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Abstract: In this paper, a generalized F-expansion method is proposed to seek exact solutions
of nonlinear evolution equations. With the aid of symbolic computation, we choose the (2 + 1)-
dimensional breaking soliton equations to illustrate the validity and advantages of the proposed
method. As a result, many new and more general non-travelling wave and coefficient function
solutions are obtained including single and combined non-degenerate Jacobi elliptic function
solutions, soliton-like solutions and trigonometric function solutions, each of which contains
an arbitrary function of two variables. Compared with the most existing F-expansion methods,
the proposed method gives new and more general exact solutions. More importantly it provides
a straightforward mathematical tool for solving a great many nonlinear evolution equations in
mathematical physics.
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1 Introduction

Since the soliton phenomena were first observed by Scott Russell in 1834 [1] and the KdV equation was
solved by the inverse scattering method by Gardner et al. in 1967 [2], finding exact solutions of nonlinear
evolution equations (NLEEs) has become one of the most exciting and extremely active areas of research
investigation. Many effective methods for obtaining exact solutions of NLEEs have been presented, such
as Hirota’s bilinear method [3], Bécklund transformation [4], homogenous balance method [5], homotopy
perturbation method [6], variational method [7], tanh-function method [8—-10], Fan sub-equation method
[11-13] and so on.

Recently, many exact solutions expressed by various Jacobi elliptic functions of many NLEEs in math-
ematical physics have been obtained by Jacobi elliptic function expansion method [14—16] and F-expansion
method [17] which can be thought of as a generalization of Jacobi elliptic function expansion method.
F-expansion method was later extended in different manners [18-22]. Very recently, we proposed a general-
ized F-expansion method [23-25] to obtain more general exact solutions which contain not only the results
obtained by using the methods [17-22] but also a series of new and more general exact solutions.

In this paper, we further improve and develop our method [22-25]. In order to illustrate the effectiveness
of the proposed method, we take the (2 + 1)-dimensional breaking soliton (BS) equations as an example. As a
result, many new and more general exact non-travelling wave and coefficient function solutions are obtained
including single and combined non-degenerate Jacobi elliptic function solutions, soliton-like solutions and
trigonometric function solutions, each of which contains an arbitrary function of two variables.

The rest of this paper is organized as follows: in Section 2, we give the description of the generalized
F-expansion method; in Section 3, we use this method to obtain more general exact solutions of the (2 +
1)-dimensional BS equations; in Section 4, some conclusions are given.
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2 Description of the generalized F-expansion method
For a given NLEE with independent variables X = (x,y, z, . .., t) and dependent variable u:
F(u7 Uty Ug, Uy, Uzy ooy Ugty uyta Uzt « -+ -5 Utt, Uz, uyya Uzzy - ) = O; (1)

we seek its solutions in the new and more general form:
u=ap+ Z {aiF" (&) + biF (&) + ciF (O F'(§) + diF () F'(§)} . 2
i=1

where ag = ap(X), a; = a;(X), b; = bj(X), ¢; = ¢;(X), d; = d;i(X) (i =1,2,...,n) and £ = £(X) are
undetermined functions, F'(£) and F’(€) in (2) satisfy

F(¢) = PFY(€) + QF%(¢) + R, 3
and hence holds for F'(£) and F’(&)

F"(&) = 2PF3(€) + QF (),

F"(&) = (6PF2(&) + Q)F'(¢),

FW (&) = 24P?F5(€) + 20PQF3(€) + (Q% 4+ 12PR)F(¢), 4)
FO)(¢) = (120P?F4(€) + 60PQF?(£) + Q% + 12PR)F'(¢),

where P, () and R are all parameters, the prime denotes d/d¢. Given different values of P, @ and R,
the different Jacobi elliptic function solutions F'(£) can be obtained from Eq. (3) (see Appendix A for its
various Jacobi elliptic function solutions including some new ones). To determine w explicitly, we take the
following four steps:

Step 1. Determine the integer n by balancing the highest order nonlinear term(s) and the highest order
partial derivative term of u in Eq. (1).

Step 2. Substitute (2) along with (3) and (4) into Eq. (1) and collect all coefficients of F"*(£)F (&)
(¢ =0,1;5 = 0,£1,42,...), then set each coefficient to zero to derive a set of over-determined partial
differential equations for ag, a;, b;, ¢;, d; (1 = 1,2,...,n) and &.

Step 3. Solve the system of over-determined partial differential equations obtained in Step 2 for ag, a;,
bi, ¢;, d; and & by use of Mathematica.

