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Abstract. The smoothness analysis of coalescence hidden variable fractal interpolation func-
tions (CHFIFs) has been carried out in the present paper by using the operator approximation
technique. It is found that the deterministic construction of functions having order of modulus
continuity O(|t|°(log |t|)™) is possible through CHFIFs, where m is a non-negative integer and
0 < 6 < 1. The bounds of fractal dimension of CHFIFs are also obtained in critical cases.
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1 Introduction

The fractal curves are often observed to occur in various disciplines such as natural sciences [1-3], engineer-
ing applications [4-7], economics [8] etc. These curves are constructed deterministically [9, 10] by using
fractal interpolating function (FIF) from suitable choice of iterated function system (IFS). FIFs are generally
self-affine in nature and the Hausdorff-Besicovitch dimensions of their graphs are non-integers. To approx-
imate non-self-affine patterns, hidden variable FIFs (HFIFs) are constructed in [10-12] by projecting vector
valued FIF corresponding to a generalized interpolation data. However, in practical applications of FIF,
the interpolation data might be generated simultaneously from self-affine or non-self-affine functions [13],
needing the construction of hidden variable bivariate fractal interpolation surfaces [14] by using constrained
free variables. The concept of coalescence hidden variable FIF (CHFIF) that is self-affine or non-self-affine
depending on the parameters of defining IFS is introduced in [15, 16].

Since FIFs are continuous but generally nowhere differentiable functions, their analysis can not be done
satisfactorily by restricting to classical analysis tools. For the applications of FIF theory, in general, an
expansion of the FIF in terms of a suitable function system is usually considered. Barnsley and Harring-
ton [17] used shifted composition to express affine FIFs and computed their fractal dimensions. However,
a practical implementation of this representation is somewhat difficult. Zhen [18] proposed another series
representation of self-affine FIF through a new function v, ., to study the Holder property of FIF. Since, the
function 1, x,, has too many points of discontinuity, it is slightly tedious to analyze it in applications. Zhen
and Gang [19] expanded equidistant FIF on [0, 1] by using Haar-wavelet function system and obtained their
global Holder property, when the number of interpolation points is N = 2P 4 1, p being a definite positive
integer. Gang [20] employed the technique of operator approximation to characterize the Holder continuity
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of self-affine FIFs on a general set of nodes on [0, 1]. Bedford [21] obtained the Holder exponent h of a
self-affine fractal function that has non-linear scaling, using code space of n symbols associated with the
IFS. He also showed the existence of a larger Holder exponent h ) defined at almost every point with respect
to Lebesgue measure. The Holder exponent needed in smoothness analysis of HFIFs is not yet studied due
to interdependence of the components in the construction of HFIFs.

In the present paper, the approximation of a CHFIF is obtained through an operator found with integral
averages on each subinterval of the CHFIF. Using this approximation, the Holder exponent of the non-self-
affine functions arising from IFS is found for the first time. The bounds of Fractal dimension of the CHFIF in
critical cases are obtained. The organization of the paper is as follows: In Section 2, we give basic theory of
CHFIFs. The Holder continuity of CHFIFs is investigated in Section 3 by using the operator approximation
technique. The bounds on fractal dimension of CHFIFs in critical cases are obtained in Section 4.

2 Theory of CHFIF

Let the interpolation databe {(z;,7;) € R : i =0,1,2,..., N}, where —co < 29 < 21 < -+ <y < 00.
For constructing an interpolation function f : [z, 2] — R such that f;(z;) = y; foralli =0,1,2,... N,
consider a generalized set of data {(z;,v;,2) € R3|i = 0,1,2,...,N}, where z;, i = 0,1,2,...,N
are real parameters. Denote I = [xg,xzn]|, I; = [xi—1,2i], §1 = ]V[lm Yi, G2 = Miax yi, h1 =

Min z;, ng = Maz z;and K = I x D, where D = J; X Jo, Jp, Jo are suitable compact sets in R such
(] (]

that [g1, go] X [h1,he] C D. Let L; : I — I; be a contractive homeomorphism and F; : K — D be a
continuous vector valued function such that for: =1,2,..., N,

Li(xo) = 21, Li(zn) = x4, } (2.1

Fi(zo,v0, 20) =(Yi-1,2i-1), Fi(zn,yn,2n) = (¥i, 2),

and for (z,y, 2), (z*,y,2), (x,y*,2*) € K,foralli =1,2,..., N,

d(Fz‘(any»Z%E(ﬂC*ay,Z)) §C|ZC—$*|7 (2.2)
d(Fi(z,y,2), Fi(z,y",2")) < s de((y, 2), (v, 7)), '

where c and s are positive constants with 0 < s < 1, d is the sup. metric on K, and d is the Euclidean

metric on R2. In the construction of CHFIF, choose L;(x) = a;x + b; and Fj(w,y,2) = A;(y,2)T +
a; [
0 v
having two free parameters. We take «; as free variable with |o;| < 1 and §; as constrained free variable
with respect to ~y; such that |3;| 4+ |7;| < 1. The generalized IFS that is needed for construction of CHFIF
corresponding to the data {(z;,v;, 2;)| ¢ = 0,1,..., N} is defined as

