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Abstract: In this paper, we study the blow-up phenomena for the Degasperis-Procesi equation
with strong dispersive term. Applying some inequalities in Sobolev space and comparison the-
orem, we first establish two blow-up results with certain initial profiles and then investigate the
blow-up rate.
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1 Introduction

Recently, Degasperis and Procesi [1] studied the following family of third order dispersive PDE con-
servation laws,

(1.1

where «, ¢y, c1, c2 and c3 are real constants. They found that there are at least four equations that satisfy
the asymptotic integrability condition within this family: the KdV eqution, the Camassa-Holm equation, the
Dullin-Gottwald-Holm equation and the Degasperis-Procesi equation.

For « = ¢ = ¢3 = 0 in Eq.(1.1), it becomes the well-known Korteweg-deVeris equation, which
describes the unidirectional propagation of waves at the free surface of shallow water under the influence of
gravity. The KdV equation is completely integrable and its solitary waves are solitions [2], [3]. The Cauchy
problem of the KdV equation has been the subject of a number of studies, and a satisfactory local or global
(in time) existence theory is now in hand [4]. It is shown that as long as ug € H® (R),s > 1, the KdV
equation is globally well-posed. It is observed that the KdV equation does not have wave breaking, that is,
wave remains bounded, but its slope becomes unbounded in finite time.

If g = —%c;; / a’,co = c3 /2, Eq.(1.1) becomes the Camassa-Holm equation, modeling the unidirec-
tional propagation of shallow water waves over a flat bottom. The Cammassa-Holm equation is also a
model for the propagation of axially symmetric waves in hyperelastic rods [5]. The Cauchy problem of the
Camassa-Holm equation has been studied extensively. It has been shown that the Camassa-Holm equation
is locally well-posed [6], [7] with the initial data ug € H*(R),s > % More interestingly, it has global
strong solutions and also blow-up solutions in finite time [8], [9] with a different class of initial profiles in
the Sobolev spaces H®, s > % The advantage of the Camassa-Holm equation in comparison with the KdV
equation is clear: the Camassa-Holm equation has peaked solutions, but no shock waves. In [10] Danping
Ding and Lixin Tian researched solution of dissipative Camassa-Holm equation on total space.

2 2 2
Ut + CoUg + YUgge — O Uty = (Cl’LL + coug + C3uuacx)x )
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Dullin, Gottwald, Holm [11] discussed the following 1+1 quadratically nonlinear equation in this class
for a unidirectional water wave with fluid velocity u(z,t),

my + CoUy + UMy + 2Mmuy = —YUgee, T € R, t€ R. (1.2)

where m = u — g, is a momentum variable, the constants o and % are squares of length scales, and
co = +/gh is the linear wave speed for undisturbed water at rest at spatial infinity. Eq.(1.2) was derived by
using asymptotic expansions directly in the Hamiltonian for Euler’s equations in the shallow water regime
and thereby shown to be bi-Hamiltonian and has a Lax formulation in [11], [12]. Eq.(1.2) combines the
linear dispersion of the Korteweg-de Vries(KdV) with the nonlinear/nonlocal dispersion of the Camassa-
Holm (CH) equation, yet preserves integrability via the inverse scatting transform (IST) method. Lixin
Tian, Guilong Gui, Yue Liu [13] studied the Well-posedness problem and the scattering problem for Eq.(1.2).
Lin Ju [14] studied the solution of Eq.(1.2). Dianchen Lu, Dejun Peng, Lixin Tian [15] studied the Well-
posedness problem for the Generalized Eq.(1.2).
With ¢; = —2c3/a?, ca = c3 in Eq.(1.1), we find the Degasperis-Procesi equation of the form

Ut — Utpr + dUU; = BUgUgy + UUgrr, >0, x € R. (1.3)

Degasperis,Holm and Hone [16] proved the exact integrability of Eq.(1.3) by constructing a Lax pair. They
also showed that Eq.(1.3) has bi-Hamiltonian structure and an infinite sequence of conserved quantities. It
also admits exact peakon solutions which are analogous to the Camassa-Holm peakons.

The Degasperis-Procesi equation can be regarded as a model for nonlinear shallow water dynamics and
its asmptotic accuracy is the same as for the Camassa-Holm shallow water equation. Dullin, Gottwald and
Holm[17] showed that the Degasperis-Procesi equation can be obtained from the shallow water elevation
equation by an appropriate Kodama transformation. Lundmark and Szmigielski [18] presented an inverse
scattering approach for computing n-peakon solutions to Eq.(1.3).

Since the Degasperis-Procesi Eq.(1.3) was derived, many papers have been devoted to its study. Yin
proved local well-posedness to Eq.(1.3) with initial data ug € H*® (R), (s > %) on the line [19] and on the
circle [20]. In these two papers the precise blow-up scenario and a blow-up result were derived. The global
existence of strong solutions and global weak solutions to Eq.(1.3) are also investigated in [21],[22].

