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Abstract:The variational iteration method is used for solving two types of nonlinear partial
differential equations such as K(2,2,1) equation and K(3,3,1) equation, the chosen initial solu-
tion can be in compacton form or peakon form with some unknown parameters which can be
determined in the solution procedure.
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1 Introduction

In this paper, we consider the following nonlinear dispersive equations K(p,q,1)

ur + a(uf)y + (u)3y +usy =0 (D

Compacton solutions to Eq. (1) have been found by sine-cosine method[1] and Adomian decomposition
method[2]. The motivation of this paper is to extend the analysis of the variational iteration method to solve
Eq. (1), and we also want to find peakon solutions to Eq. (1).

The variational iteration method has been shown [3-5] to solve effectively, easily, and accurately a
large class of non-linear problems with approximations converging rapidly to accurate solutions.More great
interest has been shown in special solutions[6-8].

In the next section, we give the correction functional to K(p,q,1) equation. Particularly, peakon solutions
and compacton solutions to K(2,2,1) equation or K(3,3,1) equation are found by variational iteration method.

2 [Exact solutions by variational iteration method

In this section, we will use the variational iteration method[3-5] to solve Eq. (1). And we consider the
correction functional as

Upt1(T, 1) = un(z,t) + /0 M(un )t + a(th )y + (4732 + (Un)50 tdT =0 2

where\is a general Lagrange multiplier, and u,,denotes restricted variation, i.e.du, 0.
With the help of the above correction functional stationary, we obtain the following stationary conditions

A(T)=0 3)

1+ A7), =0 “)
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The Lagrangian multiplier, therefore, can be identified as
A=-1 ®)

Substituting Eq.(5) into the correction functional Eq. (2) results in the following formula

1 (1) = 1 (z, £) — /0 ()0 + a(uP)s + (U)o + (n)30 }dr ©)

As illustrating examples, we only consider K(2, 2,1) and K(3, 3,1) in the following sections.

2.1 Compacton and peakon solutions to K(2, 2,1) equation
Considering K(2, 2,1) equation:
ur + a(u?)y + (u?)3e + use = 0 (7
And (7)’ correction iteration formula as
t
1 (2.0) = () = [ )+ o)+ ()2 + ()sar ®)

To search for its compacton solution, we assume the solution of the form

uo(z,t) = Acos? k(x + dt) ©)

where A, k, dare constants to be determined. Substituting (9) into (8), and let

oF oF
Up(2,t) = Upt1 (2, 1), %Un(l‘?t) = %un+l($,t) (10)
With the help of Mathematica, we can obtain
0 :
—up(x,t) = —2Adk cos k(x + dt) sin k(x + dt) (11)

ot

gul (z,t) = 24a A%K® cos k(x + dt) sin k(x + dt) + 324k° cos k(z + dt) sin k(z + dt)

ot (12)
+4A%k cos® k(z + dt) sin k(z + dt) — 64a Ak cos® k(x + dt) sin k(x + dt)
Setting %uo(x, t) = %ul(w, t), we can obtain
—2Adk cos k(z + dt) = (24aA%k> + 32Ak° — 2Adk) cos k(z + dt)
+(4A%k — 64aA%k3) cos® k(z + dt) (13)
Equating the coefficients of like power of cos k(z + dt) yieds
—2Adk = 24a A%k + 32Ak5 — 2Adk (14)
4A%k — 64aA%k3 =0 (15)
From (14)—(15) , we can obtain
—1 —16a%d 1
A= =+t—— 1
el (16)

Substituting (16) into (9),we can obtain compacton solutions as
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—1 — 16a%d +1
53 cos? 1 \/a(:n + dt) (17)

We can also begin with a more general initial solution in the form

u(x,t) =

uo(z,t) = Aexp k(z + dt) (18)

Setting %uo(az, t) = %ul (x,t), with the help of Mathematica, we can obtain

AkdeFTHiD) = (—2A%% — 8aA?K?) M) — ARSeklatdt) (19)
From (19), we can obtain

1 1
d=—— k=+
16a2’ 2v/—a

where A is an arbitrary constant and a < 0, Substituting (20) into (18),we can obtain peakon solutions as

(20)

S R W
u(z,t) = Ae 2vV-a " 16a (21)

2.2 Compacton and peakon solutions to K(3, 3,1) equation

Consider K(3, 3,1) equation:
ug + a(u?)y + (u)30 + use = 0 (22)

and its correction iteration formula as
t
Unt1(x,t) = up(x,t) — / (un )t + a(ui)z + (ui)?,z + (un)s2dT =0 (23)
0
Assuming an initial condition as

uo(z,t) = Acosk(x + dt) (24)

where A, k, d are constants to be determined. Substituting (24) into (23), and let

k k
Un(flf,t) = un+1(x,t),%un(x,t) = gtkun"rl(wvt) (25)
With the help of Mathematica, we can obtain
0 .
—ug(x,t) = —Adksin k(x + dt) (26)

ot

Qul(x, t) = 6aA%k3 sink(z + dt) + AK® sink(z +dt) +

ot 27)
3A%k cos? k(x + dt) sin k(z + dt) — 27aA%k> cos® k(x + dt) sin k(x + dt)
Setting %UQ(Z‘, t) = %ul(:c, t),we can obtain
—Adk = 6aA%k3 + AK® 4 34%k cos? k(z + dt) — 27a Ak cos® k(x + dt) (28)
Equating the coefficients of like power of cos k(z + dt) yieds
—Adk = 6aA*K® + AK® (29)
3A% — 27a A’k =0 (30)

From (29)—(30) , we can obtain
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—1 —81a%d 1
A~ O%% 4 - 31
54a?2 3va D

Substituting (31) into (24),we can obtain compacton solutions as

—1 —81a%d +1
=+ 2
u(w,t) \/ P2 o8 3\/a($ + dt) (32)

We can also begin with a more general initial solution in the form

uo(x,t) = Aexpk(x + dt) (33)

Setting %uo (x,t) = %ul (x,t), with the help of Mathematica, we can obtain

Akdek(z+dt) _ (*3143]4: _ 27&A3k3)63k(m+dt) _ Ak5ek(z+dt) (34)
From (34), we can obtain

1 1
d 8la?’ 3v—a (35

where A is an arbitrary constant and a < 0, Substituting (35) into (33),we can obtain peakon solutions as

1 T Lt
—a

u(z,t) = Ae 3v=a 7 812 (36)
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