(pi(x), q;(z))", where A; is an upper triangular matrix ) and p;(x), ¢;(x) are continuous functions

{Rg;wi(x7yaz) = (LZ($),E($,y,Z)), i = 17 27 oo 7N} (23)

It is known [11] that the IFS defined in (2.3) associated with the data {(z;,y;,2i), i« = 0,1,..., N} is

hyperbolic with respect to a metric d* on R? equivalent to the Euclidean metric. In particular, there exists
N

a unique nonempty compact set G C R3 such that G = |Jw;(G). The following proposition gives the

=1
existence of a unique vector valued function f that interpolates the generalized interpolation data and also

establishes that the graph of f equals the attractor G of the generalized IFS:

Proposition 2.1. [11] The attractor G of the IFS defined in (2.3) is the graph of the continuous vector
valued function f : I — D such that f(x;) = (yi,2) foralli = 1,2,... ,N,ie. G = {(z,y,z) 1 x €
I and f(z) = (y(x), =(2))}.

The vector valued function f is fixed point of Read-Bajraktarevi¢ operator 7' that is defined on the
metric space (F, p), where 7 = {g : I — D)|g is continuous, g(xo) = (v0,20), 9(zn) = (yn, 2n)}, for
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g,h € F, p(g,h) = sup|g(x) — h(z)]|, and ||.|| denotes the Euclidean norm on R?. Since f is the fixed
xzel

point of T, we have for x € I,
f(x) = (Tf)(z) = F(L; Y(2),y(L;  (2)), 2(L; * (x))), i =1,2,...,N. (2.4)

Let the vector valued function f : I — D be written as f(x) = (fi(x), f2(x)). The required CHFIF is now
defined as follows:

Definition 2.1. Let {(z, fi(x)) : ® € I} be the projection of the attractor G on R2. Then, the function
f1(x) is called coalescence hidden variable FIF (CHFIF) for the given interpolation data {(x;,y;) |i =
0,1,...,N}.

The following definition is needed to characterize CHFIF:

Definition 2.2. Let S be a set of points © = (x1,x2,...,xg) in an Euclidean space of dimension E and
rS = {(rx1,rex9,...,rprE) : v =(r1,re,..., ),y > 0 and x € S}. The set S is called self-affine,
if S is the union of N distinct subsets, each identical with rS up to translation and rotation. If S is not
self-affine, then it is called non-self-affine. If r1 = ro = - -- = rg, then a self-affine set is called self-similar
and a non-self-affine set is called non-self-similar.

Remark 2.1. Although, the attractor G of the IFS defined in (2.3) is a union of affine transformations of
itself, the projection of the attractor is not always union of affine transformations of itself. Hence, CHFIFs
are generally non-self-affine in nature. By choosing y; = z; and «; + 3; = 7;, CHFIF fi(z) coincides
with a self-affine fractal function f2(x) for the same interpolation data. Hence, the CHFIF is self-affine or
self-similar in this case even though the class of CHFIFs is a subclass of the class of HFIFs. These CHFIFs
can be used to approximate the random steps of Gaussian, increments of the fractional Brownian function
and wave-height functions [2].

3  Smoothness analysis of CHFIF

In this section, the smoothness of CHFIFs is studied by using their operator approximations. The Holder
exponent of CHFIFs is calculated in the proof of our main Theorems 3.1-3.3.

We take the interpolation data on x-axis as 0 = zg < 1 < --- < xy = 1. Let the function F; of the IFS
(2.3) be of the form

Fi(z,y,2) = (quy + Biz + pi(x), vz + ¢i(2)), 3.1
where |o;| < 1, |Bi] + |vi| < 1,pi € LipAi(0 < X\; < 1), and ¢; € Lipu;(0 < p; < 1). From (2.4) and
(3.1), for « € I;, the fixed point f of T satisfies

Tf(x) = F(L; ' (2), (L7 (@), 2L (2)))
= f(x) = F(L; ' (2), fi(L; ' (2)), fa(L7H(2)))
=(f1(@), fo(2)) = (@i fi(Li (@) + Bifo (L7 (@) + pi( L7 (@), vifo (L7 (@) + @i (L7 ().