Eq.(1.3) with a strong dispersive term, we get

Up — Uty + AUty + V(U — Uy )y = BUpUgy + Uy, t>0, xz€R. (1.4)

In this paper, we mainly study the Blow-up phenomena for Eq.(1.4).
Notation. In the following part, we denote by ““ x ” the spatial convolution on R. For 1 < p < oo, the
norm in Lebesgue space LP will be writtern ||. || ,.

2  Preliminaries

With y = u — g, Eq.(1.4) takes the form:

{yt+uyx+3uxy+’yyx:0, t>0,z € R, @

y(O,a:) = UO(x) - uO,xw(x)a T € R.

Note that if p(z) = 2e 1l then (1 — 92)~1f = p« f forall f € L*(R). Using this identity, we can rewrite
Eq.(1.4) as a quasi-linear evolution equation of hyperbolic type:

{ut—kuux%—vugc:—xp*(gﬁ), t>0,x € R, 2.2)

u(0,z) = up(x), x € R.

Lemma 2.1 [23] Given ug € H*(R),s > 3, there exists a maximal T = T(up) > 0 and a unique solu-
tion u to Eq.(1.4), and v = u(.,up) € C([0,T); H*(R)) N C*([0,T); H*~Y(R)). Moreover, the solution
depends continuously on the initial data, i.e. the mapping uop — u(.,ug) : H*(R) — C([0,T); H*(R) N
CY([0,T); H*~Y(R)) is continuous and the maximal time of existence T > (0 can be chosen to be indepen-
dent of s .
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Following the similar argument in [20], we obtain the following Lemma.

Lemma 2.2 Given ug € H*(R),s > 2, blow up of the solution u = u(.,ug) in finite time T < +0c occurs
if and only if lim inf{ inf [u, (¢, )]} = —occ.
T z€ER

Lemma 2.3 [23] Ifup € H*(R),s > % then as long as the solution u(t,x) given by Lemma?2.1 exists, we
have Ju(t)||z> < 4Juo||7 -

Lemma 2.4 [23] Assume ug € H* (R),s > 3, yo = (1 — 02)ug > 0. Let T > 0 be the maximal existence
time of the solution u to Eq.(1.4) guaranteed by Lemma?2.1. Then we have:

2
[u(t, )| oo < 3 fluo(@)l72 t + [luo()l| oo , VE € [0, T].

Assume u (t,z),t € [0,t) is the solution of Eq.(2.2). Consider the following differential equation

&(t,x) =u(t,&(t,z)+v, t>0,z€R,
{ £(0,2) ==z, T € R. 23)

Lemma 2.5 [23] Let ug € H*(R), s > 3, and let T > 0 be the maximal existence time of the correspond-
ing solution u to Eq.(2.2). Then the Eq.(2.3) has a unique solution ¢ € C*([0,T) x R, R). Moreover, the

map £(t,.) is an increasing diffeomorphism of R with &; (t,x) = exp (fot ug (2,€ (2,2)) dz) > 0.

Lemma 2.6 [23] Let ug € H*(R),s > 3, and let T > 0 be the maximal existence time of the correspond-
ing solution u to Eq.(2.2). Setting yy = u — Uy , we have y(t, £(t,2))E2(t, x) = yo(z),V(t,2) € [0,T) x R.

Lemma 2.7 [24] Let T > 0 andu € C*([0,T); H?(R)). Then for everyt € [0,T), there exists at least one
point 6(t) € R with I(t) = ing(ux (t,z)) = uy(t,d(t)). The function I is almost everywhere differentiable
ze

on (0,T), with S1(t) = u(t,6(t)), a.e.(0,T).

3 Blow-up phenomena

Theorem 3.1 Lete > 0,up € H*(R), s> % . Assume there is xo € R such that

VOO (g + (V6 JuolZ a1 + 2) + ol 2))

Then the corresponding solution to Eq.(2.2) blows up in finite time. Moreover, the maximal time
of existence is estimated above by

2 2 1
(26 ||uollz2 n(1 + 2) + [|uoll7)2 — [luollp
5 :
6 [[uollz.

Proof. We only need to show that the above theorem holds for s = 3. Let T' > 0 be the maximal time
of existence of the solution u to Eq.(2.2) with the initial data ug € H3(R), Differentiating Eq.(2.2) with
respect to x, in view of 92p * f = p* f — f, we have

Uty = _ug2v — Ulggy — YUgz + gUZ —px* (;u2) 3.1
Note that
dug(t,E(t,x)) dé(t, z)

= gt (t, E(t, ) + (u(t, §(t, 7)) + 7)uaa(t, £(1, 7).

