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Abstract:This paper studies nonlinear lower triangular systems with uncertainties, which zero
dynamics may not be stable. We transform the systems into an canonical form which is min-
imum phase with respect to an new coordinate output, Through a special observer design and
back stepping method, we can obtain the control input which can make the systems asymptot-
icly stable.
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1 Introduction

In last decades, state or output feedback of nonlinear systems have attracted many scholars’ attention,
many constructive design methods for state or output feedback controllers yielding asymptotic stability have
been obtained [1]-[6],[14]-[17]. Generally, robustness of the systems having structured uncertainties is dealt
with by seeking a feedback law that imposes some positive definite function to become a Lyapunov function
for the closed-loop system.

Especially for lower triangular structure systems, we yield very powerful recursive design methods [7],
and we also get the conclusion that only if a system is minimum phase is it possible to achieve an arbitrarily
small level of attenuation between disturbance and output (see D.Karagiannis[8] and Shoulie Xie[10]). The
common method in tackling with the stability of lower triangular systems with uncertain function is that
the zero dynamics of the considered systems possess some stability property, ie. They are the input-to-
state stable (ISS) or input-to-state-practical-stable (ISPS) (see sontag[10]), Is idori,[11], but D.Karaginnis
[8] have obtained the global out-feedback stabilization for this lower triangular systems with uncertain
functions, Whose zero dynamics are not necessarily stable. L.Parly[12] proves that a linear observer-based
output feedback can globally regulate an equilibrium of nonlinear systems.

This paper studies nonlinear lower triangular systems with uncertainties, which zero dynamics may
not be stable. Enlightened by Riccardo Marino [13], we transform the systems into an canonical form
which is minimum phase with respect to an new coordinate output, Through a special observer design
and backstepping method, we can obtain the control input which can make the systems global asymptotic
stability.

2 System description and problem formulation

We consider a family of uncertain nonlinear systems of the form

{ i(t)=Ax(t)+but+ F(y@®)+ @@ ®t),z(t—7),yt),y(t—1))
y = Cox (t)
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where F (z) = (Fi (y (1)), Fa (y () -+, Fu (y (D)2 () = (21 () -+, 20 (1)), 0 = 1,2,

010 - 0
Oy (21 (), T (t—7),y(t),y(t—7)) 001 -0
(P(g;): CDZ(-fZ(t)a-fQ(t_T)vy(t)vy(t_T)) Ac:
1O (T (), 20 (t— 1),y (1), y (t — 7)) 000 1
0 0 0 0
b:(07'”7bp7”'7bn)7CC:(]-707”'7O)7b,07é0
Suppose the relative degree of system (1) is p, Consider a new output ¢ = t;x = (t11,- - ,t1n) = such

that the relative degree of system (1) with respect to w is still equal to p. Though the similar coordinate
change see Riccardo Marino [11], we perform the linear change of coordinates

T _ T A
(g ) =(t1 to - ty) a=(t tA - ATttty ) 2=Tx
witht1b=0,--- 11 A2 °b= 0,6, A2 b #0,t,.b =01 <i<n—p

andt AT~ 1 = (—k1, 1,0, ,0),t; A2T " = (—k2,0,1,---,0),t1 A2 T~ = (=kp,0,---,0,¢,0---,0),
to1®(Z (), 2t —7),y(t),yt—7)) =0, t, (@), Z2(t—7),y(t),y(t—7)) = 0, with ¢ be-
ing the (p + 1) th component of ¢t; A°T~!. Such that in the new coordinates system (1) becomes

0
. - 0
a=Abat fa(yt) + @, (@ (1), 2(t—7),y@t),y(t—7))+ [ . [(bpu+cs) @)
1
& = F& +du+ f, (y(t))
where ga = (/1'7{17 to 7§p—1)’ gb = (é-pa o 7671)
faty@) = (F1®), - foly®)), fo () = (fora (@), -+ 5 faly(?)))
oo By (71 (1)1 (L= 2),y (1) y (= 7))
A = 7 6;(,%): @2(562(15),332(75— )ay(t)ay( _7—))
k. 00 --- 1 =
_kil 00 ... 0 O, (T, (1), 2, (t—2),y (t),y(t—T))
Theny = CoT— 1 ( 'g ) = ap+ 0F'¢, + 0%,
Through choosing appropriate transformation 7" such that ¢; = 0, then
y = au+63&. 3)
The zero-dynamics of (2), viewing p as output, are given by
&=F&+ f, (05%) - 4)

Assumption 1 The zero-dynamics (4) is global asymptotic stability. With respect to i, and there is a
Lyapunov function V' () satisfying:
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hillnll*> <V (n) < ha|nl?,

oV (n
on

~—

(F& + £ (03)) < —hs |In||>.

