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Abstract: In this paper we study the computability of the solution operation of the initial-value
problem for the Klein-Gordon equation.Firstly we give some basic definitions about TTE. Then
we transform the partial differential equation into the integral equation by Fourier transform,
and prove that the solution operation of the integral equation is Turing- computable. Therefore
the solutions of the Klein-Gordon equation can be computed on the Turing machine.
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1 Introduction

Some physicists believe that the future behavior of processes described by well- established theories can
be computed with arbitrary precision, at least in principle.Accordingly,from the given initial conditions, we
can perform the computation on digital computers, hence on Turing machines[1].In [2],Pour-El/Richards
gave cause for speculations that it might be design “wave computers” beating the Turing machine. Mean-
while, Klaus has shown that wave propagation is computable[3]. However, are other Partial differential
equations(cf.[4-7]) computable? Could we design theoretic computer on the basis of other physical equa-
tions?At present,there are many work about these problems. In [8], Klaus Weihrauch and Ning Zhong
proved that the solution of KdV equation is Turing computable. In this paper, we study the computability of
the solution operation of the Klein-Gordon equation.

2 Preliminaries

In this section let us introduce some basic definitions, for details on TTE we refer the readers to [9]. Let
>~ be a sufficiently large finite alphabet, " the set of finite words over Y with the discrete topology,
and Y_“ the set of infinite words over ) with the Cantor topology. A notation (representation) of a set
M is a surjective map § :C >." — M(§ :C >¥ — M). Foranyx € M andp € >."(p € >.“), p
is called a 5— name(or a code) of x if §(p) = =. If § and &’ are representations of M and M’, respec-
tively, then a function ¢ :C > % — > “ is called a (4, §’)-realization of f :C M — M’, if and only if
fod(p) =0 ow(p)forp € dom(f od). A function f is called (4, d’)-continuous(-computable), if and
only if it has a continuous(computable) (4, §")-realization. For two representations of M, §; :C >¥ — M
and §y :C Y “ — M, we say that §; can be reduced to ds if there is a function ¢ :C > % is called a
(0, 0")-realization of f :C M — M’, if and only if f o §(p) = &' o p(p) for p € dom(f o). A function f
is called (0, 0")-continuous(-computable), if and only if it has a continuous(computable) (4, §’)-realization.
For two representations of M, ¢; :C >.¥ — M and d2 :C >.“ — M, we say that §; can be reduced to dy
if there is a function ¢ :C >_“ — Y °“ which translations §;-names to d2-names, that is, §;(p) = 2 o p(p)
for all p € dom(6y). If ¢ is continuous(computable), we write 6; <; d2(51 < d2). If, furthermore, §; <; o

*Corresponding author. E-mail address: dclu@ujs.edu.cn

Copyright(©World Academic Press, World Academic Union
IJNS.2008.02.15/123



40 International Journal of Nonlinear Science,Vol.5(2008),No.1,pp. 39-42

and do <; 01(61 < 62 and dy < §7), then we write 01 = d2(6; = d2). For the definition of computable
string function(see also [8]).

Definition 2.1 (Limit Space) A Limit space is a space (X, —) if it satisfies (L1),(L2) and (L3).
(L) (z,x,-+) — x;
(L2)if(xpn)n — @, then(yn)n — zforeverysubsequence(ypn)nof(Tn)n;
(L3)(zpn)n — x,ifeverysubsequenceof(x,)n,hasasubsequenceconvergingtox.

Every topological space induces a limit space. The sequentially continuous function is defined naturally[9].

Definition 2.2 (Admissible Representation) A representation § :C > “ — M of a limit space( X, — is
called admissible, if § is continuous and f <, § for every continuous function f :C >« — M.

Lemma 2.3 Let (X, —x)and (Y, —vy) be limit spaces with admissible representations 6 and &', respec-
tively. Then (C(X,Y), —)suchthat (fn)n — [ := (fu(zn))n —v f(x)if (xn)n —x  is a limit space
and [ — ¢'] is an admissible representation of it.

Lemma 2.4 For admissible representations §; of limit spaces (X;, 0;)(i = 1,2), afunction f :C X1 — Xy
is continuous, if it is (9, 0')- continuous.
Lemma 2.5
(1) Evaluation(f,x — f(x)is([§ — &', 9, &) — continuous.
(2)TypeConversionLet(d;, M;)(0 <i < k)berepresentationspaces.
Letf :C X1 x--- X — XoanddefineF(x1,---xp_1)(z) := f(x1---x).Then, fis
(01, 0k, 00) — computableif fFis(d1,- - ,0k_1, [0 — 0o]) — computable.
Lemma 2.6 (Computable Metric Space[10]) A computable metric space is a quadruple M=(M, d, D, vp)
such that (M, d) is a metric space, D is a countable dense subset and vp :C (3. \{#})™ — D is a no-
tation of D such that {(u,v,w,x)lvg(w) < d(vp(u), vp(v)) < vg(x)} is an re. set. The Cauchy

representation § :C > — M is defined as follow: 6(p) = z & p = Fuofui#---, such that
d(vpt(u;), ) <27¢ (i € N). The Cauchy representation is admissible.

