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Abstract: In this paper, an adaptive L2 -gain control scheme is presented for a class of uncer-
tain nonlinear system with backstepping method and neural network. Based on the output of
neural network, the given controller can not only guarantee robust stability of the closed loop
system, but also make it has L2-gain performance index which less than or equal to γ > 0.
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1 Introduction

In the last several years, considerable research has been taken on nonlinear control[1−4]. Integrator
backstepping control is an effective control method in the nonlinear system control area due to the robust
performance with respect to known nonlinearities not satisfying the matching conditions [5]. Recently, the
neural network has been successfully used in the control of uncertain nonlinear systems and there are a lot of
research results about them. Combining backstepping control with neural network to control nonlinear sys-
tems has received increasing attention because of its advantage [6−7]. Integrator backstepping requires can-
cellation of nonlinearities. Sometimes we my not have precise knowledge about the system nonlinearities,
or the nonlinearities may be changing with time. In these cases, we can use neural network to approximate
the nonlinearities. A direct adaptive backstepping neural-network control scheme has been proposed for a
class of affine nonlinear systems with unknown uncertainties in [6]. Ref.[7] has considered the problem of
controlling uncertain nonlinear systems by combining backstepping design with neural networks. But these
papers did not consider parameter uncertainty of the nonlinear system.

In modern control area, demanding the nonlinear closed loop system can not only guarantee robust
stability, but also has some performance index. In this paper, a robust adaptive L2-gain controller is proposed
with neural network for a class of uncertain nonlinear system. The structure of the paper is as follows.
Section 2 gives the robust adaptive L2-gain control problem formulation of a class of uncertain nonlinear
system. Section 3 describes the robust adaptive L2-gain control scheme based on neural network. Some
concluding remarks are given in Section 4.

2 Problem formulation

Consider the uncertain nonlinear system in the form of

ẋi = xi+1 + γT
i (x1, · · · , xi)θ + ψi(x), 1 ≤ i ≤ n− 1

ẋn = f(x) + γT
n (x)θ + (g0(x) + gT (x)θ)u + ψn(x)

y = x1

(2.1)
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where x = [x1, · · · , xn]T ∈ Rn is the state vectors of uncertain nonlinear system (2.1) . u ∈ R is the control
input. y ∈ R is the output of the nonlinear system.f(.) is a smooth nonlinear function terms which can be
unknown. γi(x), g0(x), g(x), 1 ≤ i ≤ n are known smooth nonlinear function term with corresponding
dimensions. ψi(x), 1 ≤ i ≤ n are the system uncertainties with unknown upper bound of the nonlinear
system. θ is the parameter uncertainty of the nonlinear system.To proceed with the design of robust adaptive
L2-gain controller, the following assumption and definition are required.

Assumption 1: To randomθ ∈ L2(0,∞), there has g0 + gT (x)θ̂ 6= 0. where θ̂ is the estimate value of
θ.

Definition: Given a scalar γ > 0, the system (2.1) possesses L2-gain≤ γ for T ≥ 0 and θ ∈ L2(0,∞)if
and only if ∫ T

0
‖y(t)‖2dt ≤ γ2

∫ T

0
‖θ‖2dt + N (2.2)

where N > 0.
In this paper, the neural networks are chosen as RBF neural networks. Therefore, the approximations of

compound uncertainty di(Zi), 1 ≤ i ≤ n of i-th subsystem can be expressed as

d̂i(Zi, t) = W T
i φi(Zi) (2.3)

where di(Zi)and Zi will be defined in following section. φi(x),1 ≤ i ≤ n are base functions of correspond-
ing RBF neural networks.

The optimization weight value of RBF neural network is defined as

W ∗
i = arg min

Wi∈Ωdi

[
sup

Zi∈sZi

|di(Zi/Wi)− di(Zi)|
]

(2.4)

where Ωdi
= {Wdi

: ‖Wdi
‖ ≤ Mdi

} is the valid field of the parameter. Mdi
is the designed parameter.

sZi ⊂ Rni is the variable space of the state vector.
Under optimization weight value, the unknown uncertainty can be expressed as

di = W ∗T
i φi(Zi) + εi (2.5)

where εi is the smallest approximation error of RBF neural networks. Suppose that

|εi| ≤ ε∗i (2.6)

where ε∗i > 0 is upper bound of the approximation error of di(Zi) using RBF neural network.

