 212013, P.R. China
(Received 3 March 2007, accepted 28 December 2007)

Abstract: In this paper we study the computability of the solution operation of the initial-value
problem for the Klein-Gordon equation.Firstly we give some basic definitions about TTE. Then
we transform the partial differential equation into the integral equation by Fourier transform,
and prove that the solution operation of the integral equation is Turing- computable. Therefore
the solutions of the Klein-Gordon equation can be computed on the Turing machine.
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1 Introduction

Some physicists believe that the future behavior of processes described by well- established theories can
be computed with arbitrary precision, at least in principle.Accordingly,from the given initial conditions, we
can perform the computation on digital computers, hence on Turing machines[1].In [2],Pour-El/Richards
gave cause for speculations that it might be design “wave computers” beating the Turing machine. Mean-
while, Klaus has shown that wave propagation is computable[3]. However, are other Partial differential
equations(cf.[4-7]) computable? Could we design theoretic computer on the basis of other physical equa-
tions?At present,there are many work about these problems. In [8], Klaus Weihrauch and Ning Zhong
proved that the solution of KdV equation is Turing computable. In this paper, we study the computability of
the solution operation of the Klein-Gordon equation.

2 Preliminaries

In this section let us introduce some basic definitions, for details on TTE we refer the readers to [9]. Let∑
be a sufficiently large finite alphabet,

∑∗ the set of finite words over
∑

with the discrete topology,
and

∑ω the set of infinite words over
∑

with the Cantor topology. A notation (representation) of a set
M is a surjective map δ :⊆ ∑∗ → M(δ :⊆ ∑ω → M). For any x ∈ M and p ∈ ∑∗(p ∈ ∑ω), p
is called a δ− name(or a code) of x if δ(p) = x. If δ and δ′ are representations of M and M ′, respec-
tively, then a function ϕ :⊆ ∑ω → ∑ω is called a (δ, δ′)-realization of f :⊆ M → M ′, if and only if
f ◦ δ(p) = δ′ ◦ ϕ(p) for p ∈ dom(f ◦ δ). A function f is called (δ, δ′)-continuous(-computable), if and
only if it has a continuous(computable) (δ, δ′)-realization. For two representations of M , δ1 :⊆ ∑ω → M
and δ2 :⊆ ∑ω → M , we say that δ1 can be reduced to δ2 if there is a function ϕ :⊆ ∑ω is called a
(δ, δ′)-realization of f :⊆ M → M ′, if and only if f ◦ δ(p) = δ′ ◦ ϕ(p) for p ∈ dom(f ◦ δ). A function f
is called (δ, δ′)-continuous(-computable), if and only if it has a continuous(computable) (δ, δ′)-realization.
For two representations of M , δ1 :⊆ ∑ω → M and δ2 :⊆ ∑ω → M , we say that δ1 can be reduced to δ2

if there is a function ϕ :⊆ ∑ω → ∑ω which translations δ1-names to δ2-names, that is, δ1(p) = δ2 ◦ ϕ(p)
for all p ∈ dom(δ1). If ϕ is continuous(computable), we write δ1 ≤t δ2(δ1 ≤ δ2). If, furthermore, δ1 ≤t δ2
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and δ2 ≤t δ1(δ1 ≤ δ2 and δ2 ≤ δ1), then we write δ1 ≡t δ2(δ1 ≡ δ2). For the definition of computable
string function(see also [8]).

Definition 2.1 (Limit Space) A Limit space is a space (X,→) if it satisfies (L1),(L2) and (L3).

(L1)(x, x, · · ·) → x;
(L2)if(xn)n → x, then(yn)n → xforeverysubsequence(yn)nof(xn)n;
(L3)(xn)n → x, ifeverysubsequenceof(xn)nhasasubsequenceconvergingtox.

Every topological space induces a limit space. The sequentially continuous function is defined naturally[9].

Definition 2.2 (Admissible Representation) A representation δ :⊆ ∑
ω → M of a limit space(X,→ is

called admissible, if δ is continuous and f ≤t δ for every continuous function f :⊆ ∑
ω → M .

Lemma 2.3 Let (X, →X) and (Y, →Y ) be limit spaces with admissible representations δ and δ′, respec-
tively. Then (C(X, Y ), →) such that (fn)n → f := (fn(xn))n →Y f(x) if (xn)n →X x is a limit space
and [δ → δ′] is an admissible representation of it.

Lemma 2.4 For admissible representations δi of limit spaces (Xi, δi)(i = 1, 2), a function f :⊆ X1 → X2

is continuous, if it is (δ, δ′)- continuous.

Lemma 2.5
(1)Evaluation(f, x → f(x)is([δ → δ′], δ, δ′)− continuous.

(2)TypeConversionLet(δi, Mi)(0 ≤ i ≤ k)berepresentationspaces.

Letf :⊆ X1 × · · ·Xk → X0anddefineF (x1, · · ·xk−1)(xk) := f(x1 · · ·xk).Then, fis

(δ1, · · · δk, δ0)− computableiffF is(δ1, · · · , δk−1, [δk → δ0])− computable.

Lemma 2.6 (Computable Metric Space[10]) A computable metric space is a quadruple M=(M, d,D, υD)
such that (M, d) is a metric space, D is a countable dense subset and υD :⊆ (

∑ \{#})+ → D is a no-
tation of D such that {(u, v, w, x)|υQ(w) < d(υD(u), υD(v)) < υQ(x)} is an r.e. set. The Cauchy
representation δ :⊆ ∑ω → M is defined as follow: δ(p) = x :⇔ p = #u0#u1# · · · , such that
d(υDt(ui), x) ≤ 2−i, (i ∈ N). The Cauchy representation is admissible.