Step 4. From Appendix A select P, ), R and F'(£), then substitute them along with ag, a;, b;, ¢;, d;
and ¢ obtained in Step 3 into (2) to obtain Jacobi elliptic function solutions of Eq. (1) (see Appendix B for
F’(¢)), from which soliton-like solutions and trigonometric function solutions can be obtained when m — 1
and m — 0.

Remark 1. In order to determine the explicit solutions of the partial differential equations derived in
Step 2, we may choose special forms of ag, a;, b;, ¢;, d; and £ (As we do in Section 3).

3 Application to the (2 + 1)-dimensional BS equations
Let us consider the (2 + 1)-dimensional BS equations:
Up + bugzy + 4buvy + 4bugv =0, uy = vg. 5

Eq. (5) describes the (2 + 1)-dimensional interaction of a Riemann wave propagating along the y-axis with a
long wave along the z-axis. In the past years, many authors have studied Eq. (5). For instance, the Painlevé
property was examined and localized coherent structures were presented in [26-28]. Recently, a class of
periodic wave solutions were obtained by means of the mapping method in [29]. Some non-travelling wave
solutions were obtained by the generalized expansion method of Riccatic equation in [30]. Multi-soliton
solutions were obtained by further generalizing Hirota bilinear method in [31]. Very recently, using the
singular manifold method, two classes of new exact solutions were obtained in [32].
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According to Step 1, we get n = 2 for u and v. In order to search for explicit solutions of Eq. (5), we
set ag = ao(y,t), a1 = a1(y,t), az = az(y,t), b1 = bi(y,t), by = ba(y,t), c1 = c1(y,t), c2 = ca(y, 1),
di = di(y,t), dy = da(y, 1), Ao = Ao(y, 1), A1 = Ai(y, 1), A2 = As(y, 1), B = Bi(y, t), B2 = Ba(y, ),
Cy = Ci(y,t), Ca = Ca(y,t), D1 = Di(y,t), Dy = Da(y,t) and € = kx + 1, here n = n(y,t) and k is a
nonzero constant. Thus we have the following formal solutions of Eq. (5):

w=ag+arF(kx+n)+ aF*(kx +n) + b F~ kx + 1) + by F2(kx + 1) + . F'(kz +n)

+eoF'(kx + n)F(kx 4+ 1) + dy F'(kx +n)F~Y(kx +n) + doF' (kx 4+ n)F2(kz 4+ 1), (6)
v=Ag+ A F(kx +n) + Ao F%(kx +n) + BiF Y (kx + 1) + BoF " %(kx + ) + C1F' (kx + n)
+CoF' (kx 4+ n)F(kx + 1) + D1 F' (kx +n)F~*(kx +n) + DoF' (kx +n)F 2 (kx + n). (7

With the aid of Mathematica, substituting (6) and (7) along with (3) and (4) into Eq. (5), the left-hand
sides of Eq. (5) are converted into two polynomials of F"*(kz+n)F7(kx+n) (i = 0,1;j = 0,4£1,42,---),
then setting each coefficient to zero, we get a set of over-determined partial differential equations for ag, ay,
as, b1, ba, c1, Ca, di, da, Ag, A1, Ao, B1, Bo, C1, Co, D1, Do and 1. Solving these over-determined partial
differential equations by use of Mathematica, we get the following non-trivial results:

Case 1

k*P k2 k2P k2/

(ZOZC, a2:_3 ) 62:_3 R7 Clzig 9 d2:j:3 R7 (8)

4 4 4 4

Wiy, t) + b(£6k*VPR + k*Q + 4C) ¥, (y, t) 3kPU,(y,t)
Ao =— B ©
4bk 4

kERW t kv PV t kv RY t

Bg — _3 R y(y7 )7 Cl — :|:3 y(y7 )7 D2 — :|:3 R y(ya )’ (10)

4 4 4
alzblZCQZdIZAIZBIZCQZDIZO, n:\I](y7t)7

where W(y, t) is arbitrary function of y and ¢, C is an arbitrary constant, k is a nonzero constant. The sign
“+” in (8) means that all possible combinations of “+” and “—” can be used. The sign “+” in (9) and (10)
depends on the sign “4” in (8), to be more precise, if the same sign is used in ¢; and dg, then “— must be
used in Ag. If different signs are used in ¢; and da, then “+” must be used in Agy. Furthermore, the same
sign must be used in ¢; and Cy. Also the same sign must be used in dy and Ds. Hereafter, the sign “+”
always stands for this meaning in the similar circumstances.

