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Abstract. This paper proves that the Hausdorff dimension of some level set related to sym-
bolic system is less than 1.
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1 Introduction

o0
Let 32 denote the symbolic system [] {—1,1}, that s,
n=0

Yo={z=x0x1 - xp---|x;=—1orl}.

Suppose X5 is equipped with a metric d defined by d(x,y) = 27 with m = min{i : z; # y;} forx # vy,
where x = xgx1 - Tp_1--- andy = yoyr - Yn—1--* -

Let o be the left shift operator on Yo defined by o(xox1 - @p_1--+) = @1+ Xp_1--- . The cylinder
[0y« xp—1]isthe set {y = yoy1 -+ Yn—1---|ys = x; for 0 < i < n — 1}. There is a measure p such
that

w([zozy -+ xna]) =27"
for any cylinder [xox1 - - - ,—1]. We use the notation dimy to denote the Hausdorff dimension. In fact, we
have
dimpg Y9 = 1 (see [6]).

Given a real sequence {by, },>0 With limy, o b, = 0and > 7 ; |b,| = 400, for any a € R, let

Ea:{xEEQ:anxn:a}.

n=0

A work of Beyer [1] got an lower estimation dimy F, > 1/2 for each a € R under the variational condition

o
D> bngr = ba| < 0.
n=0

J. WU [5] proved that dimyg F, = dimyg > = 1 also under the variational condition. Furthermore, L. F. XI
[7] proved that dimyg £, = 1 without the variational condition ZZO:O |bp+1 — bn| < oo. Please see [2-4]
and [8-11] for related topics.

For any a € R, we have £, C A, where

[o.¢]
A={z=xpx1- - €3y Z by, converges}.
n=0
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In this paper, we will study the Hausdorff dimension of A.
In [7], we have the following result: If {b,},>0 is a real sequence such that lim,,_.. b, = 0, then
dimgy A= 1, ie.,

o
dimp{x € Xo : Z bpxy, converges} = 1.

n=0

Note that in this result of [7], we do not need the conditions > |b,| = 400 and D7 |bp41 — by | < 0.
Let f : X9 — R be defined by f(zozy - xp_1---) = xo for zoxy - xp_1 -+ € Xo. Then we have

i bpTn = i b f(o"x),
n=0 n=0

and naturally the following claim may be true:
Claim 1. For any real sequence {b,, },>0 with b, — 0 and any continuous function f : ¥ — R,

dimp{z € Xy : Z bnf(c™x) converges} = 1.
n=0

However the above claim is not true. In fact, we can prove the following theorem, which shows that the
integral of f shall be zero for the validity of the above claim.

Theorem 1. There is a sequence {ay, }n>0 of positive numbers with lim,_..c a, = 0and 0 < ap+1 < ayp
for all n, such that for any continuous function f : Yo — R satisfying fzg fdu # 0,

[e.e]
dimp{z € Xy : Zanf(anx) converges} < 1.

n=0

2 Preliminary

Suppose f : Yo — R is a continuous function.

Lemma 1. Suppose f(x) only depends on the first q digits x1 - - - x4 of © € Xy satisfying fzz fdu=0.1If
0 > 0, then there is a constant 0 < T < 1 such that for any n,

n—1

w13 flo'a)] > nd}y < O(™).

1=0

Proof. Without loss of generality, we may assume that n > [4¢g maxyesx, | f(y)|]/0.
Suppose n = gk + p, where p € NN [0, ¢ — 1]. Then 2¢k > n > [4gmaxyex, | f(y)|]/d, which implies
k> 2maxyey, | f(y)|/0. We have

n—1 qk—1
{w: Y fle'z)|=ns} C {z:]> flo'z)|> nd —pmax |f(y)[}
=0 =0
gk—1 '
C {z:] ) flo'x)l = (ak)(5/2)}.
=0
Therefore, it suffices to prove that u{z : | gial (0'x)| > (qk)(6/2)} < O(r%) for some constant