3 Controller Design for Uncertain Nonlinear Systems with Backstepping
method and RBF Neural Network

The task of this section is to design controller with neural network and backstepping method.
Step 1: Let e1 = y1 − y1d and suppose that y1d = 0, so e1 = x1. Its derivative

ė1 = x2 + γT
1 (x1)θ + ψ1(x) (3.1)

Let Vz1 = e2
1/2, then its derivative is

V̇z1 = e1ė1 = e1(x2 + γT
1 (x1)θ + ψ1(x)) (3.2)

Because the uncertainty d1 = ψ1(x)is unknown, the RBF neural network is used to approximate it.
Eq.(3.2) can be rewritten as

V̇z1 = e1ė1 = e1(x2 + γT
1 (x1)θ + W ∗T

1 φ1(Z1) + ε1) (3.3)

where Z1 = [x1, · · · , xn, e1]T .

IJNS email for contribution: editor@nonlinearscience.org.uk



M. Chen, C. Jiang, Q. Wu: Backstepping Control for a Class of Uncertain Nonlinear Systems ... 139

By viewing x2 as a virtual control input, let us choose virtual controller x∗2 as follows:

x∗2 = −c1e1 − 1
4
τe1(1 + γT

1 (x1)γ1(x1))− Ŵ T
1 φ1(Z1) (3.4)

where c1 > 0, τ > 0.
Defining e2 = x2 − x∗2, there yields

V̇z1 = e1(e2 − c1e1 + γT
1 (x1)θ − 1

4
τe1(1 + γT

1 (x1)γ1(x1))− W̃ T
1 φ1(Z1) + ε1) (3.5)

where W̃1 = Ŵ1 −W ∗
1 .

Consider the following Lyapunov candidate:

V1 = Vz1 +
1
2
W̃ T

1 Γ−1
1 W̃1 =

1
2
e2
1 +

1
2
W̃ T

1 Γ−1
1 W̃1 (3.6)

where Γ1 = Γ−1
1 > 0.

Considering (3.5), the derivative of V1 is

V̇1 = e1(e2 − c1e1 + γT
1 (x1)θ − 1

4
τe1(1 + γT

1 (x1)γ1(x1))− W̃ T
1 φ1(Z1) + ε1) + W̃ T

1 Γ−1
1

˙̂
W1 (3.7)

Choose the following adaptive law

˙̂
W1 = ˙̃W1 = Γ1[φ1(Z1)e1 − σ1Ŵ1] (3.8)

whereσ1 > 0. Substituting (3.8) into (3.7) yields

V̇1 = e1(e2 − c1e1 + γT
1 (x1)θ − 1

4
τe1(1 + γT

1 (x1)γ1(x1))) + e1ε1 − σ1W̃
T
1 Ŵ1 (3.9)

There is

−1
4
τe2

1(1 + γT
1 (x1)γ1(x1) + e1γ

T
1 (x1)θ ≤ (γT

1 (x1)θ)2

τ(1 + γT
1 (x1)γ1(x1))

≤ 1
τ
‖θ‖2 (3.10)

Let c1 = c10 + c11, with c10 > 0, c11 > 0. Similarly by completion of squares, we have

−σ1W̃
T
1 Ŵ1 = −σ1W̃

T
1 (W̃1 + W ∗

1 ) ≤ −
σ1

∥∥∥W̃1

∥∥∥
2

2
+

σ1 ‖W ∗
1 ‖2

2
(3.11)

−c11e
2
1 + e1ε1 ≤ −c11e

2
1 + |e1| |ε1| ≤ ε2

1

4c11
≤ ε∗21

4c11
(3.12)

