ACADIMIC ISSN 1749-3889 (print), 1749-3897 (online)
ii- International Journal of Nonlinear Science
— Vol.5(2008) No.1,pp.3-10

The Global Attractor for the Viscous Weakly Damped Forced Korteweg-de
Vries Equations in H' (R)

Lixin Tian * , Ruihua Tian, Jinling Fan
Nonlinear Scientific Research Center, Jiangsu University
Zhenjiang, Jiangsu, 212013, P.R. China
(Received 1 July 2007, accepted 18 September 2007)

Abstract: The existence of the global attractor for the viscous weakly damped forced Korteweg-
de Vries Equations in the phase space H' (R) is studied in this paper. Bourgain spaces and the
energy-type equation method are used here to obtain the well-posedness for the viscous weakly
damped forced KdV equations. The existence of the bounded absorbing sets for the viscous
weakly damped forced KdV equations is obtained by the standard procedure. Finally, the exis-
tence of the attractor for the viscous weakly damped forced KdV equations is proved.
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1 Introduction

The paper is mainly concerned with the existence of the global attractor of the viscous weakly damped
forced Korteweg-de Vries equations([1-4, 6-8, 13-16, 18, 20]):

U + Uy + Upge + YU+ Bugy = f )
ul,_y = ug € H'(R)

in the phase space H! (R), For (x,t) € R x R, f is time-independent and belongs to H? (R). ~, 3 are
constants,y, 3 > 0.

The weakly damped KdV equation which was derived by Ott and Sudan as a model for ionsound waves
damped by ion-neutral collisions([19]), has been considered in different contexts, such as the global at-
tractor for the Korteweg-de Vries Equations on the real line. By using the energy-type equation and the
weighted space, P.Laurencot got the existence of the global attractor of the weakly damped KdV equa-
tion in H?2 (R)([10]). Similarly the work was done by R.Rosa and I.Moise who only used the energy-type
equation([9]). Ricardo Rosa investigated the existence of the global attractor of the weakly damped forced
KdV equationin H! (R)([12]). Oliver Groubet and Ricardo Rosa investigated the asymptotic and the global
attractor of the weakly damped forced KdV equation on the real line([5]). From the mathematical point of
view, the term with the factor v accounts for a weakly dissipation with no regularization, and the term with
the factor 1 accounts for viscous term. Lixin Tian and Wenbin Zhang investigated the the existence of the
global attractor of the weakly damped forced KdV equation with the viscous term in L2 (R)([17]). As
H' (R) has further regularity than L? (R) and with the continous injection H' (R) C L? (R), we get the
existence of the global attractor of the weakly damped forced KdV equation with the viscous term in H! (R)
for the first time.

The outline of this paper is as follows. In section 1, the researches of the KdV equation are introduced. In
section 2, the definitions and main theorems are introduced. In section 3, we obtain the local well-posedness
of the Korteweg-de Vries equation in the mild sense. In section 4, the global existence of the solutions is
established. In section 5, we obtain the existence of the attractor for the viscous weakly damped forced
Korteweg-de Vries Equations.
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2 Function Spaces and Main Theorems

We consider the spaces L? (R)and H' (R) with its normal norms respectively, as well as L> (R), with
its norm denoted by ||| o (gy = esssup|-|. We write ((-,-))2(g) and ((,)) g1 () for the standard inner
product. We set A = (1 — 92) as a positive self-adjoint operator in L? (R) and denote H ' (R) the dual of
H' (R). The operator A can be extended to an isomorphism form H' (R) onto H~! (R) and the norm in
H~!(R) can be written as:

lull oy = HA_IUHHI(R) - HA%U‘

L*(R)

We also use other useful spaces H¢ (—r,7), of functions in H! (R) which vanish outside (—r, ), where
r > 0 and the dual H, ' (—r,r). Forall 7 > 0,

Hy (=r,r) CH'(R) C L*(R) C H™' (R) C Hy' (—=n,7)
with continuous injections, and Hg (—r,7) C L2 (R) C H;* (—r,r) with compact injections.
Other useful relations are:
1 12
((Au, 0)) g2y = (w0, 0)) iy » 5 Nl 2y < (1A "l gy < Nullp2r)

For each T' > 0 and each measurable function v : R x [-T,7T] — R, now we consider the space similar
to that introduced by C. E. Kenig, G. Ponce and L. Vega [7].

