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Abstract: In this paper, a new aftertreatment (AT) technique is proposed to deal with the truncated series
derived by the differential transformation method (DTM) to obtain approximate periodic solutions. The
proposed aftertreatment technique splits into two types, named as (Sine-AT technique, SAT) and (Cosine-AT
technique, CAT). The non-linear Duffing equation under two different initial conditions and Van der pol equa-
tion are chosen to illustrate the method of solution. The results obtained in this study reveal that the proposed
aftertreatment technique is very effective and convenient for non-linear oscillatory systems. In comparison
with the previous aftertreatment technique proposed by [18,19], the present technique can be used easily and
in a straightforward manner without any need to Padé approximants or Laplace transform.
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1 Introduction

Since the beginning of the 1980s, Adomian [1] has developed a so-called decomposition method. In 1986, Zhou [2] has
also presented a so-called differential transformation method. These two methods have been used extensively during the
last two decades to solve effectively and easily various linear and nonlinear ordinary and partial differential equations [3-
20]. The main advantage of these methods is that they can be applied directly to differential equations without requiring
linearization, discretization or perturbation. A well known fact is that, the Adomian decomposition method (ADM) and
the differential transformation method (DTM) give the solution in the form of a truncated series. Unfortunately, in the case
of oscillatory systems, the truncated series obtained by the two methods is periodic only in a very small region [18,20],
but in a wider range it is not so. To overcome this difficulty, an aftertreatment (AT) technique has been proposed in
[18,19] to obtain approximate periodic solutions in a wider range. Their technique is based on using Padé approximates,
Laplace transform and its inverse to deal with the truncated series. Although their AT technique was found to be effective
in many cases, it has some disadvantages, not only a huge amount of computational work is required to result accurate
approximations for the periodic solutions but also there is a difficulty of obtaining the inverse Laplace transform which
will greatly restrict the application area of their technique. In this research, we propose a new aftertreatment technique
to deal with the truncated series obtained from series solution methods. This new aftertreatment technique avoids the
use of Padé approximates and Laplace transform, it may be one of its advantages over the previous one. The rest of this
work is organized as follows: in the next section, a brief description of DTM is provided; in Sections 3 and 4, the method
developed in the present work, Cosine-AT and Sine-AT are discussed in detail; in Section 5, the proposed techniques are
implemented to the approximate periodic solution of the Duffing equation; in Section 6, the techniques is applied to Van
der Pol equation; in Section 7, some conclusions are given.
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2 One-dimensional differential transform

Differential transform of a function x(t) is defined as follows:

1 [dFz

where z(t) and X (k) are the original and transformed functions, respectively. Differential inverse transform of X (k) is
defined as

w(t) =Y X(k)t". 2)
k=0
So -
Ltk TdRa(t
x<t>=2k![ dﬂ - 3)
k=0 t=0

Eq. (3) implies that the concept of differential transform is derived from Taylor series expansion. In actual applications,
the function x(t) is expressed by a truncated series and Eq. (2) can be written as

N
On(t) = X(k)t*. 4
k=0
Some of the fundamental mathematical operations performed by differential transform method are listed in Table 1.

Table 1: The fundamental operations of one-dimensional DTM.

Original function xz(t) Transformed function X (k)
au(t) £ po(t) aU(k) £ pV (k)
o o e
u(t)o(t) Sl UDV(h=1)
weuwt) | S0t UBVmW (k —1—m)
u(t) Jy o(t)dt S Utk =" k> 1
tm 0(k—m)=1ifk=m,0if k#m
exp(t) i,
sin(At + w) i‘c—lf sin (2 + w)
cos(\t + w) i‘g—? cos (&7 +w)

3 Cosine-aftertreatment (CAT) technique

If the truncated series given by Eq. (4) is expressed in even-powers, only, of the independent variable ¢, i.e.,