Following Definition 2.1, the CHFIF in this case can be written as

fi(Li(z)) = aifi(x) + Bifo(x) +pi(x), €1 (3.2)
where the self-affine fractal function f2(x) is given by
fa(Li(x)) = 7if2(2) + ¢ix), x € L. (3.3)

Let I, = [vp,—1,%] = Ly (I). Then, I, = L; (0) + |I.,|I, where |z, — x, 1| is the length of
_[7“17 1 S 1 S N. Slmllarly, I'f'17”2 = LTQ (O) + |IT2’L7‘1 (I) = [/7,,2 o LTl (I) — Lr1r2(I)’ where |Ir1r2‘ —
[, || Iy, |, 1 < 71,79 < N. In general,

Irlrgu.rm = er (0) + ‘Irmurlrg...rm,l = er o er,1 ©---0 Lrl (I> = LTsz...Tma (3.4)

where [Iryry..ry | = [Ir || Iny| - - [ I, [ and 1 <7y, 72,00 r <N

We need the following lemmas for our main results:
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Lemma 3.1. Let fy be defined as in (3.2) and by, r,.. ., = fI fi(x)dz. Then,
TITQ...Tm

brirg..rm Z H (|1, |cery) Irk|(/

m 1
D ()6 + Bryariry. vy ) + [ (1 lar)) /O £1(€)de,
j=1

k=1j=k+1 Lryrg.irpy
(3.5
where I, = I and ay,r,. r,, = fIr1T2 i fo(x)dz.
Proof. Since, by ry..r,, = fer O+ Lo Mgy fi(x)dz, a change of the variable x by
x = Ly, (0) + |1, | gives
b"'17’2-~-7'm :/ f( rm( +‘Irm‘§)urm‘d§ ‘ITm‘/ f1<er(§))d§
Ir17'2...rm_1 7'172 Tm—1
= |Irm| (O‘rmfl(g) + ﬁrmf2(§) +p"'m(§))d§
]7'17"2.“7"m71
— 11,1 / Pron (€)E + B, / f€)dE + o, / £1(€)de]
]1"17’2“.7'm71 IT1T2‘“T777471 I’/‘l”’2...”’m71
S D€ + By arir i)+ o 1 Pro_ (E)dE
IT1T2'“7‘7VL71 IT1T2'“T"L72
+ ﬂrmfla""l"?---"'m72 +ap, / f1(§)d§] =
IT1T2.4.7‘m_2
m m m 1
=3 11 (5l ( / Pro ()A€ + Bryarrgny ) + [ (L, |cr,) / fi(€)de
k=1j=k+1 Tryrg.rp_y j=1 0
O

Since f1(x) is continuous, the integral average by, .., /| Lriry..r, | €an be taken as a good approxima-
tion of fi(z) in the subinterval I, ., ., , when m is very large, leading to the following definition of the
approximating operator Q,,, on the interval I:

Definition 3.1. Let N

brlrz...rm
Qn(f12) = D Xinrporm QO (3.6)

_ Imrz...r
T1,725eTm =1 m

where Iy v, . .. is defined by (3.4), by, r,...r,, is defined by (3.5), and

(x) _ 1 WS I’r‘l’r‘g...’r‘m7
X1r17°2m7”m 0 €T € I \ IT17‘2.~7'm'

Lemma 3.2. As m — oo, the operator Q,,(f1, ), given by (3.6), converges to fi(x) uniformly on L.

Proof. The proof follows immediately by using Mean Value Theorem. O

The following notations are used in smoothness analysis: o = max{|a;| : i = 1,2,...,N}, f =
max{|G;| : 1 =1,2,...,N}, vy =max{|y| :i=1,2,...,N}, A=min{\; : i =1,2,...,N}, Q; =
N}llil,Q:maX{Q~'i:1,2,...,N},,u:min{,ui:z'—12 SN} Ty ||’Y‘L,F:max{f‘i:i:

LN}, 0= 0 = max{0; i =1,2,... N}, [Tin| = min{|L] 10 = 1,2, ., N}, [Ia| =
max{][\ i=1,2,..., N}, Modulus of continuity of fi(z) as w(f1,t) = Sup Sup|fi(z + h) — fi(z)],
lh|<t

and Lip 6 = {f : |f(z) = f(y)| < M|z —y|°, M > 0}.
Using the above lemmas and notations, we now prove our smoothness results according to the magnitude
of ©.

Theorem 3.1. Let fi(x) be the CHFIF defined by (3.2) with © < 1. Then, (a) for @ # 1 and I" # 1,
fi € Lip 6 (b) for @ =1 orT = 1, w(f1,t) = O(|t|° log |t|), for suitable values of § € (0,1].
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Proof. In order to calculate the Holder exponent of CHFIF f;, a suitable upper bound on the difference
between fi(x) and f1(z) for z,z € [0, 1] is needed to be found. In view of Lemma 3.2, it is sufficient to
find an upper bound on the difference between functional values of their operator approximations Q,, (f1, x)
and O, (f1, ).