Case 2 , ,
k k 3kRV, (y,t
w0=C, b= SR VR SKRV0)
4 4 4
y(y, t) + b(k*Q + 4C) Uy (y, t) 3kvVRY, (y, 1)
do=- 4bk ’ DQ:if,

where ¥(y, t) is arbitrary function of y and ¢, C' is an arbitrary constant, k is a nonzero constant.
Case 3

3k*P 3k°R 3kPU,(y, t

a =0, ay=—""—, by=—", @:_;@>7
Uy (y, t) + b(k*Q + 4C) Ty (y, t) 3kR,(y, 1)

AO = — 4bk s BZ = —f,

a=bhh=c=c=di=d=A41=B1=0C1=0C=D1=Dy=0, n=Y(y,t),

where U (y, t) is arbitrary function of y and ¢, C' is an arbitrary constant, k is a nonzero constant.
Case 4

3k2P 3kPV,(y,t)
- 2 9 A2 = _#7
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Uy (y,t) + b(k2Q + 4C)V, (y, t

al:bl:bgzcl:ngdl:d2:A1:B1232201202:D1:D2:0,

where ¥(y, t) is arbitrary function of y and ¢, C' is an arbitrary constant, k is a nonzero constant.
Substituting Cases 1-4 into (6) and (7) respectively, we have four kinds of formal solutions of Eq. (5):

um 0= B P pa R poag s WV i WVEpigp2e,
oo Wyt + b(inQ@; KQ+4C)0, (y,t) 3kP\I:1y(y, t) F(0)

SRR o) g IV prgy 4 IVRBG preypaey, i

w= 0= BB pozey o VB by oo, 13

oo W)+ b(kicg; 4C) Wy (y, 1) 3k\/ﬁily(y,t) FIEF () (14)

u=C— Sk;PF%) -~ ?’IiRF‘Z@), (15)

oo Wily, )+ b(kicg; 40)Ty(y,t) SkP\IJQy(y,t) F2(e) BkR\I;y(y,t) F2e. (16)

u=C - 3kzPF%), (17)

oo Wiyt + b(k1§k+ 40)0y(y,t) 3k:P\If2y(y,t) F2(e), (18)

where £ = kx 4+ U(y,t), C is an arbitrary constant, & is a non-zero constant.

With the aid of Appendices A, B and C, from the four kinds of formal solutions (11)—(18), we can obtain
many exact solutions of Eq. (5).

For example, from Appendix A, selecting F'(¢) = ns¢, P = 1, Q = —(1 +m?), R = m?, inserting
them into (11) and (12) and using Appendix B, yields combined non-degenerate Jacobi elliptic function
solutions of Eq. (5):

2 2,2 2 2
w0 S e 3 e 3R cedse 7 2 nedne,
4 1 4
Wiy, t) + b(£6k>m — k2(1 +m?) +4C) Wy (y, 1) 3kW,(y,t) o 3km2U,(y,t) ,
v=— — ns“§ — ——————=sn°¢
4bk 4 4
kU, (y,t km®, (y, t
jF?%(y,)CSgdSE - chgdng

where £ = kx + U(y, t).
Selecting F'(§) = ns€ £ ¢cs§, P = i, Q= 17%7”2, R = %, inserting them into (11) and (12) and using
Appendix B, yields combined non-degenerate Jacobi elliptic function solutions of Eq. (5):

_ 3k? 9 3k? 3k? 3k2(£ds¢)
u=0C— E(n% + csf)” — m + ?(csfdsg + nséds) ¥ ma (19)
oo 2Wi(y,t) + b(+3k* + k;f,lg —2m?) +8C) VW, (y,t) Skwféy t) (nsé + csé)?
3kWy(y, 1) _ 3kVy(y,t) 3kWy (y, t)(+dsf)
a 16(ns§yi cs§)? i % (csdst £ nsédse) F 8(?135 +esf) 20)
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where £ = kx + U(y, t).
When m — 1, from (31) and (32) we get soliton-like solutions of Eq. (5):
3k? 3k2 3k2

= C — =~ (coth¢ + csché)? — = (esch?¢ + cothécsch
u=0C_C 16 (coth€ =+ cschf) 16(coth§j:csch§)2$ 8(csc§ coth&cschg)

3k?(£csché)
8(coth¢ + csche)’

. C204(y, t) + (3K — K2+ 8C) U, (y, 1) 3kT,(y,t) (cothe + csche)?
8bk 16
kW, (y,t) 3kW,(y,t)
~ 16(cothé + csché)? + 8
where £ = kx + ¥(y, t).
When m — 0, from (19) and (20) we get trigonometric function solutions of Eq. (5):

3kW,(y,t)(Fcschf)

h2¢ + coth&esch
(esch”¢ £ coth&csché) F 8(coth€ + cschf)

3k? 3k2 3k2 3k2(dcscé)

o~ Ok 2 L 2
u=0 16 (cscg <& cott) 16(cscé + coté)? T3 (cotéescd + cse™) F 8(cscé + coté)’

204 (y, t) + b(£3k2 + k2 + 8C) W, (y,t)  3kTy(y,t)

- 8bk 16
kW, (y,t) kW, (y,t)

© 16(cscé £ coté)? 8

where £ = kx + ¥(y, t).