From (4), we distinguish two case 1).if 62 = 0,.then the global asymptotic stability of zero-dynamics(4)
with respect to p is the same as that with respect to y. 2) if 02 £ 0, there exists a linear transformation of
coordinates

= H,
zi =& , 1<i<p—1, 5)
21:£z+ ”0522“12/46 7[)§Z§n—1
where 6y = (62, Oopy1,- -, 02,—1), which transforms systems (2) into the following form
0 0
. =1 o 0 0 afa
Zo= M Za+ fu(y(0) + By @@, Tt —7), 50y -7+ | | Gures)— | |2
1 1
Zy =FZy+dp+ fy (y(t)) + Hzeﬁg( kip+ a2+ f1(y() + 1 (@), 21t —7),y(t),y(t—7))
_ 02
TS
(6)
Correspondence y = 01 7,
Where Za = (M7 21,22, " 7Zp—1)7 Zb = (Zp7 Zp+1y " zn—l)a
In the new coordinates, (4) becomes the following form
Zy=TFZy+ f (05 Z) (7

From assumption 1, (7) is global asymptotic stability and there exists positive definite function V' (Z}),
such that

W || Zy|* <V (Zy) < h2 || 2]

ov

oz (F -2+ hEE 7)) < —hs | 2] ®

3 Observer design

Relative to systems (6), we design the following observer

B = AR(t) +bu+ Fy(t) + (lHe", 13e, - e ) (y — #1)

Ty = A1 Za + fay (y(1)) + (12€7, 3 21”- 2 el (i — 12) o)
=t

Zpo1 = byu — k,t13 + f, (y(t)) + ¢z, — H02||p fi+ 2er" (tiz — t12)

Where, Zo, = (ft, 21,22, » 2p-2), fay (W(t)) = (f1 (D)), fa () ;- , fomr (y(1)))
by = (0,---,0,bp,0,---,0), by being the p th component of by
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010 - 0
0O 0 1 - 0
Ay =
0 0 0 1
0 0 0 0
From (1), (6) and (9), we have
& (t) = eip1(t) —ljeer + @ (Ti (1), 7 (t — 7),y (8) ,y (t — 7)) 1<i<n
Ty (8) = A1 Za (8) + far (D) + (€7, 3>+ 2,0~ 07) (1w — ) (10)
2,1 (t) = byu — kb1 @ + f, (y(t)) + c2, — ]”092””2 p+ e (t — t2)

Where B (t) =z (t) — 2 (t) = (e1 (t) ,e2 (), -+ ,en (1)), 7 (t) = —be"® + o (y,e" V)
andr (t) > Olete; (t) = eff),then

E; (t) = [—11-161 (t) + ibeg; (t) + €it1 (t)] e’ —igio (y . er) + %CI)Z (ZEZ (t) , Ti (t — 7') , Y (t) , Y (t — ’7'))

