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Abstract: This paper studies the global existence of the modified Camassa-Holm equation. We
firstly find a conservation law. Then a new global existence result is obtained.
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1 Introduction

In this paper, we consider the modified Camassa-Holm shallow water equation [3] derived as the Euler-
poincare differential equation on the Bott-virasoro group with respect to the H* metric. That is the equation

my + umg + 2ugm = 0, with m = A%y = (1-— Bi)ku (D

where k is a positive integer, u(t, x) describes the horizontal velocity of the fluid.

For k£ = 0, Eq. (1) becomes the Korteweg-de Vries (KdV) equation (see [19, 21])which describes the
unidirectional propagation of waves at free surface of shallow water under the influence of the gravity. The
solitary waves of the KdV equation are smooth solitions. For k = 1 it is the well-known Camassa-Holm
equation

Ut — Uggt + 3UUy = 2UzUgy + Uz,

which is modeling the unidirectional propagation of shallow water waves over a flat bottom. Here u(t, )
stands for the fluid velocity at time ¢ in the spatial = direction [20-21]. The Camassa-Holm equation has a
bi-Hamiltonian structure [10, 14] and is completely integrable [15-16]. Moreover, it has many conservation
laws (see [7]):

E, = / udz, Ey = / (u? + u?)dz, B3 = / (u® + uu?)dz.
R R R

Moreover, it has an infinite number of solitary wave solutions [8, 22].u(t,z) = ce” 1=l ¢ € R called
peakons due to the discontinuity of their first derivatives at the wave peak.

The Cauchy problem for the Camassa-Holm equation has been studied extensively [2, 4-6, 9, 12-13, 17-
18, 23-24]. It has been shown that this equation is local well-posed for initial data ug € H*(R), s > %
Furthermore, the global existence and blow-up for this equation also have been well studied [5-6, 11-12,
17-18, 24]. Here blow-up means that the slope of the solution becomes unbounded while the solution
itself stays bounded. Particularly, A. Constantin and J. Escher studied the global and blow-up for Camassa-
Holm equation; the well-posedness, global existence and blow-up phenomena for a periodic quasi-linear
hyperbolic equation; the blow-up rate and blow-up of breaking waves for the Camassa-Holm equation.

In recent years, many researches have been researched on Camassa-Holm equation. In [3], Robert
McLachlan and Xingyou Zhang studied the well-posedness and dynamics of a modified Camassa-Holm
equation on the unit circles and got the result that it had some significant differences from that of Camassa-
Holm equation. Applying variational derivative approach, R. Naz, I. Naeem and S. Abelman in [7] derived
the conservation laws for the Camassa-Holm equation. They only considered the first order multipliers.
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Moreover, two multipliers were obtained for the Camassa-Holm equation. The integrable two-component
Camassa-Holm shallow water system was discussed in [12]. G.M. Coclite, H. Holden and K.H. Karlsen con-
sidered the well-posedness of higher-order Camassa-Holm equations, which extended the Camassa-Holm
equation to the higher-order form. They established the existence of global weak solutions and presented
some invariant spaces under the action of the equation. Moreover, a "weak equals strong” uniqueness result
was proved (see [4]).

On the bases of the above studies, this paper studies the modified Camassa-Holm equation. The structure
of this paper is organized as follows: In section 2, some preliminary knowledges are given. In Section 3, we
get a conservation law and a global existence result.

2  Preliminaries

In the following discussion, we consider the case of £ = 2. Now we will give the main lemmas.
The Cauchy problem of Eq. (1) is

me + 2uzm+um, =0, t>0, x € R, ?)
m(0,2) = (1 — 82 + 0)up(z) = Aup(x), =z € R.
Eq. (2) also can be rewritten as the following convolution form
Up = —UUy — 8wA—4(u2 + 2u§ — *um Suglipes), t>0, z€ R, 3)
u(0,z) = up(x), x € R.