For 0 < z < z < 1, there exists a least m such that I, ,, is the largest interval contained in [z, Z].
So, either z or € Ipypy. - Assume that, x € Igpy p, s <71 — 1,2 € Ity y,, t>11+1, orx €
Livyit.vs 1 <t/ < N.Letn,m € IN and n > m. Taking further refinement of the above two intervals,
we assume that & € Lu,..up_sroorms T € Loy v, ptryrs...r,, - 1t NOW follows that

1
Qn(f1,2) = J1(§)d¢
|I’lL1...un_mST2...7'm| I’“l“-un—vnSTQ Tm
1
(M ler; ) |-
ol < Tl T ;31;{ rilor
m
(/ p?"k(g)df+ﬁrkau1...un_msr2...rk 1 H |Irj|04r] / fl(f)dﬁ]
I“l‘“unfmsrl“rk—l j:?) Iulmunimsr2
m m 1
> CIT an)7 (f Dra(E)E + By s st s)
k=3 ] =k+1 | ul"'u”l*ms'r?'“rk—ly Iul'“un—mSTQ‘”kal

HO‘TJ |

Similarly, the expression for Q,,(f1,Z) can be written as

f1(€)dE.

I’LLl Un— m57"2‘ I“l Uy —m ST2

m m 1
fl’ Z H a’"J | | (/ Pry, (f)df + ﬁf‘kavl...vn,mtré...rk_l)
k=3 ]:]{;—‘,—]_ V1. Un— mt7‘2 Tk—1 I'ul Vp—mt /2 "1

H el - m%\/ Si(&)de.

M\

V] Uy 7

To estimate |Q,,(f1,x) — Qn(f1,Z)|, observe that
Qn(fl,l') - Qn(fl,-f)

m m - d . d
:Z( H arj)[/ pry, (§)d€ _/I Pry, (§)dE ]

k=3 j=k+1 Up ety ST T e = Hon.commtryiri |

/
'u14.4'un_mt'r24.47'k_1

4 fi©ds J1(§)d€
+ <[[arj>[ / /, ]

I | I /]
[ul"'un—mSTQ UL---Un—mST2 Ul“"‘)nfmtrlg V1...Un—mitry

aul Ay —m ST T—1 Ay v —mtrh.. 1
+ aT] /Brk I ]

| / |
k= 3 j=k+1 ul Un—mST2...Tk—1 V1. Un—mitry..Tk—1

3.7

From the approximation by Gang [20],

Arirg..rm — /[ f2(€)d§

TITQ..Tm

m 1
:Z H (112, 1) 1| / 4 ()26 + T[(1, 1) / fa(€)de,
j=1 0

7‘17“2 Tl—1
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20
it follows that
Quy .oty 79T 1
’Iu1 u ST2...TL 1’ — ’[ ’/ fg(&)d&
UL Uy —m ST2...T—1 UL Un—m8T2.-Th—1 | S Tug .y sro.ry_q
1 k—1 k—1
UL ... Un—mST2 T3l 15 Te—1 1=34i=[+1

k-1

| /I 0 06 + [ (11 ) /I fa(&)de]

UL e Uy - ST T] 1 U Uy gy ST

k-1 k— )
—Z I 4 (€)de
=3 i=l+1 u1 Up—mST2...T 1| Tuq gy sty
i=3 u1 Un—msT2| STy upy st
Similarly,
a . k—1 k—
V1oV —m 7).
I 5 y =2 H ) T |/ qr, (§)dE
V1o Vn—mlrh . T 1=3 i=I+1 V1 VUn—mtrh..ri—q ottty
* <H%> / fa()d.
=3 Ul “Un— mtr2| u1 Vp_mtry
Consequently,

Auy .Uy —m ST2..T—1 Ay oo —mtrhy.r—1 ‘

|Iu1,..un,msr2...rk_1 | Ivl...vn,mtré...m_l ’

k—1 k-1
qT‘z (£)d§ _ q'l‘l (é)dg
J, | |

_|§ | | '77“2 / 7 | 7 |
/
u1 Uy ST T UL...Un—mST2...T]—1 ”1'“”n7mt7“,2~1171 V1...Un—mtry...T 1

=3 i=l+1

f2(§)d€ _/ f2(§)d€
+ (Z»Elgfyri)[/[ulmun_msw ‘Iu1-..un7m87“2’ Ivl...vn,mtré |Iv1...’un7mt7‘/2|”
k-1 k—1 (3.8)
QTl (5) QT‘Z ($T3 ri— 1) d£|