Substituting (3.10) – (3.12) into (3.9) yield

V̇1 ≤ e1e2 − c10e
2
1 +

1
τ
‖θ‖2 +

1
4c11

ε∗21 −
σ1

∥∥∥W̃1

∥∥∥
2

2
+

σ1 ‖W ∗
1 ‖2

2
(3.13)

where the coupling term e1e2will be canceled in the following step.
Step i(2 ≤ i ≤ n− 1): This step is to make the error between xi and x∗i as small as possible. Defining

ei = xi − x∗i and differentiating it yield

ėi = ẋi − ẋ∗i = xi+1 + γT
i (x1, · · · , xi)θ + ψi(x)− ẋ∗i (3.14)

Let di = ψi(x)− ẋ∗i . Because the compound uncertainty di is unknown, the RBF neural network is used to
approximate it. Let Vzi = Vi−1 + e2

i /2, then its derivative is

V̇zi ≤ ei−1ei −
i−1∑

k=1

ck0e
2
k +

i− 1
τ

‖θ‖2 +
i−1∑

k=1

(
1

4ck1

)
ε∗2k −

i−1∑

k=1

σk

∥∥∥W̃k

∥∥∥
2

2

+
i−1∑

k=1

σk ‖W ∗
k ‖2

2
+ ei(xi+1 + γT

i (x1, · · · , xi)θ + W ∗T
i φi(Zi) + εi) (3.15)
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where Zi = [x1, · · · , xn, e1, · · · , ei, ςi]T .
By viewing xi+1 as a virtual control input, let us choose virtual controller x∗i+1 as follows:

x∗i+1 = −ei−1 − ciei − 1
4
τei(1 + γT

i (x1, · · · , xi)γi(x1, · · · , xi))− Ŵ T
i φi(Zi) (3.16)

Defining ei+1 = xi+1 − x∗i+1 and considering (3.16), there yields

V̇zi ≤ eiei+1 −
i−1∑

k=1

ck0e
2
k +

i− 1
τ

‖θ‖2 +
i−1∑

k=1

(
1

4ck1

)
ε∗2k −

i−1∑

k=1

σk

∥∥∥W̃k

∥∥∥
2

2
+

i−1∑

k=1

σk ‖W ∗
k ‖2

2

− cie
2
i + ei(−W̃ T

i φi(Zi)− 1
4
τei(1 + γT

i (x1, · · · , xi)γi(x1, · · · , xi)) + γT
i (x1, · · · , xi)θ + εi)

(3.17)

where W̃i = Ŵi −W ∗
i .

Consider the following Lyapunov candidate:

Vi = Vzi +
1
2
W̃ T

i Γ−1
i W̃i (3.18)

where Γi = Γ−1
i > 0.

Considering (3.17), the derivative of Vi is

V̇i ≤ eiei+1 −
i−1∑

k=1

ck0e
2
k +

i− 1
τ

‖θ‖2 +
i−1∑

k=1

(
1

4ck1

)
ε∗2k −

i−1∑

k=1

σk

∥∥∥W̃k

∥∥∥
2

2
+

i−1∑

k=1

σk ‖W ∗
k ‖2

2
− cie

2
i

+ei(−W̃ T
i φi(Zi)− 1

4
τei(1+γT

i (x1, · · · , xi)γi(x1, · · · , xi))+γT
i (x1, · · · , xi)θ+εi)+W̃ T

i Γ−1
i

˙̂
Wi (3.19)

Choose the following adaptive law

˙̂
Wi = ˙̃Wi = Γi[φi(Zi)ei − σiŴi] (3.20)

where σi > 0.Then (3.19) becomes

V̇i ≤ eiei+1 − cie
2
i −

i−1∑

k=1

ck0e
2
k +

i− 1
τ

‖θ‖2 +
i−1∑

k=1

(
1

4ck1

)
ε∗2k −

i−1∑

k=1

σk

∥∥∥W̃k

∥∥∥
2

2
+

i−1∑

k=1

σk ‖W ∗
k ‖2

2

+ei(−1
4
τei(1 + γT

i (x1, · · · , xi)γi(x1, · · · , xi)) + γT
i (x1, · · · , xi)θ + εi)− σiW̃

T
i Ŵi (3.21)