By (3.1) and (3.2), in view of p  (3u?)(t,£(t, z)) > 0, we deduce that
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dug (t,&(t, ) _

= € )) + S0 (0600 0) — px (5u) (1,60, )

—uz(t,€(t @) + SuP(t E(t @)
_ugzc(t7 §(t7 l’)) +

Set m(t) = u,(t,&(t, zp)) and fix e > 0 . Take

2
(3 fluollzz t + lluollz=)*.

N W W W

2 2 1
(2v6 ||uollz2 n(1 + 2) + [|uol|z0) — [Juol g

Ty = .
6 [|uol|z2

I

and K(T) = @(3 [ uol|32 Tt + |[uol| ) - Then following the same argument in [22], we finish the proof
of the theorem. O

Theorem 3.2 Let ug € H* (R),s > % . Assume there exists xo € R such that

{ Yo(z) = uo(x) — ugzz() > 0, x < @,

Yo(r) = uop(x) — upzz(x) <0, x = .

and yo changes sign. Then, the corresponding solution to Eq.(2.2) blows up in finite time.

Proof. We only need to show that the above theorem holds for s = 3. Let T > 0 be the maximal time of

existence of the solution u to Eq.(2.2) with the initial data uy € H3(R). Note that the function £ (¢, z) is an
increasing diffeomorphism of R with &, (¢, z) > 0 with respect to time ¢. We infer from the assumption of

the theorem and Lemma2.6 that for ¢ € [0,T), we have
( ) )2 $§f(ta$0),
33
{ y(t,x) <0, x> E(t o). G
and y(t,&(t,x0)) =0,t € [0,T). Define
M(t,z) = e_x/ ely(t,n)dn, t €[0,T). 3.4
N(t,z) = ex/ e My(t,n)dn, t € [0,T). (3.5)

By (3.4) and (3.5), in view of (3.3), we have

&(t,xo) 00
Mt £(t, 20))N (1, £(1, o)) = / My (t,m)dn /5 e My(t.m)dn < 0, t € [0,7)

o’ (t,xo)

Note that

1 _|:E_ ‘ e—x xT ex [e.e] _
u(t,r) =p*y = / 3¢ Ty(t,n)dn = 5 / ey(t,n)dn + 2/ e "y(t,n)dn,
R 0 x

and uy(t,x) = =5~ [*__eMy(t,n) + % [ e Ty(t,n)dn, We deduce that

u(t,x) —ug(t,z) =e* /w ely(t,n)dn = M(t,z),

—00

[e.e]

u(t,z) + uz(t,z) = ex/ e Ty(t,n)dn = N(t,x).

and
M(ta g(tv .’L‘(])) = u(tv f(t, ZL‘())) - uz(tv £(t7 l‘o)), te [O’ T)
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N(t,f(t, 1'0)) = u(t,&(t,xo)) + ux(t7€(t7x0))vt € [O’T)'

Then we have
UQ(ta f(t, xO)) - Ui(ﬂ f(t, ‘TO)) = M(tv f(t, xo))N(t, f(t, (lZo)) <0.
Since y(t,&(t,x0)) = 0,0on t € [0,7"), We can obtain by taking derivative with respect to ¢ on [0, 7"),
&§(two)

Cm(tfﬁ(tv%)) = —&(t, o) M (t, £(t, m0)) + e‘f(t’”)/ ey (t,m)dn. (3.6)

Using Eq.(2.1) and integrating by parts, in view of y = u — uy,, we obtain

£(t,z0) £(tw0) £(t,z0)
/ ey, (t,n)dn = / e((ult,n) +v)y(t,n))ydn — 2/ ey(t, n)uy,(t,n)dn

&(t,xo) &(t,o) &(tzo)
:/ u(t,n) +7)y(t,n)dn — 2/ emu(t, n)uy,(t,n)dn + 2/ My (8, m)uy (¢, m)dn
5 twO §(t,20)
:/ eMu(t, n)y(t,n)dn + veS BT M (¢, £(t, 20)) — 2/ elu(t, n)uy(t,n)dn
t wo)
+2 ey (t,m)uy (t, n)dn
€(t.0) £(t.0)
= / e"u? (t,n)dn — / eu(t, )y (£, n)dn + et T M (8, (¢, 20))
£(t,a:o) £(t0)
-2 Tu(t, m)un(t,n)dn + 2/ My (t, n)uy (¢, m)dn
t, 0 §(t7x0)
/ e’ (t,n)dn — / eMu(t, n)uny (t, n)dn — BT u(t, £(t, x0) Jua (t, (t, 20))
eSO 2 (¢, £(t, o)) + vet T M (¢, £(t, x0))
3 [ L (t0), 2 (t0)
= 5 elu (tvn)dn - ie 0 (t7§(tax0)) —en U(t,f(t, xo))ux(t,ﬁ(t,xo))

