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Abstract: In this paper, an adaptive Lo -gain control scheme is presented for a class of uncer-
tain nonlinear system with backstepping method and neural network. Based on the output of
neural network, the given controller can not only guarantee robust stability of the closed loop
system, but also make it has Ly-gain performance index which less than or equal to v > 0.
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1 Introduction

In the last several years, considerable research has been taken on nonlinear controll! =%/ Integrator
backstepping control is an effective control method in the nonlinear system control area due to the robust
performance with respect to known nonlinearities not satisfying the matching conditions [°l. Recently, the
neural network has been successfully used in the control of uncertain nonlinear systems and there are a lot of
research results about them. Combining backstepping control with neural network to control nonlinear sys-
tems has received increasing attention because of its advantage (6~ 7). Integrator backstepping requires can-
cellation of nonlinearities. Sometimes we my not have precise knowledge about the system nonlinearities,
or the nonlinearities may be changing with time. In these cases, we can use neural network to approximate
the nonlinearities. A direct adaptive backstepping neural-network control scheme has been proposed for a
class of affine nonlinear systems with unknown uncertainties in [6]. Ref.[7] has considered the problem of
controlling uncertain nonlinear systems by combining backstepping design with neural networks. But these
papers did not consider parameter uncertainty of the nonlinear system.

In modern control area, demanding the nonlinear closed loop system can not only guarantee robust
stability, but also has some performance index. In this paper, a robust adaptive Lo-gain controller is proposed
with neural network for a class of uncertain nonlinear system. The structure of the paper is as follows.
Section 2 gives the robust adaptive L9-gain control problem formulation of a class of uncertain nonlinear
system. Section 3 describes the robust adaptive Lo-gain control scheme based on neural network. Some
concluding remarks are given in Section 4.

2 Problem formulation

Consider the uncertain nonlinear system in the form of
i = xipr ) (21, )0+ (%), 1<i<n-—1
i = f(x) + 9 ()0 + (90(x) + 9" (x)0)u + Y (x) @1
y=x
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where x = [z1,-- -, ﬂsn]T € R" is the state vectors of uncertain nonlinear system (2.1) . © € R is the control
input. y € R is the output of the nonlinear system. f(.) is a smooth nonlinear function terms which can be
unknown. ;(x), go(x),g(x),1 < i < n are known smooth nonlinear function term with corresponding
dimensions. ;(x),1 < i < n are the system uncertainties with unknown upper bound of the nonlinear
system. 6 is the parameter uncertainty of the nonlinear system.To proceed with the design of robust adaptive
Lo-gain controller, the following assumption and definition are required.

Assumption 1: To randomé € Ly(0, 00), there has gy + g7 ()0 # 0. where 0 is the estimate value of
0.

Definition: Given a scalar v > 0, the system (2.1) possesses Lo-gain < « for 7" > 0 and 6 € Lo (0, co)if
and only if

T T
/ ly(e)|2dt < 2 / 16)1%dt + N 2.2)
0 0

where N > 0.
In this paper, the neural networks are chosen as RBF neural networks. Therefore, the approximations of
compound uncertainty d;(Z;),1 < i < n of i-th subsystem can be expressed as

di(Zi,t) = W i(Z;) (2.3)

where d;(Z;)and Z; will be defined in following section. ¢;(x),1 < i < n are base functions of correspond-
ing RBF neural networks.
The optimization weight value of RBF neural network is defined as

W =arg min sup |d;(Z;/W;) — d;(Z; 2.4
[ = i | s 42/~ i) @4

where Qg = {Wy, : [|[Wy,|| < Mg, } is the valid field of the parameter. Mg, is the designed parameter.
sz, C R™is the variable space of the state vector.
Under optimization weight value, the unknown uncertainty can be expressed as

di = Wi pi(Z;) + & (2.5)

where ¢; is the smallest approximation error of RBF neural networks. Suppose that

lei] <ef (2.6)

where € > 0 is upper bound of the approximation error of d;(Z;) using RBF neural network.