Let ci = ci0 + ci1, with ci0 > 0, ci1 > 0. Similarly by completion of squares, the derivative of Vi

becomes

V̇i ≤ eiei+1 −
i∑

k=1

ck0e
2
k +

i

τ
‖θ‖2 +

i∑

k=1

(
1

4ck1

)
ε∗2k −

i∑

k=1

σk

∥∥∥W̃k

∥∥∥
2

2
+

i∑

k=1

σk ‖W ∗
k ‖2

2
(3.22)

Step n: This step is to design the control input which make the uncertain nonlinear system has L2-gain
performance index less than or equal to γ. Defining en = xn − x∗n and differentiating it yield

ėn = ẋn − ẋ∗n = f(x) + γT
n (x)θ + (g0(x) + gT (x)θ)u + ψn(x)− ẋ∗n (3.23)

Let dn = f(x) + ψn(x) − ẋ∗n. Because the compound uncertainty dn is unknown, the RBF neural
network is used to approximate it. Let Vzn = Vn−1 + e2

n/2, then its derivative is

V̇zn ≤ en−1en −
n−1∑

k=1

ck0e
2
k +

n− 1
τ

‖θ‖2 +
n−1∑

k=1

(
1

4ck1

)
ε∗2k −

n−1∑

k=1

σk

∥∥∥W̃k

∥∥∥
2

2

+
n−1∑

k=1

σk ‖W ∗
k ‖2

2
+ en(γT

n (x)θ + (g0(x) + gT (x)θ)u + W ∗T
n φn(Zn) + εn) (3.24)
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where Zn = [x1, · · · , xn, e1, · · · , en]T .
Choose the control law of the uncertain system as:

u =
1

g0 + gT θ̂
(−en−1 − cnen − 1

4
τen(1 + γT

n (x)γn(x))− Ŵ T
n φn(Zn)) (3.25)

Let

ρ =
(−en−1 − cnen − 1

4τen(1 + γT
n (x)γn(x))− Ŵ T

n φn(Zn))gT

g0 + gT θ̂
(3.26)

and choose
˙̂
θ = ρen (3.27)

then substituting (3.25) into (3.24) yields

V̇zn ≤ −
n−1∑

k=1

ck0e
2
k +

n− 1
τ

‖θ‖2 +
n−1∑

k=1

(
1

4ck1

)
ε∗2k −

n−1∑

k=1

σk

∥∥∥W̃k

∥∥∥
2

2
+

n−1∑

k=1

σk ‖W ∗
k ‖2

2
− cne2

n

+en(−1
4
τen(1 + γT

n (x)γn(x)) + γT
n (x)θ + gT (x)(θ − θ̂)u− W̃ T

n φn(Zn) + εn) (3.28)

where W̃n = Ŵn −W ∗
n .

Consider the following Lyapunov candidate:

Vn = Vzn +
1
2
W̃ T

n Γ−1
n W̃n +

1
2
(θ − θ̂)T (θ − θ̂) (3.29)

where Γn = Γ−1
n > 0.

Considering (3.28), the derivative of Vn is

V̇n ≤ −cne2
n −

n−1∑

k=1

ck0e
2
k +

n− 1
τ

‖θ‖2 +
n−1∑

k=1

(
1

4ck1

)
ε∗2k −

n−1∑

k=1

σk

∥∥∥W̃k

∥∥∥
2

2

+
n−1∑

k=1

σk ‖W ∗
k ‖2

2
+ en(−1

4
τen(1 + γT

n (x)γn(x)) + γT
n (x)θ + gT (x)(θ − θ̂)u

− W̃ T
n φn(Zn) + εn) + W̃ T

n Γ−1
n

˙̂
Wn − (θ − θ̂)T ˙̂

θ (3.30)