1<i<n
The matrix form is
£ =Age-e"+G(t) (11
—+b 1 0 0
-1 20 1 0
A2 — )
~lny (n—1)b 1
-1 nb
610’(y,6T) %Ql ($1 (t)?xl (t_T)ay(t)ay(t_T))
2e90 (y,€e" = P2 (T2 (¢) , 22 (t—7),y(t),y(t—7
c=—| (y,€") N :2 (@2 (t), 22 (t —7),y(t),y(t—7)) 12
neno (y,e") o o (T (), Za(t = 7),y (8) ,y(t — 7))
Let v; = eéi:ll)T 1 <i < pthen
b (t) = —ki—r 01 + €01 — (i — 1) D + Ay fl( (t) + 12" E(t), 1<i<p .
By (1) = e (bpu — kptid + £ (y()) + 2, — 528 u) —(p— 1), + 2"t B(1)
1<i<p—1
Let 0; (t) = 0; (t) — v} (Zi—1 (t)) , where &y (t) = (21 (¢), &2 (), , &i—1 (1))
i—1
X o’ X
Then v; (t) = 0; (t) — z 8@&) zj (t)
]:
p
Let Vi = e" Pe, Vo = > 77@'2 V3 = Amax (@) ftt_T P2 (Tp—1 (u)) du + Amax (Q) ftt_T ¢4 (y (v)) du
=1
and
V =V (Z) + Vi + 6% Vo 4 6V3 (14)
Then
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Vi = 2eTPe = 2T P (Asee” + G (1)) = e"e’ (PAs + AJP) e + 2¢T PG (t) (15)
Assumption 2 There exists positive real number ;5 (7, j = 1,2, - - - ,n) such that the following inequal-
ities hold
i
B (2 (1) = Fs (3 (1) < Y _aulay () — 25 (D], i=1.2,-- 0 (16)
j=1

Assumption 3 There exist K, functions ¢; () .2 (+), @3 (+) and @4 (-) such that the following inequal-
ity holds

1@ (17 < (01 (Zp-1 (1)) + @2 (Zp1 (t = 7)) + 03 (y (1) + pa (y (t = 7)) a7
From (12) the last term of (15) is

2eT PG (t) < e PQ™ 1 Pe+
—|—(eir<1>1 (1'1 (t),l’l (t—T),y(t),y(t—T)),e%q)Q(fQ(t)7£2(t_7)7y(t)7y(t_7—))7"' )
e%q)n (jn (t) >jn (t - 7—) Y (t) )

Py (w1 (), 21 (E—7),y(

- t),yt—r1)) 10 (y,e") (18)
—- P9 (T ,To (t—17), , -7 go0 (y,e”

0| 2 (Zo(t), T2t —7),y(t),y(t—1)) T ?2 (y,e")
7@ (T (1), T (t—7),y (), y (t—T)) neno (y,e")

From (18), (15) and (17) ,we can obtain the following inequalities

27 PG (1) < I1PIE A (@) < + A (Q) 57 (91 (71 (1)) + 02 (Tp1 (£~ 7))

+@3 (y (t) + 01 (Y (t = 7)) + Amax (P) € + n®Amax (P) 02 (y,e") ele (19)

Assumption 4 There exist positive definite matrix P and positive real number /3, such that the following
inequality holds

PAy+ AP < —f1 (20)
From (15), (19) and (20), we have

Vi < [=Be" + [ PI3 Amax (Q7) + Amax (P) + n2Amax (P) 02 (y, e7)] T 1)
Fmax (Q) g7 (01 (Tp—1 () + 2 (Tp—1 (t = 7)) + 3 (y (1)) + pa (y (t — 7))
From (14) let’s consider
i—1
2 . ov?
'171 - 2171 i}z == 262 ,ZA)’L N : L ( )
( ) = al,j (t) J
—ki—r 01 + €01 + €0y — (i — 1) B — (i — 1) 07
— 27, - izl gyt (22)

o fiy) + B E () - 3 gty ()
s

We get the virtual controller

ir

X | 1 L. L iy
iyl = T 5¢ "AiU; — Ui—1 + kie—vl + 67((2 — 1) 00 — (i — 1) v;7)
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*
Z

(1)

i), 1<i<p-—1 (23)

e Fiy ()~ PHE () + Z

e’L’!’ eT

Also, we have

) —(p=1) 0,7 — (p— 1) vk + 3"t E () — > 55,0 2 (t) (24)
= 2’Up . 7=1

7 5 0
o [bﬂu = kot1Z + fo (y(t)) + 2 — H‘ﬁwﬂ}

We get the controller

eP’ B ]{iptl T 1 . OZQQP
U=——0p 1 — = (fp(y(®)) +c2 — —5 1)
bp 4 bp bp P P ”92"2
e(p*l)’!’ 1 _ 2 r - . P
b, —ikpvp +(p=1) 0+ (p— D@ — et B (t) + ; 835 (t)xj (1) (25)