S ;
_ ‘ uy...Un—mSr2...T1— 1‘

1=3i=l+1 Iulmun,msr?“rl 1

+|/ 0 (&) = 4nrsnis) oy H% ) 2| fellec

'u1 U — mt'r/2 ST | V1...Un— mtrQ Ti— 1|

k—1

- k—1
H 77’1 M1 ‘IT3 T 1| "+ Mo ( H7T1
3 1=3
where M is Lipschitz bound and M5 = 2|| f2||oc. Using (3.8) in (3.7),
Pro(8) = Py (rgry l)dﬂ

m m
1Qn(f1,2) = Qu(f1,2)] <D ( H ar,)
Iul'““nfnLSTQ-“Tk—l | UL.. Un—mST2...Tk— 1|

k=3 j=k+

+l [ Pel®) e rne ) g Hm ) 2llfilloe

| V1...Un— mtr2 Th— 1‘

'Ul'“vn—mt'rlg'”"'k—l
m m k-1 k-1 k—1

+ Z H ‘O‘TJD’ﬁTkHZ( H |7ri‘) M,y ’ITB'n"'l—l‘url + M, (Hh’nm
=3 i=l+1 i=3

k=3 j=k+1
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m m m m m
STCTT D Ms Lg%+ Ma ([l 1)+ S°C T e, D18
j=3

k=3 j=k+1 k=3 j=k+1
k—1 k-1 k—1

S°CTT ) M g 11+ Mo (T 1)

=3 i=l+1 =3

where M3 is Lipschitz bound, and My = 2|| fi||oc. From the above inequality it follows that

m 1 | Iy [ m
Q0 (f1.2) — Qu(f1, 7 \<M32 IT low, D S2——+ My (Tl 1)
k=3 j=k+1 H \Ir,\ "k j=3
j'=
mm k=1 k-1 H|Ir,|“l k—1
=3
+ 3 CIT lewDiBel -0 Y CTT i) S+ 32 (] [ 1))
k=3 j=k+1 1=3 i=l+1 T4, [ i=3
j/_
|a o
T HMIZH,” Hmﬁ&ﬁﬁZmuﬂw-
k=3j=k+1 T j=k+1
- 17 |7 My 7 |l
7'7, Ti
|,\ H|I’“'|u Z H 1, |[ M2 (Huﬁ'w)Hu K H|] |
mln I—3i=l+1 min i i
o
ﬂmHm|ZID%+H%+mZMmH\”'
i=1 k=3j=k+1 j=k+1
m k—1 k-1
<Hm[znm+nm,
i=1 1=3i=l+1
where M5 = M ax{ 2} and Mg = M ax{ My B 5 }. The above inequality gives

mm|A) (| min |>\)4=7 (| min

m m k—1
1Qn(f1,7) — Qu(f1,7)| < M5 |z — i"l’\(ZQm_k) + Mg Blz — 5:|“Z®m_k(ZFk_l). (3.9)

k=2 k=3 1=3
Since © < 1, (3.9) further reduces to

m m—3

19n(f1,2) = Qu(f1,2)] < My |z — 2P O_Q™ ) + M : _ﬂ@ o -z TF). (3.10)

k=2 k=1

Case (a). 2 £ 1 and I" # 1: The desired Holder exponents are found individually for each of the following
subcases:
LQ<landT <1:]|Q,(f1,7)— Qun(f1,7)| < £24]x — 2 + %\m—f\“ < My|z — z|%, where

M7 = max{f\f—a, %} and 9; = min(\, p). Thus, as n — oo, the above inequality together with

Lemma 3.2 gives f1 € Lipd with § = 6.
ILO>1and T > 1:

Ms (3
1—-0

100 (f1,2) — Qn(f1,7)| < Ms |z — 2> m Q™ + |z — Z[* m T, (3.11)

Suppose 71 > 0 such that |z — Z|* m Q™ < |z — Z|™. Then,

log Q2
NI W L Ly (3.12)
log |z — Z|
Further, |, . rm’ = |.%' o j| <l = |Imin|m = |ZC o 'i" = mlogl‘fmm| Z log|i z|*
Also, 2 < ‘A = log Q < log a — Alog |Iin|- Therefore, by (3.12), 71 < log a

log [ Imin| "
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Similarly, if 75 > 0 is such that |z — Z|* m I'"™ < |z — Z|™, then 75 < 982

logumin‘ :
Let 73 = min{ loéoﬁjm‘, g 1o} From (3.11), for any 6 < 73, |Qu(f1,2) = Qu(f1,2)| < Ms |z — 2|,
where Mg = max{Ms, Jy_ﬁg }. Now, the last inequality together with Lemma 3.2 gives f; € Lipd with
§ = 0.
OL Q> 1and T < 1:(Qu(f1,2) — Qulf1,7)] < M|z — 2| + q=giipyle — 2" < My |z — 2|,

where Mg = max{Ms, %} and 03 = min(7y, ). Thus, as n — oo, the last inequality together
with Lemma 3.2 gives f1 € Lipd with § = d3.