Lemma 1 (see [1, 3]) Letk = 2, and ug € L*(R) N H*(R), s > I.. Then there exista T > 0 depending
on Hu0||HS(R), and a unique solution u = u(t, x) satisfying Eq. (2) (or Eq. (3)) such that

u e C(0,T); H*(R))NCH([0,T); H*"(R))
Moreover, the map ug € H*(R)NLY(R) — v € C([0,T); H*(R))NCY([0,T); H*"Y(R)) is continuous.
Lemma 2 Given ug € L'(R) N H*(R), s > %., and let T be the maximal existence time of the solution
u = u(t,x) to Eq. (2) (or Eq. (3)) with the initial uo . Then the corresponding solution blows up in finite
time if and only if
lim inf {inf u,(t,z)} = —oc.

t—T x€ER

Proof. Multiplying the first equation in (2) by m and integrating by parts, we have

d/ m?(t, z)dx = 2/ mmydx = 2/ m(—umg — 2uym)dr = —3/ m2ugda.
dt Jp R R R

Differentiating the first equation in (2) with respect to =, multiplying the obtained equation by m,,, and
integrating by parts, we obtain

d/ m2(t, x)dx = 2/ My Mg dx
dt Jp
:—6/ m uxda:—2/ UMMy dr — 4 /mmmumdx
= —5/ m uxdx— /mmxumd;v
= —5/ mxuzdx—l—Q/ MU pppde
R R

Thus % fR (m? +m2)dx = -3 fR m2uydr — 5 fR m2ugdr + 2 fR m2uyppde. From [lemma 5.1, 3], we
know there exists a constant K , such that ||uzzz ||, < K. . Here we assume that there exists M > 0, such
that u,(t,z) > —M, V(t,x) € [0,T) x R . From the above, we get

d

i /. (m? +m?2)dx < (5M + 2K)/ (m? + m2)dz.

R
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By means of Gronwall’s inequality, we have
2 2 2
Ju(t )z < [lm(E)l72 < lm(0,) |72 exp((5M + 2K)1).

The above inequality, Sobolev’s imbedding theorem and Lemma 2 ensure that the solution u does not blow-
up in finite time. So the above assumption is wrong. Hence we get the result of this lemma. This completes
the proof of this lemma.

Introduce the following differential equation

gt = u(t7Q)7 te [07T)) T e R7
q(0,z) =z, =x € R.

Applying classical results in the theory of ordinary differential equation, one can obtain a result on ¢ which
is crucial in studying global existence.

Lemma 3 (see [12,13]) Letu € C([0,T); H*)NCY([0,T); H*™'), s > L. Then Eq. (4) has a unique
solution ¢ € C*([0,T) x R; R). Moreover, the map q(t, -) is an increasing diffeomorphism of R with

“)

q:(t,x) = exp(/0 uz(s,q(s,x)) >0, Y(t,x) € [0,T) x R.

3 Global existence

In this section we derive a conservation law and an a priori estimate for the solution to Eq. (2). Using this
conservation law and a priori estimate, we then establish a new global existence result.

Theorem 4 Let ug € L'(R) N H*(R), s > L., and let T be the maximal existence time of the solution
u = u(t,x) to Eq. (2) (or Eq. (3)) with the initial ug . Then the corresponding solution v = u(t, x) exists
globally in time.

Proof. In order to prove this theorem, we only need the following two lemmas.

Lemma 5 Let ug € L'(R) N H*(R), s > %., and let T be the maximal existence time of the solution

u = u(t,x) to Eq. (2) (or Eq. (3)) with the initial ug . Then we have
E(t) = / (u? + 2u2 +u2,))dr = / (ud + 2u(2),m + ug’m)d:p, vVt €[0,T). 5)
R R

Moreover, we have
[t Moo (ry < lluollFragmy V€ [0,T). (6)
proof. Applying Eq. (2) and integrating by parts, we can get
dE(t)

= / (2uug + dugtigr + 2Upy gyt )de
dt -

= / (2uuy — dutiyry + 2Ulgpgqt)d
2“ ut - 2ua:xt + uaca:a:wt)dw

2u(1 — 82 urdx = / 2umidx
R

I
S 5555

2u(—umy — 2uzm)dr = 0.
This implies E(t) = E(0) for all ¢ € [0, 7). Using this conservation law, we obtain
1
W21, < / (u? +12)da
2Jr

1
/R (u? + 2 + g, )do = 5 /R (uf + 2uf 4 + UG ) dw

IN
N = N =

2 2
2 [Juollzr2 = lluollp= -
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hence, we get
ot 3oy < NolBagry ¥t € 0,7).