7€ (0,1).
Then forany 0 <:¢ <gq—1,

{f o O'i, f o 0_i+q’ . f o O_i+(k—1)q}
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can be considered as an i.i.d. with expectation 0.
Let

k-1
Sl(cz) :fOUi—l—f00i+q—|-"'+f00'i+(k_l)q:ZfOUH_jq.
§=0
Then it follows from Cramer Theorem of large deviation theory that
(4)

S : *
pfa : If! > 6/2} = exp(— |x|1§§/21\ (@)k + o(k)) < O(d®),

for some a € (0, 1), where legendre transformation A*(x) only depends on f.
On the other hand, we have

gk—1 q—1 (%)

(1Y Flo'n)| 2 ho/2) € U125 = 6/2),
=0 =0
therefore,
qgk—1 '
plr | Y Fo'a)] = (@h)(3/2)) < a0(a") < O(r),
=0

for constant 7 = /% € (0,1). O

3 Proof of Theorem 1

Suppose an integer sequence by | oo satisfies by_1/by — 0. Let dj, be a sequence with di T oo and
dy /by — 0. We define a new sequence a, as follows: If n € [bg, bry1), set a, = (dp)~ . Then a, | 0.
Let

F=f—[ fn,
P

/EQfdu:O.

Givene € (0, | fEQ fdu|/4), we approximate f(z) by some function f(2) whose value only depends on
the first ¢ digits of , such that

then we have

sup|f(z) — f(z)| <eand | fdu=
Fix y € X. Suppose Y -, a, f(c"y) converges, then there is k(y) € N such that

Y auflemy) <

b <n<bgi1
whenever k£ > k(y), which implies
| Zbk§n<bk+1 an-f_(any)|

Z ‘ Zbk§n<bk+1 an fEQ fdlu" - ’ Zbk§n<bk+1 a’nf(o—ny)’
> [(dr) " (orra = be)| [y, fdull =&,

consequently,
Y wfey) = Y afe)l— Y adlf(e™y) - f(omy)]
b <n<bg41 b <n<bgi1 b <n<bgi1
> [(dr) ™ (brg1 — be)(] . fdu| —¢€)] —e,
2
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and thus, we have

LG
bk—H — b7

S fom)] > (e — b |/ fdul - e(1

bk<n<bk+1

where |b b | < 1 forany k > ki where integer k7 is a constant. Let my = b1 — by with my — oo as
k — oo, 6 = | f22 fdu|/2, and z = oy. Then for any k& > max(k(y), k1), we have

mg—1

Y F02)] = mis,
1=0

which implies

mg—1

{y: Zanfa Y) converges}CUﬂa bkfz | Z f(o'z)| > myo}.

n k>n
It suffices to show that there is a constant s € (0, 1) such that for any k,

mg—1

dlmHﬂU bk{z \Z f(0'2)| > mpd}] <

k>n

Let Ay, be the set of all the words z1 - - - &y, +g—1 € {—1, 1}mx+4=1 quch that | Z;’;’ﬂo_l f(aiz)| > myd
whenever z lies in the cylinder [z1 - - - Ty 4q—1]-
Then by Lemma 1, we have

mp—1
$Ag = 2mF 7 e | S f(o2)| = myd} < O((2r)™)
=0

Consider the set (>, 0" {z : | Sl f(ot2)| > myd}, for any k > n, we give a natural covering
U [T1 Ty Y1 Ymgtg—1]-
(1@t ) E{ =11}k (Y1 Yy +q—1) €A,
Thus for any s € (log(27)/log2,1),
(2% Ay ) [2- Okt ta=Ds < O((2r) ™k 2lbr—sCrnta—1]y < O(1),

since by /br+1 — 0 and my/bg1 — 1.

Therefore,
mg—1
H(() o ™ {z:| Z f(0%2)] > mid}) < 0(1),
k>n
which implies
mip— 1
dimy]| ﬂ o {z:| Z f(0'2)| > mpo}] < log2r/log?2.
k>n

Consequently, we have

dimp{y € Xo| Z an f(o"y) converges}

n=0
mg—1
< dlmHUﬂa b lz | Z f(o'2)| > myd}]
n k>n
mp—1
< supdlmH ﬂa b lz | Z f(o2)| > myd}]
k>n =0
< log27/log2 < 1.
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