From (22)-(25), we have V, < — Zx\v Where \; >0 i=1,2,--- ,p

From (14), we have

v%::axmaxag)(@2(jpfl(t»'_<p2(jp*1(t__T))+'¢4(y(t»'_‘P4(y(t__7)» (26)
From (6), we have
v (z) ,
7, b
V(%)
07,
FZy+du+ i (y(t)) + ||99|| (—kaji+ 21 + o (y(8)) + (xl(t>,:c1<t—7>,y<t>,y<t—f>>—aF”;]Qn
2 2
< —h3 | Zol|* + Cgg A+ 5% (ki 21+ fi (y(0) + @ (@ () TT(E—7),y (1) y (¢ = 7))
- Wﬂ]
(27)
We have V =y 202 . 7, + 6V + 62V, + 0V3
2 —B- "+ [P35 - Amax (Q7Y) 2oy
< —vyh3 ||Zb|| +4 Ao (P) + ;QAmax (P) o2 (y7 er) ele — 42 Z; >\1Ui2
oV (7
e (@) (71 (71 (0) + 23y () + 75 22
(28)
-+ oty a1+ 1 (00) + 1 (T (0,77 (= 7),w (), (¢ =) o
2 2

where ¢1(Zp-1(t)) = p1(2,-1(t)) + @2(% 1(t)), P3(Zp-1(1)) = w3(y(t)) + paly(t))
Let g -2 HP||§ max (Q_l) max (Q) - >‘max (P) >0

Since L (r (t)) = ﬁer -2 HPH2 max (@71) — @2 Amax (Q) — Amax (P) is a continuous function,
there exists ¢y > 0, Whent € [to, +00), L(r (t)) >0

Let
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627" ﬁ

o (5,¢") < —— 5" = 2[IPl5 Mo (Q71) = 0" 1A (Q) = Mvax (P) (29)
From (28), (29), we have
V < —h3||Z|* - ZA V2, te[to,+) (30)

From (30), we get the conclusion that system (1) is global asymptotic stability.

4 Example

Consider the following nonminimum phase systems in the form (1) withn =2and p =1

.fl :$2+b1u+1}1 (t)—i—(sint) [ ) (t)+q)1 (131( ) I (t ))
o = bou + 1 (t) + 5o (t) + (sin3t) xo (t) + P (T2 (t) , T2 (t —7),y (t) ,y (t — 7)) 31)
y=2x b1 #0,b5 >0

in which ¢; (0) = 0 ,i = 1, 2. The zero-dynamics of (31) are given by 1) = byn, which makes the following
linear change of coordinates

W=1t121 + tax2
n = —byz1 + b122

let t1b1 + tobe # 0 ,and system(31) has the relative degree with respect to . The zero-dynamics of system
(31) viewing p as an output are given by

0= gt by [y (8) + (sint) wa (t) + @y (w1 (t) 21 (£ — 7)) _
= ba [1 (t) + 5a2 () + (sin3t) wa (t) + P2 (T2 (1) , T2 (t = 7),y (¢) ,y (t — 7))]

Let boty + bit1 > 0, hq = %, ho =2, hg = 62:2’2%, and Assumption 1 is satisfied

Let a1 = a2 = 1, ag1 = 1, ags = 6, and Assumption 2 is satisfied.
Let ||® (£)]|* < o3 (y (t)) + @4 (y (t — 7)), and Assumption 3 is satisfied, where

O (t) = (D1 (w1 (1), 21 (t— 7)), (T2 (1), T2 (t —7),y (1) .y (t — 7)) .
Let P, =P, =1,11 =1,ls = —1, 8 < 2, and Assumption 4 is satisfied,where

(PO (-1
(0t ) ()
10
LetQ—<0 1)-],

W= T B b (i 0)+ (sint) 2 (1) — B (1) — £ () — € (s 3 1)
V0 [ ety o (g () +B (y (0) - 1 (1)) ’

where ) s
tlbl - blbg - 5b2 - b2 sin 3t . bgu
= + by sint———,
91 (1) t1b1 + taby g t1b1 + taby
—tgb% + toby — Dt1by — tlb% sin (St) . tip
= + by sint—————.
92 (1) t1b1 + taby g t1b1 + taby
Let7 = —e" + %, and we have r () = In ;= + , then system (31) are global asymptotic stability,where c is

arbitrary real number such that ¢ + ¢ > 0.
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