From (11)—(18) and Appendices A, B and C, we can also obtain other Jacobi elliptic function solutions,
soliton-like solutions and trigonometric function solutions of Eq. (5), we omit them here for simplicity. All
solutions obtained from (15)—(18) can not be obtained by methods in [17-20]. There are more solutions of

Eq. (3) listed in Appendix A than those in [21-25], so other new formal exact solutions of Eq. (5) can be
obtained. To our knowledge, these solutions have not been reported in former literature.

(csc€ + coté)?

v =

30, (3, 1) (Eesce)
8(csc€ £ cotl)

(cotécscé + csc®€) F

4 Conclusion

In this paper, we have proposed a generalized F-expansion method to construct more general exact solutions
of NLEEs. With the help of Mathematica, the method provides a straightforward mathematical tool for
obtaining more general exact solutions of NLEEs in mathematical physics. Applying this method to the (2
+ 1)-dimensional BS equations, we have successfully obtained many new and more general non-degenerate
Jacobi elliptic function solutions, solitary wave solutions and trigonometric function solutions, each of which
contains an arbitrary function of two variables. The arbitrary function in the obtained solutions implies
that these solutions have rich local structures. It may be important to explain some physical phenomena.
Applications of the generalized F-expansion method proposed in this paper to other NLEEs are worth study,
such as combined KdV-Burgers equation with variable coefficients [4], dispersive long wave equation [33],
Burgers equation [34], and others.
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Appendix A

Relations between values of (P, ), R) and corresponding F'(§) in Eq. (3) which are listed in Table 1 [35]:
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Table 1:
P Q R F (&)
m? —(1+m?) 1 sné, cdé = (Ci':é
—m? 2m? —1 1—m? cné
—1 2 —m? m? —1 dné
1 —(1+m?) m? nsé = (sng) !, deé = ((:‘,ITHE
1 —m? 2m? — 1 —m? ncé = (eng) !
m? —1 2 —m? -1 nd¢ = (dn¢) !
1 —m? 2 —m? 1 S(f:%
—m?(1 —m?) 2m? — 1 1 sd¢ = o
1 2 —m? 1—m? cs¢ = %
1 2m? — 1 —m?2(1 —m?) ds¢ = (Slrrllé
1 1—2m? 1 nsé =+ csé cné
4 ) 2 ) 4 , ’ V1—m2sné+dng
1_4’"’ ’1'*;2"”2 1_21” ncé + sc¢
i, m 22_2 % nsé + dsé e
m — m 5 : n
4 2 i 4 s snf = lCIlg, V1—m?Z2sné+tcné
1-m
:i ?7;"2 :% mené £ dné .
—2m 3 Sn
i 1 msné + idn¢, TZcnt
1 1—2m? m? dng
4m? 4 17—1:3,2 +ené
m? m2—2 1 sné
4 2 4 1+dng
1-m 1+m? m>—1 dné
4 2 4 1+msné
—m? 14+m? 1—m? cné
4 2 4 1+4sn¢
(1—m?)? 14+m? 1 sng
4 2 4 cné+dné
m74 2—m? 1 cng
4 2 4 V1—m2+dng
Appendix B
Derivatives of Jacobi elliptic functions
sn'€ = enédné,  cd'é = —(1 — m?)sdéndé, cn’€ = —snédné, dn’¢é = —m?snéené,

ns'é = —csédsé,  dc’€ = (1 — m?)ncéscé, nc€ = scédck,

s’ = dcéncé, cs'€ = —nsédsE,  ds'€ = —csénsE,

Appendix C

Jacobi elliptic functions degenerate into hyperbolic functions when m — 1:

sné — tanhg, cné — seché, dn€& — sechg, sc€ — sinhé,

ns§ — cothg, ncé — coshé, nd¢ — coshf, cs§ — csché,

nd’¢é = m2cdésde,

sd’'¢ = nd€cdé.

sd€ — sinhé,  cd€ — 1,

ds§ — cschg, dc€ — 1.

Jacobi elliptic functions degenerate into trigonometric functions when m — 0:

sné — siné,

nsé — cscé,

cné — cosf, dnf — 1, sc& — tang,

ncé — secE, ndé — 1, cs€ — coté,

sd¢ — siné, cdé — cosg,

dsé — csc€, dc& — secé.
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