N
N
On(t) = X(2k)*,  X(2k+1)=0,Yk=0,1,..., - — 1, where N is even, (5)
k=0

then the Cosine-aftertreatment technique (CAT-technique) is based on the assumption that this truncated series can be
expressed as another finite series in terms of the cosine trigonometric functions with different amplitudes and arguments:

Dy(t) = Z Ajcos(§2;t), where n is finite. (6)
j=1
By expanding both sides of Eq. (6) as power series of ¢ and equating the coefficients of like powers, we get
10 321 A = X(0),
2 Z?Zl /\jQ? = —-21X(2),
tt: Z?Zl /\jQ? =41X(4), 7
to: Z’;:l /\jQ? = —6!X(6),
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In practical applications, it is sufficient to express the truncated series @ y () in terms of two or three cosines with different
amplitudes and arguments. If we choose to express @ (t) as an approximate periodic solution in terms of two cosines
with two different amplitudes, A1, A5 and two different arguments, 21, 25, we can rewrite Eq. (6) at N = 6, n = 2, as:

2
= Z Ajcos(Q;t). (8)

In this case, the four unknowns A1, A2, €21 and 29 can be determined by solving the following system of non-linear
algebraic equations, analytically:

A1+ Ao = X(0),
AQF + X203 = —21X(2), ©)
MO+ X008 = 41X (4),

A1Q8 + X205 = —61X(6).

Moreover, If we choose to express @y (¢) as more accurate periodic solution in terms of three cosines, we can rewrite Eq.
(6)at N =10, n = 3, as:

Dy(t Z/\ cos(2;t). (10)

In this case, the six unknowns A1, Aa, Az, 1, Q9 and Qg can be determined by solving the following system of non-
linear algebraic equations, numerically:

A+ Ao+ A3 = X(O),

M2 4 A2+ A\02 = —21X(2),

A1QF + X203 + X303 = 41X (4), (11
)\19(1S + )\QQg + )\SQg = —6'X( )

)\1(2? + )\292 + /\gQg = S'X(S)

A 10 + X080 + A3Q1° = —101X(10).

4 Sine-aftertreatment (SAT) technique

If the truncated series given by Eq. (4) is obtained as a finite polynomial in odd-powers of the independent variable ¢, i.e.,

N

N-1
ZX (2k + D)2 X (2k) =0, Vk=0,1,..., —5— Where N is odd, (12)
k=0

then the Sine-aftertreatment technique (SAT-technique) is based on the assumption that this truncated series can be ex-
pressed as an approximate periodic solution, in terms of the sine trigonometric functions with different amplitudes and
arguments:

O (t) = pj sin(¥;t), where n s finite. (13)
j=1
By expanding the both sides of Eq. (13) as power series of ¢ and equating the coefficients of like powers, we get
£ Zg 1 MJ\II?) —-31X(3),

1 X0,y = 5UX(5), (14)
A MJ\I:? —71X(7),

In order to express ®n(t) as an approximate periodic solution using two sines with two different amplitudes and two
different arguments, we rewrite Eq. (13) at n = 2, as:

2
= psin(W;t), (15)
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where the four unknowns w1, s, W1 and ¥, can be determined by solving the following system of non-linear algebraic
equations:

1+ ey = X (1),

pa V3 + 102 = —31X(3),

16
103 + 13 = 51X (5), (16)
¥+ pa g = —TIX(7),
while expressing ® v (¢) in terms of three sines, yields
3
O11(t) =Y py sin(Tt). (17)
j=1

In this case, the six unknowns p1, pe, ps, ¥, WUo and W3 can be determined by solving the following system of
non-linear algebraic equations, numerically:

i+ paWo + psls = X (1),

U3 4 W3 + Ui = —31X(3),
VY + p2 03 + ps W3 = 5LX(5),

VT + 05 + Wl = —71X(7),
V] + p2 03 + pa 0§ = 91X(9),
U+ WA 4 s Uil = 111X (11).

