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Abstract: Considering a time-delay in the receiver as compared with the transmitter, a practical
issue of global chaos synchronization is proposed to the HCSA system which is based on the
Lyapunov stabilization theory and matrix measure. By choosing proper coupling parameters,
the error system is globally asymptotical stable, such that the state of the slave system at time
t + 7 is asymptotically synchronizing with the master at time ¢ . The Mathematical software
is used to simulate. Both theoretical analysis and simulation result show the effectiveness and
anti-interference ability of this method .
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1 Introduction

Chaos synchronization is one of the most interesting problems in nonlinear sciences [1]-[7]. It can
be applied to many fields, such as secure communication, human heartbeat regulation and ecological sys-
tems. Paper [8]-[9] study the chaos synchronization, where the unavoidable signal propagation delays in the
typical master-slave synchronization. In the practical environment with signal propagation delays, it is not
reasonable to require the slave system to synchronize the master system at exactly the same time. It is just
like the telephone communication systems, where one hears the voice at time ¢ + 7 on the receiver side,
which was said from the transmitter side some time ago, at time ¢ . For this reason, in paper [8], chaotic
synchronization is re-defined in such a way that the state of the slave system at time ¢ + 7 is asymptotically
synchronizing with the master at time ¢ , namely,

lim HX(t) X+ T)H —0

t—o0

where X and X are the state of the master and slave systems, respectively. Consequently, the control
signal uses the output error between the drive system at time ¢ and the slave system at time ¢t + 7 , i.e.,
X(t)—X(t+71).

The HCSA system is a complex dynamical system, which exhibits a variety of dynamical states. Paper
[10] describes the HCSA system. In this paper, we address a scheme on chaos synchronization of HCSA
system where the unavoidable signal propagation delays. Using Lyapunov stabilization theory we study the
synchronization of HCSA system, give the numerical results and disturb to the third variable of the system

z (t) . Finally, conclusion remarks are given.
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2 Time-delay chaotic synchronization
Consider a chaotic continuous system described by
X (1) =AX (t) +g(X (1) e))

where X (t) € R" is the state vector, A € R™*" is constant matrix, and g (X) is a continuous nonlinear
function. Assume that

9(X (1)) — 9(X (t2)) = My 3(X(t2) — X (t2)) @)

for a bounded matrix M, ¢ with elements depending on X (1) and X (t2). At this point, it is important to
note that most chaotic sys’tems can be described by (1) and (2) in paper [8]. From the typical unidirectional
linear error feedback coupling approach, and taking the time-delay into account, the slave system based on
the chaotic system (1) is described by (see Fig.1)

X(t+r):AX(t+r)+g(X(t+r))+L<X(t)—)2(t+r)> 3)

where 7 is a finite time-delay which is an unknown constant, and L € R™ "™ is the coupling matrix to be
designed to achieve synchronization.

Iaster
System

Slave
System

Xy Delayr |

L(X(6)- X (e+7))

Figure 1: Synchronization with time-delayThe attractor of HCSA system

In Fig.1 and formula (3), the error X (¢) — X (¢ + 7) is used for control, where X (¢) is sent from the master
system through the channel and hence it has a time delay as compared to the signal that arrives at the slave
system. The value of time-delay 7 is not required to be known for executing the control action.

Define the error signal by

e(t)=X({t)—X(t+71) 4)

which is the state error between the master system at time ¢ and the slave system at time {47 Synchronization
requires that ||e (¢)|] — 0ast — oo . Then, from (3) and (4), the following error system equation is obtained:

¢(t) = AX (1) +g(X (1)~ AX (t+7) =g (X (t4+7)) =L (X (&) - X (t+7))
= Ae(t) + My ge(t) — Le(t) = (A+MX7X—L>e(t)

Using Lyapunov function method, the synchronization of system (1) and (3) can realized.

3 Synchronization for time-delay of HCSA system
HCSA system is a physical system, which is described in paper [10]. It can be described by
&= —azx — 4y — 4z — 32

= —ay — 4z — 4o — 2? (5)
3= —az — 4z — 4y — 2*
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Figure 2: The attractor of HCSA system

From [10] we learn: when a = 1.27, the Lyapunov exponents are (0.7899, 0, —4.5999) then system (5) is
chaotic .(see Fig.2). The following slave system is constructed by using (3) for (5)

T(t+7)=—af(t+7)—4§(t+7) =420t +7) - Pt +7)+ L (x(t) =T (t+7))
g(t+7) —af(t+7)—4Z(t+7) 4T (t+71) -2t +T)+hyt)—gt+71)) (6)
Ft4+T)=—aZ(t+7)—4F(t+T) 4Gt +T) =B (t+T)+I3(2(t) = Z(t+ 7))

Subtracting (6) from (5), we obtain

where

which can be rewritten as

é(t) = Ae(t) + g (X (1) =g (X (t+7)) = Le (1) @)

where

0 I3
2 (t) =2 (t+7)
e(t)=|y)—glt+7) |,
2(t)—Z(t+T1)
2
g(X) =1 2
22
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Then
i v () =g (t+7)
gXW) =g (X@+n)=| 2@ -2 +7)
22 (t) — 22 (t+7)
0 y(t)+gt+7) 0 z(t)—Z(t+71) (8)
= 0 0 z(t)+Z(t+T) y(t)—g({t+71)
x(t)+z(t+7) 0 0 z(t)—zZ(t+T)
= My ze(t)
where
0 y(t)+gt+71) 0
My ¢ = 0 0 z(t)+Z(t+7)
z(t)+z(t+71) 0 0
Theorem 1 If there exists a positive definite symmetric consta nt matrix such that
T
(A=L+Myg) P+P(A=L+Myg)<pl<0 )

uniformly for all in the phase space, where is a negative constant and is the identity matrix, then the error
system (7) is globally exponentially stable about zero, implying that the two systems (5) and (6) are globally
asymptotically synchronized.