Choose the following adaptive law

˙̂
Wn = ˙̃Wn = Γn[φn(Zn)en − σnŴn] (3.31)

where σn > 0.Then (3.30) becomes

V̇n ≤ −cne2
n −

n−1∑

k=1

ck0e
2
k +

n− 1
τ

‖θ‖2 +
n−1∑

k=1

(
1

4ck1

)
ε∗2k −

n−1∑

k=1

σk

∥∥∥W̃k

∥∥∥
2

2
+

n−1∑

k=1

σk ‖W ∗
k ‖2

2

+en(−1
4
τen(1 + γT

n (x)γn(x)) + γT
n (x)θ + gT (x)(θ − θ̂)u + εn)− σnW̃ T

n Ŵn − (θ − θ̂)T ˙̂
θ (3.32)

Let cn = cn0 + cn1, with cn0 > 0, cn1 > 0. Similarly by completion of squares, the derivative of Vn

becomes

V̇n ≤ −
n∑

k=1

ck0e
2
k+

n

τ
‖θ‖2+

n∑

k=1

(
1

4ck1

)
ε∗2k −

n∑

k=1

σk

∥∥∥W̃k

∥∥∥
2

2
+

n∑

k=1

σk ‖W ∗
k ‖2

2
+engT (x)(θ−θ̂)u−(θ−θ̂)T ˙̂

θ

(3.33)
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Substituting (3.25) and (3.26) into (3.33) yields

V̇n ≤ −
n∑

k=1

ck0e
2
k +

n

τ
‖θ‖2+

n∑

k=1

(
1

4ck1

)
ε∗2k −

n∑

k=1

σk

∥∥∥W̃k

∥∥∥
2

2
+

n∑

k=1

σk ‖W ∗
k ‖2

2
+enρT (θ− θ̂)−(θ− θ̂)T ˙̂

θ

(3.34)
Substituting (3.27) into (3.34) yields

V̇n ≤ −
n∑

k=1

ck0e
2
k +

n

τ
‖θ‖2 +

n∑

k=1

(
1

4ck1

)
ε∗2k −

n∑

k=1

σk

∥∥∥W̃k

∥∥∥
2

2
+

n∑

k=1

σk ‖W ∗
k ‖2

2
(3.35)

The above design procedure and the property of the adaptive controller can be summarized in the fol-
lowing Theorem.

Theorem: Considering the closed-loop system consisting of the uncertain nonlinear system (2.1), the
controller can be designed as (3.25), and the RBF NN weight updating laws can be chosen as (3.8), (3.20),
and (3.31), the unknown parameter adaptive law can be chosen as (3.27), suppose that

γ2 =
n

τ
, N = Vn(0) > 0 (3.36)

and when
n∑

k=1

(
1

4ck1

)
ε∗2k +

n∑

k=1

σk ‖W ∗
k ‖2

2
<

n∑

k=1

σk

∥∥∥W̃k

∥∥∥
2

2
(3.37)

then the nonlinear system (2.1) has L2-gain performance index which less than or equal toγ. Namely

∫ T

0
‖y(t)‖2dt ≤ γ2

∫ T

0
‖θ‖2dt + N

Proof: Considering Eq.(3.37), Eq.(3.35) can be written as

V̇n < −
n∑

k=1

ck0e
2
k +

n

τ
‖θ‖2 (3.38)

Let c10 ≥ 1 (1 ≤ i ≤ n), Eq.(3.38) becomes

V̇n ≤ −e2
1 +

n

τ
‖θ‖2 (3.39)

Considering (3.36), y = e1 and V (T ) > 0, Taking integral on equation (3.39), we yield

∫ T

0
‖y(t)‖2dt ≤ γ2

∫ T

0
‖θ‖2dt + N

Thus the nonlinear system (2.1) has L2-gain performance index which less than or equal to γ under
controller (3.25).

Apparently, choose appropriate design parameter ck(ck0, ck1), σk, τ, (1 ≤ k ≤ n) can make V̇n < 0
from (3.37) and (3.38) due to θ ∈ L2(0,∞). So the closed loop uncertain system is uniformly ultimately
bounded.

4 Conclusion

This paper apply RBF neural network to approximate system uncertainty and the output of the neural
network is used to design robust L2-gain controller for a class of uncertain nonlinear systems. Under the
given parameter’s update law, the approximate error of the compound uncertainty is bounded. The proposed
robust adaptive controller can make the uncertain closed loop system has L2 performance index.
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