IV.Q < landT > 1:|Q,(f1,2) — Qu(f1,7)| < &5lz — z]* + ]{J_"‘@B\x — Z|™ < My |x — Z|%, where
Mo = max{2, %@5 } and 64 = min(\, 72). So, as n — oo, the above inequality together with Lemma
3.2 gives fi € Lipd with § = 4.

Case (b). 2 = 1 or I' = 1: The desired Holder exponents are found individually for each of the following
subcases:

LO=1landI'<lorQ2<land'=1:ForQ=1andI' =1,

M,
1Qu(f1,2) — Qu(f1, )| < (Mgl — 3+ 122 15— 2f#) - (m — 1)
o MgB, . loglz— 3
< (Ms|z — 7> — |
< (Mslz —2[" + s —g e — 2 >log!ImaX|
< My (logle — )|z — 2|,
where My, = %. As n — oo, the last inequality together with Lemma 3.2 gives w(f1,t) =
O(Jt]° log |t|) with § = §1. For Q@ = 1and T < 1, |Q,(f1,2) — Qn(f1,7)| < %\x—i\)‘log |z — Z|+
M, - - 7 5 M,
eiilt — @|" < M |z — 2" (1 + log|e — Z|), where Mis = max{1f—, q=giim}

Hence, as n — oo, the above inequality together with Lemma 3.2 gives w(f1,t) = O(|t|°(1 + log [t])) =
O(|t[° log |t|) with & = &;. The estimate for Q@ < 1 and T' = 1 follows using analogous arguments.
ILO>Tand T =1:|Qn(f1,2) — Qu(f1,2)] < Ms |z — 2|" + qegyicd—le — " log |z — 2| <

Myz|z — Z|%(1 4 log |z — Z|), where M3 = max{Ms, %}. Making n — oo, the above in-

equality together with Lemma 3.2 gives w(f1,t) = O(|t|° 1(1)5; |t]) with § = 3. .
L Q = land T > 1 :|Q,(f1,2) — Qn(f1, @) < m|x — :E|)‘log|a:—rf| + 1f(§|x — ™ <

Mgz — Z|°(1 + log |« — Z|), where M4 = max{%, %} So, as n — oo, the above inequality
together with Lemma 3.2 gives w(f1,t) = O(|t|° log |t|) with § = &,.
Theorem 3.1 now follows from the above cases with suitable ¢ as found in various subcases. O

The smoothness results for the class of CHFIFs when © = 1 are given by the following:

Theorem 3.2. Let fi(z) be the CHFIF defined by (3.2) with © = 1. Then, (a) for @ # 1 and I" # 1,
w(fi,t) = O(t|%loglt]) (b) for @ = 1 or T = 1, w(f1,t) = O(|t|°(log |t|)?), for suitable values of
9 € (0,1].

Proof. Since © =1, (3.9) gives,

m M. m—3
1Qn(f1,2) = Qu(f1, ®)| < M5 |z — 2 (0™ F) + 1Og|§ﬁ||ac — " log|r —2|(Y_T%). (3.13)
k=2 max k=1

The rest of proof is similar to that of Theorem 3.1 with the respective values of J as in different cases of
Theorem 3.1. O

Finally, the smoothness results for the class of CHFIFs for © > 1 are given by the following:

Theorem 3.3. Let fi(x) be the CHFIF defined by (3.2) with © > 1. Then, (a) for @ # 1 and T' # 1,
f1 € Lipd (b) for Q =1 orT =1, w(f1,t) = O(|t| log |t|), for suitable values of § € (0, 1].
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Proof. Inequality (3.9) for © > 1 gives

m m—3

1Qn(f1,2) = Qn(f1,7)] < Ms |z — 2P _Q™ ) + Mg plo — 2 - mO™ - () _T™). (3.14)

k=2 k=1
Let 74 > 0 be such that |z — z|# m ©™ < |z — Z|™. Then,

<u+ m log © < log
. .
1=H log |z — Z| ~ log | Imin|

Since 71 in Theorem 3.1 satisfies 71 < we can choose 74 = 77 so that (3.14) reduces to

log
1 g ‘Inunl ’

m m—3
1n(f1s2) — Qulf1, @) < My 2 =3NS Q") + Mg gl —a™ (ST @.15)
k=2 k=1

The rest of the proof is similar to that of Theorem 3.1, by considering (3.15) in place of (3.10). As in
Theorem 3.1, the value of ¢ in different cases are given by Case (a): . § = J5 = min(\, 1), II. § = Jg
where §g < =989 _ ; TII. § = §; where §7 < 98¢ ‘,IV d = ds = min(\, d), and Case (b): . § = d5,

log |1, g log [Imi
L6 = 67, 1L 6 = dg. 0

Remark 3.1. 1. It follows from Theorems 3.1-3.3, that the smoothness of the CHFIF depends on the free
variables o, vy; and the Lipschitz exponents \; and p; but independent of the constrained free variables [3;.
2. Let A\ = pand © < 1. Then, Q < 1. Theorem 3.1 now gives the following smoothness results depending
on the magnitude of I" for CHFIF fi(x). (A) For T' < 1, fi(x) € Lipp, since 61 = p in this case. (B)
ForF = 1 w(fi,t) = O(t|*log|t]), since 61 = w in this case. (C) For I' > 1, fi € Lipte, where
T < |I |,sznce 04 = min(A, 72) < 79 in this case.