Weset: Xy ={u: Rx [-T,T] — R; AN (T;u) < oo}

and
A(T;u) = max {A (T5u) , Ao (T5u), Az (T5u) , Mg (T5u) , A5 (T5u) }

M (Tsu) =ess. sup  |[u(0)| g1 g
te[~T3T)

T 3
sup \um(-,t)|2dt
te[— TT]

NI

sup ]umx (~,t)|2dt
te[— TT]

A (T u) = (/T o G e dt)é

1 2
X5 (Tsu) = o7 (/ ess.te[sll%);ﬂ lu(z,t)] da:)

The space X7 is a Banach space endowed with the norm ||-|| . = A (T}, -). Now, we consider the linear
part of Eq.(1):

o
( ,

N[

{ ut + Ugge + YU + Pug =0 ?)
ul,_g = ug € H' (R)

For each~y, 3 > 0. We denote {W, (t)},_ pthe group associated with (2) and define W, (t) = e~"*W (t).
We multiply (2) by u, then integrate over 12, and then we find the estimate || W (£) uol| 2 (z) = e™ || uo| L2(R)-
By the linearity, we have ||W, (t) ug ||H1(R) =Vt [[wol| g1y~ If the initial condition ug belongs to HY(R),
the solution is continuous as a function values in H! (R), so we have ug € Hy (R) = t — W, (t)ug €
Cy([-T,T];Hy1 (R)), for all T > 0. The case v = 0,3 = 0 is connected to the KdV equation, and the

fundamental estimates for well-posedness of the KdV in H! (R) were obtained by C. E. Kenig, G. Ponce
and L. Vega ([7]) and R.Rosa ([12]). We borrow the estimates from them as follows:
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Lemma 1 (/7] )Letv,3 > 0 and T > 0. There is a numerical constant C1, which satisfies:

1
T 6
( I @l daz) < 1M g | 1o

forall ug in L? (R),

1
T 2 \/g
(sup [ 10 Ol ) < eI ol

zeRJ-T
for all ug in L* (R),

_ 3
(/_: S W (8) woll 70 ) dw) < C1 (14 T) e lug | g
for all ug in H' (R), and all T > 0.
Lemma 2 ([12]) Let T > 0 and u,v € Xp. There is

1 u0) 1 gy < 40+ V2) L+ T) T2 Jluly, llollx,
From Lemma 1, it is straightforward to prove the following results:

Lemma 3 Lettingv,3 >0, T > 0, ug (-,t) € H' (R) and w (-, t) = W., (t) uo, then, there exists u € Xr,
with [|w|x, < Crehlt ||u0”H1(R)’ where C1 is the constant from lemma 1, which is independent of v, 3, T
and f.

We proceed essentially as in ([7]) and we derive estimates for the no homogeneous equation with (2):

Ut + Uggy +7u+ﬁux = f
ul,_og = uo € H' (R)

where f is time-dependent and assumed to belong to L' (=T, T; H* (R)).

Lemma4 Let~y,3>0,T >0, f € L' (-T,T; H* (R)) and

u(-,t):/o Wy(t—r1)f(,7)dr 3)

then u € X, with [lufx,. < CrelIT [ g~ .mi(ryy - J = 1,2, where Cy is the constant from Lemma 1,
which is independent of v, 3,T and f.

Proof. We will only illustrate the cases i = 3. Let X; = X; (T") be the characteristic function of the closed
interval with end points 0 and ¢, other positive or negative. Hence we can write ¢ given in (3) as:

T
ut= [ X OW () f () dr

Then for 7 = 3,
As < [T s (Tixe (P)Wy (8 = 7) £ (1) dr |
< f_TT (ess. sup f_TT |02 (W, (s) fa (.77))‘2%) 2d7’
te[-T,T)
< [T | f (1) 2y
< M| fllps e
|

We borrow the following estimates ([12]):
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Lemma5 Lety,5>0,T7 >0, u,v € Xy and w (- fo (t—7)(wv), dr. Ift € [=T,T], then
1
lwllx, < Ca@+T)T2eMT |jullx vl

where Cy = 4 (1 + \/i) C, C is the constant as above, which is independent of v, 3,1, u and v.
In this paper, we will obtain the following main theorems:

Theorem 1 Let v,3 > 0,f € L}, . (R;H?(R)) and ug € H' (R). There exists a unique continuous
solution w in X, of Eq.(1).