This completes the proof of this lemma.

Lemma 6 Let ug € L'(R) N H*(R), s > %., and let T be the maximal existence time of the solution

u = u(t,x) to Eq. (2) (or Eq. (3)) with the initial ug . Then we have

. V2 2 5
};@;gg{ux(t,w)} > —7(1 + [|uol| 72) exp(18¢q |luo || g2 T)-

Proof. By Lemma 3, we know that ¢(¢, -) is an increasing diffeomorphism of R with

qz(t,x) = exp(/0 ug(s,q(s,x)) >0, V(t,xz) € [0,T) x R.

Then we have

inf uy(t,q(t,x)) = inf u,(t,x), Vte[0,T). (7)
TER TrER
Set M (t,x) = uy(t,q(t,x)). By Eq. (4), we have
oM
W = (ut:): + uuzx)(tv Q(ta 55))

Differentiating the first equation in (3) with respect to =, we have

5}
Upg + ui + Uty + 8§A74(u2 + 2%25 — *Uix — BUgUpgy) = 0.

Then 5
My = —u2 — O2A 4 (u? + 2u2 — Su, — Sugses)

Tx

_ 5
= —u2 - 21— )2 (u® 4 2u2 — Sud, — Bugtpes)

)
= —u2 - Pprpx(u+ 202 - iui — BlgUzzy),

where p = %e‘\ﬂ . From [4], we know p(z) > 0, [[p(z)[[y11(g), [[P(@)lly1.00(r) < <o, co is a positive
constant. Let f(t,z) = —0%p* p* (u® + 2u2 — 3u2, — Suztyza,). Using the relation 02p « f = px f — f,
we get

5 5
flt,x) =px (u2 + 2u326 — fuix — BUplUgzy) — P * D * (u2 + QUES — fufm — DUy lUyyy)-

We first consider

5
P * (u2 + 2u§ — *Uix — DUgUpys)

= / p(a: - y)(u2 + 2“’326 - *UQ - 5uxuxxac)(ta y)dy
R

1
— [ pla )+ 2 = 2 )dy — [ 9o )Gk~ Susuase)dy
R R

<llp(x =yl -2 |U2 + 2“:2c + “anx‘Ll + 5/Rp($ — y)d(ugtzz)
< 2¢0 - 2 ||uoll 32 + 5 10|l oo [U2 + uly| 1

5
< deg |luol| 32 + 520 lluoll72 = 9o [luol| 72 -

Then we also can get p * p * (u? + 2u2 — 3u2, — Suytizes) < 9¢g |[uo| 32 - Then

|f(t, )| < 18co [luoll72,  V(t,x) €[0,T) x R. ®)
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Thus
Mt:—ui—l—f(t,x):—M2+f(t,:c), (t,z) €10,T) x R. )

Consider the following function
w(t,r) =1+ M?(t,x), (t,z)€[0,T)x R. (10)
By Sobolev imbedding theorem, we have
0 <w(0,z) =1+ M*0,2) =1+u2(0,¢(0,2)) =1 +u ,(x) <1+ |juo|/F - (11)
Differentiating (10) with respect to ¢ and using (8) and (9), we obtain

aalt” = QM M; = 2M (—M?* + f(t,x)) < (1 4+ M?)|f(t,2)| < w(t,z)18¢o |luo||72 - (12)

By Gronwall’s inequality and using (11) and (12), we get
w(t,x) < w(0,z) exp(18co |luo |72 ) < (1 + [luollzy) exp(18co [|uolz2 T),

for all (t,z) € [0,T) x R. On the other hand
1
w(t,z) > 5 + M>(t,x) > V2|M(t,z)|, V(t,x)€[0,T)x R.

Thus M (t,z) > —%w(t,x) > —%(1 + Hu0||?{2)exp(18co Hu0||§{2 T), for all (¢t,x) € [0,7) x R. Then

by (7) and the above inequalities, we have

inf ua(t,a(t, ) = inf wa(t,2) 2 ——=(1+ [[uollfz) exp(18co [luo 3z 7).

e

Sl

This completes the proof of this lemma.
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