3. Suppose A= pand © = 1. Then, Q) = 1. Theorem 3.2 in this case gives the smoothness result
as follows: (A) For T' < 1, w(f1,t) = O(|t|*(log [t|)?), since 61 = p in this case. (B) For T = 1,
w(f1,t) = O(t|*(og|t])?), since &1 = p in this case. (C) For T > 1, w(f1,t) = O(|t|* (log |t])?), where
d4 = min(A, 72) < 7o.

4 Let \ = pand © > 1. Then, © = max{‘a‘illzzéllﬁg""’N} > 1 which in turn implies lgl;()ﬁo‘ < e
min min
Since dg S log;o\izinl + (bgﬁir" —n) < bgﬁ and ™ < ﬁ, we may choose 6¢ < T9. Further,
71 < implies 71 < . With these inequalities, the smoothness results as derived from Theorem 3.3
10g| 1 | 4 2 q

in the case )\ = pand © = Q > 1 are as follows: (A) ForT' < 1, fi € Lipry D Lipu. (B) ForT' = 1,
w(f1,t) = O(|t[™ log |t]) which gives w(f1,t) = O(|t|*log|t]). (C) For I' > 1, f1 € Lipde 2 Lipto.

5.1f f1(x) = fa(x), then f1(x) is also self-affine and in such case, y; = z;, o;+5; = i, and p;(z) = q;(x).
Hence, \; = ji; = X\ = p = 01 = pand Q) = ©. For self-affine function fi(x) = fa(x), f1 belongs to the
intersection of the function spaces occurring for the same case((A), (B), or (C)) of Remarks 3-5 as above. We
note that the intersection of these function spaces is independent of ©. Since, the class of CHFIFs for © < 1
is contained in the class of CHFIFs for © = 1 and © > 1, the smoothness results in [20] for self-affine
function fo(x) follows as special case of our smoothness results derived in the above Remarks 2-4.

4 Fractal dimension of CHFIF

The following definitions are needed in the sequel: The conditions 2 = 1, I' = 1, or © = 1 are called
critical conditions. The CHFIF f;(x) with any one of these condition is called critical CHFIF. Let N'(A, €)
be the smallest number of closed balls of radius € > 0, needed to cover A. Then, the Fractal dimension of
A is defined by Dp(A) = lim bg/\{% whenever the limit exists. Our following theorems give bounds on
€—
the fractal dimension for the critical CHFIFs where the range or oscillation of f; is taken over an interval.
Theorem 4.1. Let fractal dimension of CHFIF f1(x), defined by (3.2) exists. Then, for the critical condition
=1,
log Z |ovg |

B log \Imaxl

log N

<D 0 10g [Tmax|
B(graph(f1)) < 0 log | Imax|’

.1

IJNS homepage:http://www.nonlinearscience.org.uk/



24 International Journal of Nonlinear Science,Vol.3(2007),No.1,pp. 15-26

and for the critical condition T’ = 1,

N
log > |kl log N
1— =L < Dy(graph(fi)) <1—6— 81 4.2)
log [Imax| — - log | Imax|’

where 6 takes suitable values as in the subcases in Theorems 3.1-3.3.

Proof. Let© < 1and Q = 1. Since w(f1,t) = O(|t|°* log |t|), (cf. Theorem 3.1), for allz # z*, x, 2* € I,
there exist constants C, Cy such that

Cilz — 2| < |fi(2) — fu(z")| < Cola — 2¥| log |z — . (4.3)

SuppOSe, G?‘177'27-.‘,7‘m = {<$7f1($)7f2(x>) ’ xr € Ir17r27m77~m}. Deﬁne, A’X = Sup{’x — j’ ‘ (w7y, Z),
(j7g7 2) 6 A}7 |A|Y — Sup{‘y - g| | (fL‘,y,Z), (.’i‘,g, 2) E A}’ fOr any A C R?) Since’ |Gr17r27'”7,’nm’X _
[ L7y ro,....rm |, (4.3) reduces to

C]-|I7'177'27~--77"m|51 < |GT1,7”2,~~~,7”m|Y < 02|I7“1,7“2,-~,7”m|61 log ’IT17T27'~~7Tm|‘ 4.4)