3 Controller Design for Uncertain Nonlinear Systems with Backstepping
method and RBF Neural Network

The task of this section is to design controller with neural network and backstepping method.
Step 1: Let e; = y1 — y14 and suppose that y14 = 0, so e; = x1. Its derivative

é1 = o+ (21)60 + 11 (x) (3.1)
Let V,1 = €2 /2, then its derivative is
Vai = erér = ex(2 + 7] (21)0 + ¥1(x)) (3.2)

Because the uncertainty d; = 1 (x)is unknown, the RBF neural network is used to approximate it.
Eq.(3.2) can be rewritten as

Vi =e1é1 = er(za + 4 (21)0 + WiTe1(Z1) +e1) (3.3)

where Z; = [z1, - - - ,fL‘nael}T-
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By viewing x> as a virtual control input, let us choose virtual controller =75 as follows:

* 1 T
y = —crer — yre(l+ Y (@171 (1)) — Wi 61(Z1)
where ¢c; > 0,7 > 0.

Defining e; = x9 — x5, there yields

. 1 s
Va1 = ei(ea — cren + 71 (21)0 — 1761(1 + 91 (x1)ni(21)) — Wi 61(Z1) + e1)

where Wl = Wl - Wi
Consider the following Lyapunov candidate:

1. -1 1.~ -
Vi=Va+ 5WlTr;lW1 = 56% + 5WlTrl—lwl

where T'; =T > 0.
Considering (3.5), the derivative of V] is

. 1 ~ ~ 1A
V1 = 61(62 — C1€1 +71‘F(x1)9 — 17‘61(1 + ’y{(ml)’yl(xl)) — WlT(ﬁl(Zl) + 81) + WlTF1 1W1

Choose the following adaptive law
Wy = Wy =T1[¢1(Z1)er — o1 W]
whereo; > 0. Substituting (3.8) into (3.7) yields
v _ T 1 T TG
Vi = 61(62 cie1 + 7 (1‘1)9 47’61(1 +7 (331)’)/1(56‘1))) + e1€1 O'1W1 W1

There is

L T T (71 (21)0)* L2
—re2(1+ + o< <216
4T€1< ’Yl (.Tl)")q(xl) 61’71 (‘rl) —_ 7_(1 +’}/1T(1’1)’)/1($1)) — T H H

Let c1 = c19 + c11, wWith ¢19 > 0, ¢11 > 0. Similarly by completion of squares, we have

-2
R I
_01W1TW1 = —O’1W1T(W1+W1*)S_ 5 I 1||21H
2 2 g2 12
—ciie] +erer < —ciief + lerf er] < Tor < o
1 1

Substituting (3.10) — (3.12) into (3.9) yield

~ 112
- ARl Ll Ll
Vi §6162—610€%+;H9H +4611512_ 9 + 21

where the coupling term e;eawill be canceled in the following step.

139

(3.4)

(3.5)

(3.6)

3.7

(3.8)

3.9

(3.10)

@3.11)

(3.12)

(3.13)

Step i(2 < i < mn — 1): This step is to make the error between x; and z as small as possible. Defining

e; = x; — x; and differentiating it yield

by =@y — aF = g1 + L (@1, -, 20)0 + y(x) — &

(3.14)

Let d; = 1;(x) — &;. Because the compound uncertainty d; is unknown, the RBF neural network is used to

approximate it. Let V,; = V;_1 + €7 /2, then its derivative is

~ 2
i—1 . i—1 i—1 W
Vo < e e Z 2 o112 «2 Z
2z S €164 cxoey + - || H + 2 <4Ck1> €y, 5

k=1 k=1
i—1 2
> H2k|| +ei(@i +f (w1, 2)0 + Wi 0i(Zi) + )
k=1
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T
where ZZ - [LU]_, oy Tp, €1, 0 762')%} .
By viewing x; 1 as a virtual control input, let us choose virtual controller x}, ; as follows:

* 1 I
Tiy] = —€i—1 — Ci€ — 17’61'(1 + ’yiT(.Tl, s ,:Ei)’)/i(ﬂfl, cee ,SCZ)) - VVZTqbZ(Zl) (3.16)
Defining e;1 = w;11 — x;,; and considering (3.16), there yields
-2

i—1 . i-1 i—1 W, i—1 w2
. i—1 1 . Tk H k‘H ok |W
Vi < eeiyr — E Ckoei +— ||9H2 + E () 5k2 - E 7 + E ,M

k=1 T o \Acm k=1 2 k=1 2

~ 1
— e} +e(-W] ¢i(Zi) — srei(L 4+ (w1, wi)vi(en, -+ m0)) + ) (1, 20)0 + &)

4
(3.17)
where W; = W; — Wi
Consider the following Lyapunov candidate:
1 - -
Vi=Vei+ W/ TIW, (3.18)

where I'; = Fi_l > 0.
Considering (3.17), the derivative of V; is

-2
i—1 , i—1 i—1 W, i—1 .2
: 3 i—1, 9 3 1 ZJkH ’fH ZOkIIW I

k=1 k=1 k=1 k=1
(T (7 AT Ny NyanT N T
+e, (=W, ¢i(Z;) 476,(14-%- (@1, x)vi(zn, -, @)+ (@1, 2)0+&)+W; T W, (3.19)
Choose the following adaptive law
Wi = VNVZ = Fz[¢z(Zz)ez — O’ZWZ] (3.20)

where o; > 0.Then (3.19) becomes

i—1 — H *|12
Vi < ejeif1 — cie? — choek + e HQH + Z < > Z Z JkH‘;VkH

k=1 k= k=1

1 ~ oA
ZTei(l + ")/Z-T(l'h e ,xi)'yi(xl, ce ,(Ez)) + ")/Z-T(.’L'l, cee ,w,)G + Ei) — O'iWiTWi (3.21)

Let ¢; = cio + ci1, with ¢;o > 0,¢;1 > 0. Similarly by completion of squares, the derivative of V;

becomes
4 ~ 2
g

i . i i w2
o )i L)y S V]
Vi <ejejrq — kg_l croer, + . 10II° + ;—1 <4Ck1> epl — 5 + 5 (3.22)

k=1 k=1

+€i(_

Step n: This step is to design the control input which make the uncertain nonlinear system has L-gain
performance index less than or equal to . Defining e,, = x,, — x}, and differentiating it yield

én = dn — iy, = F(%) + 7 ()0 + (90(x) + g7 ()0 + v (x) — i, (3.23)
Let dy, = f(x) + ¥n(x) — 2;,. Because the compound uncertainty d,, is unknown, the RBF neural
network is used to approximate it. Let V,,, = V,,_1 + ei /2, then its derivative is

~ 2
SEAC

n—1 n—1
) n—1 1
Ven < en—16n kg_l ckoey + - I H + kg_l <4Ck1> €L E 5

k=1
n—1 * (|2
S 2 | 07600 + (a0o0) + 47 GO0+ WiT6,(Z) ) B2
k=1
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_ T
where Z,, = [z1,--- ,Zp, €1, - ,en]".

Choose the control law of the uncertain system as:

1 1 R
u= 77“(—671_1 — cnen — ~Ten(1+ 4L (x)70 (%)) = WL ¢n(Z0)) (3.25)
go + 970 4
Let )
(e = cwe— dren(1 T 007x) = W6 Z0)g" 526)
go+ 970
and choose .