Definition 2.7 (L”(R) and H*(R)) For any 0 < p < oo. the space LP(R) is the set of all measurable
complex valued functions f such that [y |f|Pdx < oo with norm || f||r» = {[s |f|Pdz}'/P. For any s € R,
the Sobolev space H*(R)is the set of all functionsf € L?(R) such that T;(f) € L*(R), where Ty(f)(€) :=
(1 +1£12)%/% - F(f)(€), (F(f) is the Fourier transform of f) with norm || f | zrs = || Ts(f) | 2.

Lemma 2.8 Let (L%(R),dy2,0,v2) be computable metric space, where o is a set of all rational finite step
k
functions f = 3" ¢;Il,,p,where k € N, ¢; is a rational complex number, a; < b; are rational numbers, and

1=
ifa; <z < bllyp, = 1elsell,;, =0, and vz is a canonical notation of o. The Cauchy representation
012 is defined accordingly.

Lemma 2.9

(1)(f,g9) = f+ gis(dr2, dr2, 12) — computable;

(2)(f,9,K) — f-gis([p — p*012,p,02) — computable, wheref € C(R,C),g € L*(R)and
igglf(x)l < K;

(3)(a,b, f) — / f(r)dris(p, p, [p — 612], 612) — computable, wherea,b € Randf € C(R, L*(R)).
b

Lemma 2.10 The representation §> of H(R) is defined as follow: §ps(q) := Tt 0612(q), ¢ € dom(Sys).
Then § s is admissible and §pps < 2.

Lemma 2.11 [p — 6] = Ty Lo[p — ;2t].
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3 Klein—Gordon equation

Theorem 3.1 The solution operator S : C(R, H*(R)) x H*(R) x H*(R) — C(R, H*(R)), (f, ¢, ) —
wis ([p— dps],0ms, 0ms, [p — Oms])—computable, where w is the solution of the following initial-value
problem for Klein—Gordon equation,

up — Au+u= f(t)(x), teR, x eR, f € C(R, H(RN))
u(0) = ¢(x), u(0) = p(x), ¢ € H*(R), ¢ € H*(R)

Proof: For any ¢, p € H*(R), f € C(R, H*(R)) and ¢t € R, consider the integral equation:

_ sin[(J6]* + 1)1/
F((1))(€) = eos[(€F + 1)) Fio 4 =

¢ sin 24 DY — 1
/0 [(’i‘|§;+)1)152 ) CF(f(z,7))dr,

Fo+
(D

where F is Fourier transform. Next multiplying (1) by (1 + |£]?)%/? yields the equation

sin[([€]2 + 1)Y/%¢
Lm0

Ts(f(7))dr.

Ty (ut(t))(€) = cos[(|€* + 1)Y/2¢] - Tu(8)(€) +

/t sin[([€]* + )Mt — 7))
0 (11> + 1)1/

The following parts constitute this proof,

(a) It is easy to see that the function (¢,&) — cos|(|¢|? + 1)1/2t] is (p, p, p?)-computable. By Lemma

2.5, the function t — cos|(|¢|> + 1)Y/%t] is (p, [p — p?])-computable.

sin[(|€]>+1)'/2¢]

Similarly, ¢ is also (p, [p — p?])-computable.

(GREDRE
(b) Forany t € R, |cos[(|€|>+1)/?¢]] < 1 and ]%W\ 1. By lemma 2.9, (¢,¢) —
sin 2 1/2
cos[(|€]2 + 1)1/2t] - Ty(¢) and (¢, ) — W - Ts(p)are(p, dps 672 )—computable.
(c) Itis easy to prove that (¢, 7, f) — 32 |£|‘;J2r}r)11)/12/(2t 2., (f(7))is (p, p,[p — Oms],d2)—computable.

sin 2 1/2 T .
(d) By lemma 2.9 and (¢), (t, f) — [, [('a‘égﬂ)ugt N7, (#())dris (p, [p — 6], 52)—computable.

(e) By lemma 2.9 and addition computable, the function (f, ¢, p,t) — F(u(t))is ([p — dms], dms, dps, p,
d72)— computable.

(f) By lemma 2.10 and type conversion, it is sufficient to prove Theorem 3.1.

4 Conclusion
In this paper, we prove that the solution operations of Klein-Gordon equation is Turing computable. This

method can provide effective approach for the application of other linear equations, and furthermore estab-
lish basic position of Turing machines.
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