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Abstract:In this paper, a polynomial expansion method with a computerized symbolic com-
putation is used for constructing new periodic wave solutions for nonlinear Equal width wave
equation arising in mathematical physics. As a result, many exact traveling wave solutions are
successfully obtained.The method can also be applied to other nonlinear evolution equations.
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1 Introduction

Looking for exact solutions to nonlinear partial differential equations (NLPDEs) has long been a major
concern for both mathematicians and physicists. These solutions may well describe various phenomena in
many fields, such as hydrodynamic, plasma physics, nonlinear optic, chemistry, biology, etc. Many powerful
methods for obtaining exact solutions of NLPDEs have been presented, such as extended mapping method
[1], tanh-function method [2], improved projective Riccati method[3], Exp-function method [4], algebraic
method [5], Hirota method [6], F-expansion method [7], and so on.

In the present paper, we consider the exact solutions of Equal width wave equation. Equal width wave
equation represents the motion of nonlinear dispersive waves which are often encountered in a number of
important physical phenomena such as shallow water, ion acoustic plasmas. In 2005, Abdulkadir Dogan [8]
solved Equal width wave equation using the Galerkin approach with linear finite elements ,and obtain the
numerical solution. In the paper [9], Zhao and Rui obtain the periodic solutions of Jacobin elliptic-function
type, many kinds of soliton solutions and triangular function solutions. Now following in the present paper,
we use a polynomial expansion method with a computerized symbolic computation for solving new periodic
wave solutions for nonlinear Equal width wave equation arising in mathematical physics, and obtain many
exact traveling wave solutions.

2 A simple description of polynomial expansion method

For a given nonlinear evolution equations with independent variables 𝑥 and 𝑡

𝐻(𝑢, 𝑢𝑥, 𝑢𝑡, 𝑢𝑥𝑥, ⋅ ⋅ ⋅ ) = 0, (1)

make the traveling wave transformation

𝑢(𝑥, 𝑡) = 𝑢(𝜉), 𝜉 = 𝑘(𝑥− 𝜆𝑡), (2)
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where 𝑘 and 𝜆 are constants to be determined later, and assume 𝑘 > 0. Substituting (2) into (1) yields a
ordinary differential equation:

ℎ(𝑢, 𝑢′, 𝑢′′, ⋅ ⋅ ⋅ ) = 0 (3)

where ′ denotes 𝑑
𝑑𝜉 . Seek the traveling wave solutions of Eq. (3) expressed in the form

𝑢(𝑥, 𝑡) = 𝑢(𝜉) = 𝑎0 +
𝑛∑

𝑗=1

[𝑎𝑗𝑌
𝑗(𝜉) + 𝑏𝑗𝑌

−𝑗(𝜉)] (4)

where Y satisfy a Riccati equation
𝑑𝑌

𝑑𝜉
= 𝐴+𝐵𝑌 + 𝐶𝑌 2 (5)

𝐴,𝐵,𝐶 are all parameters, 𝑎0, 𝑎𝑗 , 𝑏𝑗(𝑗 = 1, 2, ..., 𝑛) are constants to be determined later. The Riccati
equation (5) has the following general solutions:
Case I 𝐶 = 0, 𝐴 ∕= 0, 𝐵 ∕= 0:

𝑌 = exp(𝐵𝜉)− 𝐴

𝐵
. (6)

Case II 𝐶 = 1, 𝐴 ∕= 0, 𝐵 = 0:

𝑌 =

{ √
𝐴 tan(

√
𝐴𝜉)

−√
𝐴 cot(

√
𝐴𝜉)

, 𝐴 > 0 or 𝑌 =

{ −√−𝐴 tanh(
√−𝐴𝜉)

−√−𝐴 coth(
√−𝐴𝜉)

, 𝐴 < 0. (7)

Case III 𝐶 = 1, 𝐴 = 0, 𝐵 ∕= 0:

𝑌 =
𝐵

𝑐0 exp (−𝐵𝜉)− 1
, (8)

where 𝑐0 is an integration constant.
Case IV 𝐶 = 0, 𝐴 ∕= 0, 𝐵 ∕= 0:

𝑌 =
𝑌1 − 𝑌2𝐶1 exp [(𝑌1 − 𝑌2) 𝜉]

1− 𝐶1 exp [(𝑌1 − 𝑌2) 𝜉]
, (9)

where 𝑐1 is an integration constant , 𝑌1,𝑌2 satisfy: 𝐴+𝐵𝑌 + 𝑌 2 = 0. That is to say , 𝑌1,2 = −1±√
𝐵2−4𝐴
2 ,

𝐵2 − 4𝐴 > 0.
Step (1): Determine the integer n by balancing the highest order nonlinear term and the highest order deriva-
tive in Eq. (3).
Step (2): Substitute Eq. (4) with the aid of Eq. (5) into Eq. (3) and collect coefficients 𝑌 𝑗(𝜉)(𝑗 = 0, 1, ..., 𝑛),
then set each coefficients to zero to derive a set of over-determined algebraic equations for 𝑎0, 𝐴,𝐵,𝐶, 𝑎𝑗 , 𝑏𝑗
(𝑗 = 1, ..., 𝑛).
Step (3): Solve the system of over-determined algebraic equations obtained in Step 2 using the mathemat-
ica,we can obtain many exact solutions of Eq. (1) according to Eq.(4), (6), (7), (8) and (9).