Choose m large such that | I |™ < %e, € > 0. Since, ., < Q = 1 implies |, | < \Irj|>‘ < ]IT].PI and

i wowm| = L] - [ Lrg] - - - I, |, it follows by (4.4) that
Culan | - ar| - [, | < |Gry oy v < ColIinax| ™" - m10g [ inax|- (4.5)

Taking summation over 71,73, ..., 7, from 1 to N in (4.5),

Z Cilar | lar,|. . |ar, |[[Imax| ™™ < Z |Gri oo ¥ [ Tmax| ™™

T1,725-s"'m T1,72,..,Tm

< Z 02’Imax‘m(61_1) : mlOg ‘Imax‘-

T1,725--,Tm

The above inequalities can be rewritten as
Ci | Ima| (1| + ... Jan )™ < N(graph(f1), €) < Co|Iax|™ ™Y - mlog | Imax| - N™.

The inequalities (4.1) follow from the last inequalities with § = ;. The proof of (4.2) for © < 1,I' = 1is
similar to the above case.

Let © = 1 and = 1. Since w(f1,t) = O(|t|°* (log [t])?) (cf. Theorem 3.2), for all x # x*, x,2* € I,
there exist constants C'3, Cy4 such that

Cslz — ¥ < |fi(2) — f1(z")] < Calz — 2*[* (log [& — 27])>. (4.6)
Now, using (4.6) in place of (4.3) the above arguments give that there are constants C3 and C, such that
Cs|Lmax] ™ (loa] + - . - Jan|)™ < N(graph(f1),€) < CalLmax|™ ™V - (mlog [Imax|)? - N™.

The proof of (4.1) for ©® = 1 and 2 = 1 follows from the above inequalities with § = 4.

The proof of (4.1)-(4.2) is analogous in other cases. O]
Theorem 4.2. Let fractal dimension of CHFIF f1(x), defined by (3.2) exists with © = 1. Then, for Q) # 1
orl' # 1,

N
log > [
1= < Dp(graph(f) < 1- 5 - DB
-V 7 S Ulgra ))sl—0—7—7—,
108 | Imas| o 108 | Fmax|
where 0 takes suitable values as in Theorem 3.2.
Proof. The proof is similar to the case © < 1 of Theorem 4.1. O
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Theorems 4.1-4.2 lead to the following bounds on fractal dimension of equally spaced critical CHFIFs.

Corollary 4.1. Let fractal dimension of CHFIF f1(x), defined by (3.2) exists. Then, for ©® =1 or Q = 1,

N
log > o]
1+—*=L <D h <26 4.7
gy = Dalgraph(f) < “.7)
Further, forT' =1,

N
log > |yl

1+ <p <2- 4.
g N B(graph(f1)) <2 -9, (4.8)

where 6 takes suitable values as in Theorems 3.1-3.3.

Corollary 4.2. Let the equidistant CHFIF fi(x) be defined by (3.2). Then, Dg(graph(fi1)) = 1 in the

following cases:
N N

1. © <1, either § = 61 = 1 or 6 = 63 = Ll and either ) |ag| < lor ) |y <1
k=1 k=1

N N
20<1L,0=01=1,with ) |ag| < landfor® =1, =02 =713 =1with > |ayg| < 1.
k=1 k=1
N N
30> 1, eitherd =05 =10rd =03 =1with >, |ag| < land § =04 = 1 with Y || < L
k=1 k=1

Remark 4.1. 1. In the critical case I' = 1, the fractal dimension bounds of CHFIF fi(x) found in (4.2)
coincide with the fractal dimension bounds of FIF fa(x) found in [20], if fi(x) is also self-affine.

2. In Corollary 4.2, critical CHFIF f,(z) is considered as fractal function, since fi(x) satisfies w(f1,x) =
O(|z|%log |z|). Consequently, fractal functions having Dg(graph(f1)) = 1 can be constructed by using
this corollary.

5 Conclusion

In the present paper, we prove that the smoothness of CHFIF f;(x) depends on free variables «; and ~;
as well as on the smoothness of p;(x) and ¢;(x). Although, z; and (3; are responsible for the shape of the
CHFIF, these are found not to affect its smoothness. In general, the deterministic construction of functions
f1 having order of modulus of continuity w(f1,t) = O(|t|*(log |t|)™) is possible through the CHFIF, where
m is a non-negative integer and 0 < & < 1. The fact that CHFIFs are different in shape although they are
in the same function spaces may enable considering them in more general function spaces such as Besov
and Triebel-Lizorkin spaces apart from Lipschitz spaces. These former spaces have additional indices that
‘fine-tune’ a function. Finally, the bounds of fractal dimension of CHFIFs are found in different critical
conditions.
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