Definition 2.7 (Lp(R) and Hs(R)) For any 0 ≤ p < ∞. the space Lp(R) is the set of all measurable
complex valued functions f such that ∫< |f |pdx < ∞ with norm ‖f‖Lp = {∫< |f |pdx}1/p. For any s ∈ <,
the Sobolev space Hs(R)is the set of all functionsf ∈ L2(R) such that Ts(f) ∈ L2(<), where Ts(f)(ξ) :=
(1 + |ξ|2)s/2 · F (f)(ξ), (F (f) is the Fourier transform of f ) with norm ‖f‖Hs = ‖Ts(f)‖L2 .

Lemma 2.8 Let (L2(R), dL2 , σ, υL2) be computable metric space, where σ is a set of all rational finite step

functions f =
k∑

i=0
ciΠaibi

where k ∈ N, ci is a rational complex number, ai < bi are rational numbers, and

if ai < x < biΠaibi
= 1 else Πaibi

= 0, and υL2 is a canonical notation of σ. The Cauchy representation
δL2 is defined accordingly.

Lemma 2.9
(1)(f, g) → f + gis(δL2 , δL2 , δL2)− computable;

(2)(f, g, K) → f · gis([ρ → ρ2]δL2 , ρ, δL2)− computable, wheref ∈ C(<,C), g ∈ L2(<)and

sup
x∈<

|f(x)| < K;

(3)(a, b, f) →
∫ a

b
f(τ)dτis(ρ, ρ, [ρ → δL2 ], δL2)− computable, wherea, b ∈ <andf ∈ C(<, L2(<)).

Lemma 2.10 The representation δH2 of Hs(<) is defined as follow: δHs(q) := T−1
s ◦δL2(q), q ∈ dom(δHs).

Then δHs is admissible and δHs ≤ δL2 .

Lemma 2.11 [ρ → δHs ] ≡ T−1
s ◦[ρ → δL2t].
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3 Klein—Gordon equation

Theorem 3.1 The solution operator S : C(<,Hs(<)) ×Hs(<) ×Hs(<) → C(<, Hs(<)), (f, φ, ϕ) →
u is ([ρ → δHs ], δHs , δHs , [ρ → δHs ])−computable, where u is the solution of the following initial-value
problem for Klein—Gordon equation,

utt −∆u + u = f(t)(x), t ∈ <, x ∈ <, f ∈ C(<, Hs(<))
u(0) = φ(x), ut(0) = ϕ(x), φ ∈ Hs(<), ϕ ∈ Hs(<)

Proof: For any φ, ϕ ∈ Hs(<), f ∈ C(<,Hs(<)) and t ∈ <, consider the integral equation:

F (u(t))(ξ) = cos[(|ξ|2 + 1)1/2t] · Fφ +
sin[(|ξ|2 + 1)1/2t]

(|ξ|2 + 1)1/2
· Fϕ+

∫ t

0

sin[(|ξ|2 + 1)1/2(t− τ)]
(|ξ|2 + 1)1/2

· F (f(x, τ))dτ,

(1)

where F is Fourier transform. Next multiplying (1) by (1 + |ξ|2)s/2 yields the equation

Ts(ut(t))(ξ) = cos[(|ξ|2 + 1)1/2t] · Ts(φ)(ξ) +
sin[(|ξ|2 + 1)1/2t]

(|ξ|2 + 1)1/2
· Ts(ϕ)(ξ) +

∫ t

0

sin[(|ξ|2 + 1)1/2(t− τ)]
(|ξ|2 + 1)1/2

· Ts(f(τ))dτ.

The following parts constitute this proof,

(a) It is easy to see that the function (t, ξ) → cos[(|ξ|2 + 1)1/2t] is (ρ, ρ, ρ2)-computable. By Lemma
2.5, the function t → cos[(|ξ|2 + 1)1/2t] is (ρ, [ρ → ρ2])-computable.
Similarly, t → sin[(|ξ|2+1)1/2t]

(|ξ|2+1)1/2 is also (ρ, [ρ → ρ2])-computable.

(b) For any t ∈ <, | cos[(|ξ|2 + 1)1/2t]| ≤ 1 and | sin[(|ξ|2+1)1/2t]

(|ξ|2+1)1/2 | ≤ 1. By lemma 2.9, (t, φ) →
cos[(|ξ|2 + 1)1/2t] · Ts(φ) and (t, ϕ) → sin[(|ξ|2+1)1/2t]

(|ξ|2+1)1/2 · Ts(ϕ)are(ρ, δHs,δL2)−computable.

(c) It is easy to prove that (t, τ, f) → sin[(|ξ|2+1)1/2(t−τ)]

(|ξ|2+1)1/2 ·Ts(f(τ)) is (ρ, ρ, [ρ → δHs ], δL2)−computable.

(d) By lemma 2.9 and (c), (t, f) → ∫ t
0

sin[(|ξ|2+1)1/2(t−τ)]

(|ξ|2+1)1/2 ·Ts(f(τ))dτ is (ρ, [ρ → δHs ], δL2)−computable.

(e) By lemma 2.9 and addition computable, the function (f, φ, ϕ, t) → F (u(t)) is ([ρ → δHs ], δHs , δHs , ρ,
δL2)− computable.

(f) By lemma 2.10 and type conversion, it is sufficient to prove Theorem 3.1.

4 Conclusion

In this paper, we prove that the solution operations of Klein-Gordon equation is Turing computable. This
method can provide effective approach for the application of other linear equations, and furthermore estab-
lish basic position of Turing machines.
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