3 Exact traveling solutions of Equal width wave equation

Considering the Equal width wave equation

𝑢𝑡 + 𝑢𝑢𝑥 + 𝛼𝑢𝑥𝑥𝑡 = 0 (10)

Substituting (2) into Eq. (10), integrating it once and setting the integrating constant to be equal to zero, we
have

−𝜆𝑢+
1

2
𝑢2 − 𝛼𝜆𝑘2𝑢

′′
= 0. (11)

By balancing the highest order nonlinear term 𝑢2 and the highest order derivative term 𝑢
′′

in Eq. (11),
we obtain 𝑛 = 2. So we suppose that the solution of Eq. (11) can be expressed by

𝑢 (𝜉) = 𝑎0 + 𝑎1𝑌 + 𝑎2𝑌
2 + 𝑏1𝑌

−1 + 𝑏2𝑌
−2. (12)
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Substitute (12) with the aid of Eq. (5) into Eq. (11) and collect coefficients 𝑌 𝑗 (𝜉) (𝑗 = 0, 1, ..., 𝑛), then
set each coefficients to zero to derive a set of over-determined algebraic equations for 𝑎0, 𝐴,𝐵,𝐶, 𝑎𝑗 , 𝑏𝑗(𝑗 =
1, ..., 𝑛). Solving the system of over-determined algebraic equations using mathematica, we can obtain many
exact solutions of Equal width wave equation.
Case I 𝐶 = 0, 𝐴 ∕= 0, 𝐵 ∕= 0:

𝑎0 = 2𝜆, 𝑎1 = 𝑎2 = 0, 𝑏1 =
12𝜆

𝐴𝐵
, 𝑏2 =

12𝜆

𝐵2
, 𝑘 =

√
1

𝐵2𝛼
, (𝛼 > 0)

𝑎0 = 0, 𝑎1 = 𝑎2 = 0, 𝑏1 = −12𝜆

𝐴𝐵
, 𝑏2 = −12𝜆

𝐵2
, 𝑘 =

√
− 1

𝐵2𝛼
, (𝛼 < 0)

where 𝜆 is left as a free parameter.
Subsisting these values into Eq. (12) and Eq. (6), we obtain exact traveling solution of Eq. (1):

𝑢1(𝑥,𝑡) = 2𝜆 +
12𝜆

𝐴𝐵
[exp

𝐵√
𝐵2𝛼

(𝑥− 𝜆𝑡)− 𝐴

𝐵
]−1 +

12𝜆

𝐵2
[exp

𝐵√
𝐵2𝛼

(𝑥− 𝜆𝑡)− 𝐴

𝐵
]−2, (𝛼 > 0)

𝑢2(𝑥,𝑡) = − 12𝜆

𝐴𝐵
[exp

𝐵√−𝐵2𝛼
(𝑥− 𝜆𝑡)− 𝐴

𝐵
]−1 − 12𝜆

𝐵2
[exp

𝐵√−𝐵2𝛼
(𝑥− 𝜆𝑡)− 𝐴

𝐵
]−2, (𝛼 < 0)

Case II 𝐶 = 1, 𝐴 ∕= 0, 𝐵 = 0:

𝑎0 = 3𝜆, 𝑎1 = 0, 𝑎2 =
3𝜆

𝐴
, 𝑏2 = 𝑏1 = 0, 𝑘 =

√
1

4𝐴𝛼
, (𝐴 > 0, 𝛼 > 0 𝑜𝑟 𝐴 < 0, 𝛼 < 0)

𝑎0 = −𝜆, 𝑎1 = 0, 𝑎2 = −3𝜆

𝐴
, 𝑏2 = 𝑏1 = 0, 𝑘 =

√
− 1

4𝐴𝛼
, (𝐴 > 0, 𝛼 < 0 𝑜𝑟 𝐴 < 0, 𝛼 > 0)

𝑎0 = 3𝜆, 𝑎1 = 𝑎2 = 0, 𝑏1 = 0, 𝑏2 =
3𝜆

𝐴
, 𝑘 =

√
1

4𝐴𝛼
, (𝐴 > 0, 𝛼 > 0 𝑜𝑟 𝐴 < 0, 𝛼 < 0)