Theorem 2 Letv,3 > 0, f € H*(R) and ug € H"' (R). There exists a solution u € C (R; H' (R)) of
Eq.(1), which is the unique solution which belongs to X for all T > 0; moreover, the solution t — wu (t)
satisfies the energy-type equation:

d

gL (w(®) + 2915 (u(t)) = K (u (t)) €

forallt € Rand for j = 0,1, where I;, K; are given as follows. Further more, the map which associates

the data (v, f,ug) to the corresponding unique u is continuous from R x H*(R) x H' (R) into X1 N
C([-T,T); H' (R)) for all T > 0. In particular,

lullr < € (7 1 2y 0Ny o )

for some constant C.

Theorem 3 Let v,3 > 0, f € H?(R). The solution operator {S (t)},., in H (R) associated with the
Eq.(1) possesses a global attractor.

3 Local well-posedness

In the proof of theorem 1, we use the approaches in ([7]) to obtain the local well-posedness of Eq.(1) in the
mild sense. Consider v, 3 > 0, f € L} (R; H*(R)) and ug € H' (R), as the unique fixed point of the
map > (u) : Xp — Xp, defined:

t
3" (ult) = Wy (8)uo + ;/O W, (t —s) [2f—2ﬂux (s) — (u (8)2)96] ds
Fort € [T, T, from Lemmas as above, it follows:

I3 (), < Cre™ lwoll g ¢my + CyelI” Ifl pr—r 2Ry
1
+272 1+ T) M |lu)%, + BC1eMT |lully,

Similarly, by writing u? — v? = (u — v) (u + v), we find:

> -3 w)

We et 7 = 2016 (ol s + ufnLl(_T,T;Hz(R»)- For0 <7 < 1. ful, .ol < R we have:

3]

Ca, 1 T T
o < (ST fut v, + 50T ) =l

<C2T2e|7|R* + ﬂ0167> R*
XT

d
" [S - ), < (criehr + scien) fu- s,
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Taking Tr,0 < Tk < 1 which is sufficiently small, we have:

% + (6;2 Tzeh R + ﬂCle'7> R*<R

and CQT%eMR* + ﬁCleM < 1 with the choice of Tk, following that:

Y@, < @ -0, < 5l vls,

for every u,v € Xg,, with ||u|\XT , ||u||XT < R. So, ) is a strict contraction when restricted to the

ball in X7, of radius 12 and centered at the orlgm Following the Banach Fixed Point Theorems, there is a
unique v in this ball, which is the fixed point of ) _ as well as a solution of Eq.(1) in the mild sense. By the
uniform contraction, one can check that u is continuous and unique. Finally, we find that the solution w is

continuous as a function with values in H' (R), i.e.

t—u(t) € Cy ([~Tr, Tr); H' (R))

4 Global Solutions and Energy-Type Equation

In this section, we will establish the global existence of the solutions and obtain theorem 2. This is achieved

by the help of two of the invariants of the KdV equation, namely:

1
0w = [ @dnti @) = [ (2@ 3 @ )a
R R 3
Multiplying equation Eq.(1) by 2%, and integrating on R,
_ I d . _ PN~
(e + i+ T+ 3 4+ 9, — F20) = Sl 4 20l -2 [ Flo)a(w)do
R
We see that « satisfies the energy-type equation:

Nl + 2yl =2 (F () (@)

L*(R)

Multiplying equation Eq.(1) by —2i,, — %2, and integrating on R, then we get:

d 1 1 . g
i/ <u§ — 3a3> dr + 27/R <u§ - 3a3> dx = /R <2fxle + %ﬁg - ﬁ2f) dx

Now, we use the invariants of the KdV equation and set:

_2/f z)dx, K (@) = /R<2fzﬂz+ga3_a2f~)dx
Egs.(5) ~ (6) can be written as:
d -
o1 (@(t) + 291 (a(t)) = K; (a(t)

We integrate (7) and find:

I (@ () + 29 /0 1; (@ (r)) = I (iio) + /0 R, (i (7)) dr

fort € [-T,T]and j =0, 1.
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Taking the limit in (8) and using the continuity of the solution that we get in section 2, we have that
the solution @ with initial condition @ (0) = g and forcing term f converge in X, for some appropriate
T > 0, to the solution u € X, with the initial condition u (0) = ug and forcing term f. Using