(18)

It should be noted that, if the truncated series obtained through differential transformation method is expressed in mixed-
powers of ¢, odd and even, then we use both of SAT and CAT techniques to deal with such truncated series. This point is
indicated by an example of Van der Pol equation, in Section 6.

5 One-dimensional differential transform

In this section we discuss the application of the proposed CAT and SAT techniques to the periodic solutions of the Duffing
equation:

d2

£+x+ex3:07 (19)
under two different cases of initial conditions, as explained in the next subsections. As explained in the previous sections,
the use of the proposed CAT and SAT techniques is based on obtaining the series solution of Eq. (19), under prescribed

initial conditions, as a finite polynomial in even-powers of ¢ or in odd-powers of ¢, respectively.

5.1 Casel

Now, consider Eq. (19) under the following initial conditions
z(0) = a, £(0) = 0. (20)

The exact solution of Egs. (19) and (20) has been resulted by Feng [21] as:

ea2

r=acn(wt k?), w?=1+e? k= m. 20

The validity and effectiveness of the proposed CAT is then checked by comparing the approximate periodic solution with
the exact one at chosen values of @ and e.

5.1.1 Approximate periodic solution via CAT technique

In [22], the differential transformation method has been applied to Eq. (19) as

k k—s
(k+1)(k+2)X(k+2)+ X(k) +€>_ Y X(s)X(m)X(k—s—m)=0, (22)

s=0 m=0
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with the transformed initial conditions
X(0)=a, X(1)=0. (23)

The truncated series ®g(t) is given by [22]:

s(t) = a—a(l+ca®)ly +a(l+ ca?)(1 + 3ea®)

24
—a(1+ ea®)(1 + 24ea? + 2762a4)t6—61. @)
From the last equation, we can write
X(0) =a, (25)
—a(1 + ea?)
X@)=——5— (26)
1 a¢! 2
X(4):a( —|—ea31$ —|—3ea)’ 27
—a(l 2)(1 + 24ea® + 27€%a*
X(6) = a(l+ea?)( —E' ea” + ea)7 (28)
Now, we can express ¢ () as an approximate periodic solution in the form
2
Dg(t) = Y Ajcos(Qt). (29)
j=1

By inserting X (0), X (2), X(4), X(6) presented above into system (10), we have a system of four non-linear algebraic
equations. Using MATHEMATICA to solve this system analytically for A;, Az, €1 and 5, we obtain

a(4+5ea’®+4/(2+3€a?) (8+9€a?)) 0 = 2 _ 2 + 2
M 24/(2+3¢a?) (849¢a?) ' e \/5 6ea? — /(2 + 3ea®)(8 + 9ea?),

a(—4—5ea? +3ea ca
Ny = (zd-5ea” +/(243¢a?) (849 2)), Qo = :I:\/5 + 6ea? + /(2 + 3€a?) (8 + 9ea?). (30)

2y/(2+3¢a?)(8+9¢ea?)

Therefore, we can write the approximate periodic solution for the Egs. (19-20), as follows

o a(4+56a2+\/ (243€ea?)(8+9¢a?))
xapprox(t) B |: 2\/(2+3ea2)(8+96a2) :| x
X COS <\/5 + 6€a? — /(2 + 3ea?)(8 + 9ea?) t>

Eon2 < 2 €a?
N |:a(4oea +1/(213¢a?) (819 ))} "

2\/(2+36a2 )(8+9¢a?)

3D

X COS <\/5 + 6€a? + /(2 + 3ea?)(8 + 9ea?) t> .

In order to check the effectiveness of the Cosine-AT in finding accurate periodic solution for Eqgs. (19-20), we compare
our approximate periodic solution (31) with the exact one (21) at a = 0.1, € = 0.1. Substituting @ = 0.1, ¢ = 0.1 into
Eq. (31), we obtain the approximate periodic solution as:

Zapprox(t) = 0.0999969 cos(1.00037 t) + 3.12003 x 10~° cos(3.00187 ¢). (32)

Fig. 1 shows the curves of the exact and approximate periodic solutions at a = 0.1, e = 0.1. As shown in this figure, the
CAT approximate periodic solution is identical to the exact solution.