Proof. Choose alLyapunov function of the form
V=c@) Pe(t)
where P is a positive definite symmetric constant matrix. Its derivative is
V = é(t) Pe(t) + e ()" Pé(t)
=[(A= L+ My g)e(®)]"Pe(t) +e(t)" P[(A— L+ My g)e(t)]

=e(t)" (A= L+ My g)"P+P(A—L+Myg)le(t) < plle )] <0

where ||.|| denotes the Euclidean norm.
Based on the Lyapunov stability theory, system (7) is globally exponentially stable about zero. Hence the
two systems (5) and (6) are globally asymptotically synchronized. [l

Theorem 1 proves the effectiveness of the method, next work is to determine L .

T
LetQ = (A — L+ My X) P+P (A — L+ My X) , Aii = 1,2, 3 are the eigenvalves of (). If inequal-

ity (9) holds, then
A < <0, 1=1,2,3 (10)

So we choose L , so as to satisfy (10) .
Theorem 2 Choose P = diag (p1,p2,p3) , and let
T
P (A + MX,X) + (A + MX,X) P = [a;]
If a suitable L is chosen such that

1 . _
> (@i+Ri—p), =123 and Ri= ) l|ay

Pi

then the two coupled chaotic systems (7) and (8) are globally synchronized.
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Proof:
Q= (A—L+MX’)~(>TP+P(A—L+MX,X>
=P (A+ M)+ (A+MX7X)TP—LP—PL
=P (A+ M)+ (A+MX7X)TP— oLP

From Gerschgorin’s theorem in matrix theory we know, every eigenvalve is in its Gerschgorin, i.e.\; — @;; —
2l;p; < R; , while p > )\; , it means p is out of all Gerschgoeins, so u — a;; — 2l;p; > R; , then we get
following inequalities,

1,
liZTpi(airi-Rz‘—M)
In particular, we choose P = I , we obtain
T
(A+MX,X) + (A+MX,X>
—a —4+y+y —4 —a —4 —4+x+7T
= —4 —a 4424z —44+y+y —a -4
—44+zx+z —4 —a —4 —A44+z+z —a
—2a ~8+y+y§ —8+ax+i
= —-8+y+y —2a —84+z+4+2
—8+zxz+2x —84+z+2 —2a

We can choose
h>1/2(2a+|-84+y+3y|+|-8+x+I|—u)
lo >1/2(—2a+ |-8+y+y|+|-8+2z+ 2 —u)
Is3>1/2(—2a+|-8+x+Z|+|-84+2+ 2 —u)
From Fig.1, we can get—15 < x < 5,—15 <y < 5,—15 < z < 5, sowe choose x = =5,y = 0,2z =
0,z = —4,y = 1,z = 0.5 and choose © = —1, we can obtain I; = 13,ly = 21,l3 = 18, the inequal-
ity (3) holds. According to Theorem 1, the two chaotic systems (5) and (6) are globally asymptotically
synchronized (see Fig. 3-5). g
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Figure 3: Time evolution of Figure 4: Time evolution of
valuable e, (t) valuable e, (t)

Theorem 3 The two chaotic systems (1) and (3) are globally asymptotically synchronized, if one condition
is satisfied at least as follows:
3
(1) maz;{a; +sup Y lagl} <0
i=1,i#j

3
(2) maz;{ai +sup Y agl} <0
j=1,j7#
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Figure 5: Time evolution of Figure 6: Time evolution of
valuable e, (t) valuable e, ()
where A — L+ My ¢ = (aij)3x3-
In this paper, we have
—a—Ul1 —44+y+y —4
A-L+ My 3= —4 —a—1ly —44+2+2
—A4+z+z —4 —a—1I3

We choose I, l2, I3 to satisfy

maz{—a—lL +4+|—-4+zx+2|, —a—lb+4+|—-4+y+yl, —a—lz3+4+|-4+2+2Z]} <0
or

mar{—a—l1 +4+|—-4+y+yl, —a—lo+4+|—-4+2+Z, —a—Ils+4+|—-44+2+2|} <0

Then, We can determine the bound of /1, ls, I3 and realize the chaos synchronization by choosing the proper
parameters(see Fig.6-8)
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Figure 7: Time evolution of Figure 8: Time evolution of
valuable e, () valuable e, (t)

In practical appliances, systems get interfere inevitably from environment. Disturb to the error system ,
assuming that z = (1.0 4+ 0.002sin¢)z . And the Mathematic software is used to simulate, the simulation
result show the effectiveness and anti-interference ability of this method(see Fig.9-11).
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Figure 9: Time evolution of Figure 10: Time evolution of
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Figure 11: Time evolution of
valuable e (t)

4 Conclusion

The chaos synchronization problem, with time-delay in the channel, has been studied from the typical
approach of unidirectional linear error feedback using the received time-delay signal directly without re-
quiring any knowledge of the constant unknown time-delay. This paper address a practical issue in chaos
synchronization of HCSA system.From the attractor of the system, we can get the bound of the parame-
ters.Then we can choose the proper coupling parameters, which can make the systems globally synchronize.
How to choose the better coupling parameter is the further research.
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