0 = pen (3.27)

then substituting (3.25) into (3.24) yields

~ 2
y 2  n—1 2 1 2 UkH kH o [[Wil 2
Vi < = S cxoch + 6] + (%M%%—232+§jz—%%
k=1 k=1 k=1 k=1
1 T T T N, 1T
Fen(=gren(l+ 9 () (%)) + 7, ()0 + g7 (x)(0 = O)u — Wy ¢n(Zn) + €n) (3.28)

where Wn = Wn - W
Consider the following Lyapunov candidate:

1.~ -1 R R
Vie=Van + 5WnTr;an + 5(19 —0)T(6—0) (3.29)

where T',, = T',;1 > 0.
Considering (3.28), the derivative of V,, is

~ 2
n—1 n—1 o) HWkH

. 1 n—1 1
v . 2 2 L 9 2 - *2 PR | B
W < —cpen ];Ckoek‘f‘ - 6] +; A k ; 2
n—1 2
o ||Wr 1 )
b 3 D (e (1 44T (090(00)) AL (608 + 97 ()6 — )
k=1

— WEn(Za) + ) + WIT, Wi — (6 6)70 (330)

Choose the following adaptive law

A

Wy = Wy = Dolon(Zn)en — 0 W] (3.31)

where o, > 0.Then (3.30) becomes

- 112
n—1 n—1 n—1 g W, n—1 )
y 2 o  n—1 2 1 *2 k” kH o [IWE
s ek =Yt + S+ 3 () - B = 2
k=1 k=1 k=1 k=1
1 ~ ~ ~ A A
ten(—gTen(l+ Y ()1 (%)) + 7 ()0 + g7 () (0 = O)u + ) — oWy Wy, — (0 - 0)70 (3.32)
Let ¢, = cno + cn1, With ¢ > 0,c¢,1 > 0. Similarly by completion of squares, the derivative of V,,

becomes

~ 2
;N ~( 1 O L N ; -
< — 2, g2 23 S Bl e g7 (x)(0—0)u—(0—0)70
Vo < ;cmekvLT 161l +; T ) 2 +k:1 5 teng (x)(0—0)u—(0—0)

(3.33)
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Substituting (3.25) and (3.26) into (3.33) yields

~ |12

e 0 LA
Vo < — ZCkoek+ 16| +Z( >s;;2—z 5 +> ’“”Qk‘ +enpt (0—0)—(60—6)T0

k=1 k1 k=1 k=1
(3.34)

Substituting (3.27) into (3.34) yields
vns—zckoei+Tue||2+Z<%> Z s Al (3.35)
k=1 k=1 k= k=1

The above design procedure and the property of the adaptive controller can be summarized in the fol-
lowing Theorem.

Theorem: Considering the closed-loop system consisting of the uncertain nonlinear system (2.1), the
controller can be designed as (3.25), and the RBF NN weight updating laws can be chosen as (3.8), (3.20),
and (3.31), the unknown parameter adaptive law can be chosen as (3.27), suppose that

=" N=V,(0)>0 (3.36)
-
and when )
O I T e L
> (4%) S i< > 5 (3.37)
k=1 k=1 k=1

then the nonlinear system (2.1) has Lo-gain performance index which less than or equal toy. Namely

T T
/0 ly ()%t < 2 / 161%dt + N

Proof: Considering Eq.(3.37), Eq.(3.35) can be written as

n

. n
Vo <= crock + 01 (3.38)
k=1

Let cig > 1 (1 <i < n), Eq.(3.38) becomes

Vo < =+ = |lolf (3.39)

Considering (3.36), y = e; and V(T') > 0, Taking integral on equation (3.39), we yield

T T
/0 ly ()2t < 2 /0 161%dt + N

Thus the nonlinear system (2.1) has Ly-gain performance index which less than or equal to -y under
controller (3.25).

Apparently, choose appropriate design parameter cx(cxo, ck1), 0%, 7, (1 < k < n) can make V, <0
from (3.37) and (3.38) due to § € L2(0,00). So the closed loop uncertain system is uniformly ultimately
bounded.

4 Conclusion

This paper apply RBF neural network to approximate system uncertainty and the output of the neural
network is used to design robust Ly-gain controller for a class of uncertain nonlinear systems. Under the
given parameter’s update law, the approximate error of the compound uncertainty is bounded. The proposed
robust adaptive controller can make the uncertain closed loop system has Ly performance index.
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