5.2 Case?2

In this case we hope firstly to obtain the exact solution of the Duffing equation subject to present initial conditions,
x(0) =0, £(0) = 8, (33)

in terms of Jacobi-elliptic function sn. As analyzed in case 1, obtaining such exact solution is very useful to check the
validity and effectiveness of SAT proposed in this work.
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O =
i

Figure 1: Comparison of the approximate periodic solution, Eq. (32), using CAT technique and the exact solution for the
Duffing equation at e=0.1 and a=0.1.

5.2.1 Exact solution

Assume an exact solution of Eq. (19) in the form of the Jacobi elliptic function sn:
x = psn(ot,m?), (34)

where o is the frequency of vibrations, p is the amplitude of vibrations and m? is the modulus of the elliptic Jacobi
function sn. Firstly, we note that the initial condition z(0) = 0, is already satisfied by the above assumption. Applying
the second initial condition #(0) = 0, yields o = (. Substituting (34) along with the result o = § into (19) and
equating coefficients by the same order of function sn, we obtain the values of o and m? as:

—1++/1+2¢0? 1 1—/1+2¢ep?
p? = +—+Eﬂ’ 02 =-(1+/14262), m?= —JFGB (35)
€ 2 14 /1 + 2¢/32

5.2.2 Approximate periodic solution via SAT technique

On applying the same recurrence relation given by Eq. (22) with the transformed initial conditions

X(0)=0, X(1)=p3, (36)
we obtain 5
X@3) = BETE 37
X(5) = 6(1_57'6662)’ (38)
_ 2
X(7)= P~ 66¢57) 7?66ﬁ ), (39)
_ 4
X(9) = B(1 6126592' + 756623 ), 40)
X(11) = _6(1 - 55326,8121?— 3315662ﬁ4). @1
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Now the truncated series solutions ®7(t) and @14 (¢) are given by

3 _ 2\45 _ 2\ 47
B(t) = Bt — % L Ba ;eﬁ )t B (;(!Seﬂ i )

and

24,5 24,7 2 | pra 254Y,9
(Ijll(t) _ 6t . [33715'3 + B(lfﬁfﬁ )t° B(1-66¢87)t + B(1—612¢3°4+756¢€~3")t

. 51 7! 9!
 B(1-5532¢82+33156¢23%)¢!1 (43)
i1 :
If we expand the exact solution up to ¢ and ¢!! we obtain the same truncated series solutions (42) and (43), respectively.

By using the proposed SAT, we suppose that the approximate periodic solution ®7(t) is expressed as
Zapprox(t) = p1sin(Uqt) + pesin(Wat). (44)

In order to find the values of p1, p2, ¥ and Uy, we need only to insert X (1), X (3), X(5) and X (7) into system (16) to
obtain a system of four non-linear algebraic equations, given by:

10y + puaWo = G,

p Vs + p V3 = B,

18 + oWl = B(1 — 6€5?),
T + pe Wi = B(1 — 66¢3%).

(45)

In fact, we can solve the above system analytically, however, for simplicity we solve it numerically by using the NSolve
command in MATHEMATICA, at 5 = 1, ¢ = 0.3. By this, we obtain the following approximate periodic solution:

Zapprox () = 0.928746 sin(1.10982 t) — 0.010383 sin(2.96113 ), (46)

which is the same approximate periodic solution given in [20, Eq. (3.23)] which obtained by using Laplace transform
and Padé approximate [4/4]. In Fig. 2, the approximate (46) and exact solutions are plotted. It can be concluded that the
SAT solution is very close to the exact solution. In order to examine the assumption that expressing the truncated series in
more sines with different amplitudes and arguments leads to more accurate numerical periodic solution, we use Eq. (17)
with the following system at the same values § = 1, ¢ = 0.3:

Wy + poVWo + uzWs = j,
1103 + po W3 + a0 = B,
0] + po Wl 4 p0f = B(1 — 66¢52),

1103 + W8 4 a5 = B(1 — 6126”4 756¢° 54),

W WAL WL = B(1 — 5532¢82 + 33156¢244),

to obtain the approximate periodic solution:

Tapprox(t) = 0.933608 sin(1.09232 ¢) — 0.006132 sin(3.39027 t)

+0.000210 sin(4.72365 ). “8)

This approximate periodic solution is plotted in Fig. 3 with the exact one. As showed in this figure, the result is excellent
in more wider range than [20, Fig. 4], without any need to Padé approximates or Laplace transform.

6 Application to Van der Pol equation

Consider the following Van der Pol equation [20]

d*z o .
ﬁ—l—x:e(l—x )i, (49)
under the initial conditions
z(0) =0, £(0) = 2. (50)
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A
A

Figure 2: Comparison of the approximate periodic solution, Eq. (32), using CAT technique and the exact solution for the

Duffing equation at e=0.1 and a=0.1.

X(t)

| [\ y /\

i

Figure 3: Comparison of the approximate periodic solution, Eq. (48), using SAT technique and the exact solution for the

Duffing equation at €=0.3 and S=1.
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By using differential transformation method, the following series solution is obtained by [20] as:
VA A 1 5t1 9116
O;(t)=2t— =+ = — = 22— . 1
"(®) (t 3115l 7!>+6< 6+360> e

In this example, the truncated series solution is expressed in mixed-powers of ¢, so, we have to use both of SAT and CAT
techniques. Firstly, from this truncated series solution, we can get

o€ 9le
X(0)=0, X(2)=¢ X(4) =——, X(6) = 52
(0)=0, X(2) =& X(4) = =, X(6) = o= (52
X(1)=2 X(3) = —2, X(5) = 2, X(7) = —= (53)
-7 -3 5 G
Now, suppose an approximate periodic solution in the form
x = A1cos(Q1t) + Aacos(Qat) 4+ prsin(Wqt) + posin(Wat). (54)

By inserting X (0), X(2), X (4) and X (6) into system (10), and inserting X (1), X (3), X (5) and X (7) into system (18)
and solving the resulting systems analytically for the values of \;, €2;, u;, ¥;, 7 = 1,2, we obtain

€

/\121,)\2:—2,91:1,92:—3,u1:0,u2:2,\112:1. (55)

Hence, we have the following approximate periodic solution for the Van der Pol equation:
Tapprox (£) = 2sin(t) + 7 [cos(t) — cos(31)]. (56)

Now, it should be noted that the approximate periodic solution given by Eq. (56), which obtained by using our proposed
SAT and CAT techniques, is the same one obtained in [20, Eq. (3.8)] by using Padé approximates and Laplace transform.
In [20, Eq. (3.8)], the approximate periodic solution is obtained as:

x = 2sin(t) + € cos(t) sin?(t), (57)

which can be written as: )
x = 2sin(t) + 7€ sin(t) sin(2t). (58)

On using the trigonometric identity: sinf sing = [cos(f — ¢) — cos(f + ¢)] into Eq. (58), we obtain our result given by
Eq. (56).

Remark 1 Iz should be noted that the present technique works also well on applying on the other types of nonlinear
oscillator equations including the pendulum one, 6 + $sinf = 0, where Chang and Chang [17] applied the DTM on the
nonlinear term sinf.

7 Conclusion

In this research, we have proposed a new aftertreatment technique to deal with the truncated series obtained via differential
transformation method. The proposed Sine-AT and Cosine-AT has been applied successfully to the Duffing equation with
two different initial conditions and Van der Pol equation. The approximate periodic solutions obtained in this paper are
found to be in excellent agreement with the exact solutions. Furthermore, the results obtained in this research are found
to be in good agreement with those obtained previously by the classical AT-technique [18, 19], without any need to Padé
approximates or Laplace transform.
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