Lj (u(t)) = lim I (a (1), Kj (u(t) = lim K; (a (t))

forall t € [T, T], where

/f )da, K1 (u) = /R(2fzux—|—gu3—u2f>dx

We find I; (u (1)) + 27 [y I; (u (7)) = I; (uo) + [y K; (u(7))dr. forallt € [~T,T] and j = 1,2.
From the energy-type equation (7), one can extend the solution u indefinitely and obtain a global solution
u=u(t),t € R, withu € XpNCy ([~T,T]; H* (R)), for all T > 0. One can also check that for each

T > 0 and each initial condition ug € H'! (R), there exists a constant C (’y, 1 r2emy - llwoll g gmy ,T),

such that [|u[|x < C. Then, theorem 2 is obtained.
Owing toTheorem 2, we define a group associated with Eq.(1):

Definition 1 For v,3 > 0,f € H?(R), we denote {S (t)},cp, the group in ug € H' (R) defined by
ug = u (t), where u = u (t) ,t € R is the unique solution of Eq.(1), which belongs to X for all T > 0.

S Bounded Absorbing Sets and Global Attractor

In this section, we will obtain the existence of the bounded absorbing sets and the attractor of the solution
operator {S (t)},.r. We follow the standard procedure to obtain an absorbing ball in H' (R). By using
Young’s inequality, Cauchy-Schwartz inequality and (4), we find that:

) 1
Jim sup [ (1) 2y < 0= 1 ey ®)

Proving absorbing ball in H' (R), we need to estimate u, (t). From Young’s inequality and (2), we have:

C
Ammﬂugwwwﬁwgmmwwamsvmmw

Therefore, from the energy-type equation (4), for 7 = 1,

d

g (W ®) + 290 (u(t) < 2C | fallp2m) + 5 ||f||L2 R’ T2 HfHLoo(R) 11 22 r)

Applying the Grownwall Lemma, we find:

Jim sup 11 1) 12 ‘<exp27(fk<C'HfHLz )) +ex0? CL | foll oy

+exp? G fll 2 my +exp27 32 1 fll oo (ry 1 £l L2 (m)

Finally, by using the estimates above, we obtain:

Jim sup [z (622 < ex0 O (C, £l 2y ) + 0% CL | £all 2y

2 0420
O Fll 2y + ex0® gz 1l oy 1 p2(ry = 6

so we have:
. 2 *
Jim sup [lug (1) 22y < 15 (10)

Then we have proven the result:
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Lemma 6 Let y,3 > 0, f € H?(R). The solution operator associated with Eq.(1) possesses a bounded
absorbing set in H' (R) with the radius of absorbing ball given according to (9) and (10).

We assume v, 3 > 0, f € H*(R). {S(t)},cp is the solution operator associated with Eq.(1). We
borrow the result from Ricardo Rosa in ([12]).

Lemma 7 ([12]) The solution operator {S (t)},c is weakly continuous in H* (R). It means if uo, con-
verges weakly in H' (R) to some ug, as n — oo, then S (t) ug, converges to S (t) ug weakly in H' (R), for
allt € R.

With the previous Lemmas in mind, we can proceed as in I. Moise; R. Rosa and X. Wang ([11]). We
let ug,, be bounded in H' (R), with S (t,,) uon, — u, weakly in H! (R), for some subsequences n’ — 0o
and some u € H'(R), with |lu Ol 2ry < po, llua (D)l 2(ry < p1. From above lemmas, it follows
that for every t € R, S (t!, —t)ug, — S (—t)u weakly in H' (R), as n’ — oo with:||S (—t) ull g2y <
po, [|S (=t) uall 2(g) < p1. For j = 0, we use the energy-type equation to find:

T
15 0y = 15 o= By = +2 [ T (1,561 (8= 7) o))
Similarly, for the solution S (-) u, we find:
T
HUH%Q(R) = HS(—T)UH%% R) € _2T+2/0 e T ((£,8 (1) S (-T) w))p2(g) AT

By above equations, taking the limit as n’ — oo, we obtain:

< llullf2(m + 205e "

hm sup HS( 2 (R)
Letting ¢ — oo, we find that lim sup [|S (t},) uom ||L2 R) < Hu||%2(R). Similarly, we also find for
n/—oo

j = 1, there exists lim sup [[(S (¢],) ugn )$||L2(R) < HUxHL?(R)- Since H! (R) is a Hilbert space, there
n’—o0

exists the strong convergence: S (t,,) uj,, — uin H' (R). Hence, we obtain theorem 3 as above.
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