+ SR (L E(t o)) + et BT M (L, E(¢, 20))
3.7

Note that p+ (3u2+u?)(t, 2) > Fu®(t,z),V(t,z) € [0,T)x R, and &(t, z) = u(t, &(t, )+, Substituting
(3.7) into the last term in the expression (3.6) yields

£(t,zo)

LT _ 1,0, 20)) +9)M 6200 + 5050 [~ (e,

dt 2 oo
- %UZ(t7 g(ta xO)) - U(t, g(tu xO))“x(t) §(t7 LIZ‘O)) + Ui(f, €(t7 .’L‘O)) + ’YM(t7 £(t7 JJO))

§(t,zo)
= Su2(a.gt,0) + e [T ey 420,800, 20)
f(t,xo)
= = SuR(te)) + e [T Gl n) ()
£(t,zo0)

Pt Em) + e [T e e — e )y

) &(t,%o)
> —u?(t, (L, o)) + ui(t, (1, iL“o))+ e (”0)/ e"(u?(t,n) — up(t,m))dn

&(t,xo0)
= Mt €(t, 20))N (£, E(t, o)) + me6(t0) / 2(t,17) — u2(t,))dn

Then following the similar argument in [22], we complete the proof of this theorem. U

IJNS homepage:http://www.nonlinearscience.org.uk/



192 International Journal of Nonlinear Science,Vol.3(2007),No.3,pp. 187-194

4 Blow-up rate

Theorem 4.1 If T' < oo is the blow-up time of the solution u of Eq.(2.2) with initial data uy € H* (R),
s > 3. Then we have 1tlinjlﬂ(in}'!f%{ugg(t,Jc)}(T —t)) =-1
— xTre

Proof. Again we may assume s = 3 to prove the above theorem. By the assumption 7' < oo and Lemma
2.2, we know that thsn iTnf(I(t)) = —oo, where I(t) = ing(ux(t, x)), fort € [0,7). Lemma 2.7 implies
R €

I(t) is locally Lipschitz with I(t) = u,(t,6(t)),t € [0,T). Note that u,(t,d(t)) = 0fort € (0,7"). Then
from (3.1), we deduce that

d;(tt) — P+ ;uQ(t,é) —px (gzﬁ)(t,é). @D

According to Young’s inequality, in view of Lemma 2.3, we have
1 2 2
[Pt )| oo < Pl oo [0t )]0 < B [ullze < 2luollz-

Now Lemma 2.4 and the above inequality imply that for all ¢ € [0, 7],

3 3 3
S0(1,) — o (2(0,0)| < S(ult, e + o (w2)(2,9)] )
3
< S(Blluo(@)lZ2 ¢ + Juo(@)] ) + 2luollZ2) 42
3
< (B lluo@)IIZ2 T + uo(@) o) + 2 oI 72).
Set 5
U(T) = 5((3 lluo(@)lIZ2 T + (@)l o) + 2 luoI72). (4.3)
Combining (4.1), (4.2) and (4.3), we deduce that
dI(t
—U(T) < di) +I%(t) < U(T), ace. t € [0, 7). 4.4)
Let ¢ € (0,1), since lirg:ipnf I(t) = —oo by Lemma 2.2, there is some to € (0,7) with I(t9) < 0 and
I*(tg) > & Let us first prove that
U
I*(t) > — L€ (to,T) (4.5)

Since I(t) is locally Lipschitz, there is some o > 0, such that I2(t) > %, t € (to,to + o), Pick o > 0

maximal with this property.
Ifto + o < T, we would have I%(to + o) = ¥, while
dI(t)

— < —PHU< - +el’=(-1DI*<0, ae. (ty,tg + ).

Being locally Lipschitz, the function I(t) is absolutely continuous and therefore we would obtain by inte-

grating the previous relation on [to, to + o], that I(tg + o) < I(tp) < 0, which on its turn would yield

I*(tg+ o) > I*(tg) > Y, which is contradicted with I%(tg + o) = Y. Thus (4.5) holds for V¢ € [to, T).
A combination of (4.4) and (4.5) enables us to infer

_dl
1-e< I—gt <l+e ae(0,T). (4.6)

Since I(t) is locally Lipschitz on [0,7") and (4.5) holds, it is easy to check that %t) is Lipschitz on (¢, T),

_dl
in view of %(%) = —4t, a.e (to,T). Fort € (to, T), integrate (4.6) on (¢, T)) to obtain
1
(1—e)(T—-1t) < —m <(A+e)(T—1t), te(to,T).

That is, l%ra < —I(t)(T —t) < 1.t € (to, T). Since € € (0, 1) is arbitrary, the statement of Theorem 4.1

follows. O
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