𝑎0 = −𝜆, 𝑎1 = 𝑎2 = 0, 𝑏1 = 0, 𝑏2 = −3𝜆

𝐴
, 𝑘 =

√
− 1

4𝐴𝛼
, (𝐴 > 0, 𝛼 < 0 𝑜𝑟 𝐴 < 0, 𝛼 > 0)

𝑎0 =
3

2
𝜆, 𝑎1 = 0, 𝑎2 =

3𝜆

4𝐴
, 𝑏1 = 0, 𝑏2 =

3𝜆

4𝐴
, 𝑘 =

√
1

16𝐴𝛼
, (𝐴 > 0, 𝛼 > 0 𝑜𝑟 𝐴 < 0, 𝛼 < 0)

𝑎0 =
1

2
𝜆, 𝑎1 = 0, 𝑎2 = − 3𝜆

4𝐴
, 𝑏1 = 0, 𝑏2 = − 3𝜆

4𝐴
, 𝑘 =

√
− 1

16𝐴𝛼
, (𝐴 > 0, 𝛼 < 0 𝑜𝑟 𝐴 < 0, 𝛼 > 0)

where 𝜆 is left as a free paramete.
Subsisting these values into Eq. (12) and Eq. (7), we can obtain exact traveling solutions of Eq. (1):

𝑢3 (𝑥, 𝑡) =

⎧⎨⎩ 3𝜆 sec2[
√

1
4𝛼(𝑥− 𝜆𝑡)]

3𝜆 csc2[
√

1
4𝛼(𝑥− 𝜆𝑡)]

, (𝐴 > 0, 𝛼 > 0)

𝑢4 (𝑥, 𝑡) =

⎧⎨⎩ 3𝜆− 3𝜆 tanh2[
√

− 1
4𝛼(𝑥− 𝜆𝑡)]

3𝜆− 3𝜆 coth2[
√

− 1
4𝛼(𝑥− 𝜆𝑡)]

, (𝐴 < 0, 𝛼 < 0)

𝑢5 (𝑥, 𝑡) =

⎧⎨⎩ 2𝜆− 3𝜆 sec2[
√

−1
4𝛼 (𝑥− 𝜆𝑡)]

2𝜆− 3𝜆 csc2[
√

−1
4𝛼 (𝑥− 𝜆𝑡)]

, (𝐴 > 0, 𝛼 < 0)

𝑢6 (𝑥, 𝑡) =

⎧⎨⎩ −𝜆+ 3𝜆 tanh2[
√

1
4𝛼(𝑥− 𝜆𝑡)]

−𝜆+ 3𝜆 coth2[
√

1
4𝛼(𝑥− 𝜆𝑡)]

, (𝐴 < 0, 𝛼 > 0)
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𝑢7 (𝑥, 𝑡) =

⎧⎨⎩ 3𝜆+ 3𝜆
𝐴2 cot

2[
√

1
4𝛼(𝑥− 𝜆𝑡]

3𝜆+ 3𝜆
𝐴2 tan

2[
√

1
4𝛼(𝑥− 𝜆𝑡)]

, (𝐴 > 0, 𝛼 > 0)

𝑢8 (𝑥, 𝑡) =

⎧⎨⎩ 3𝜆− 3𝜆
𝐴2 tanh

2[
√

−1
4𝛼 (𝑥− 𝜆𝑡)]

3𝜆− 3𝜆
𝐴2 coth

2[
√

−1
4𝛼 (𝑥− 𝜆𝑡)]

, (𝐴 < 0, 𝛼 < 0)

𝑢9 (𝑥, 𝑡) =

⎧⎨⎩ −𝜆− 3𝜆
𝐴2 cot

2[
√

−1
4𝛼 (𝑥− 𝜆𝑡)]

−𝜆− 3𝜆
𝐴2 tan

2[
√

−1
4𝛼 (𝑥− 𝜆𝑡)]

, (𝐴 > 0, 𝛼 < 0)

𝑢10 (𝑥, 𝑡) =

⎧⎨⎩ −𝜆+ 3𝜆
𝐴2 coth

2[
√

1
4𝛼(𝑥− 𝜆𝑡)]

−𝜆+ 3𝜆
𝐴2 tanh

2[
√

1
4𝛼(𝑥− 𝜆𝑡)]

, (𝐴 < 0, 𝛼 > 0)

𝑢11 (𝑥, 𝑡) =

⎧⎨⎩
3
2𝜆+ 3𝜆

4 tan2[
√

1
16𝛼(𝑥− 𝜆𝑡)] + 3𝜆

4𝐴2 cot
2[
√

1
16𝛼(𝑥− 𝜆𝑡)]

3
2𝜆+ 3𝜆

4 cot2[
√

1
16𝛼(𝑥− 𝜆𝑡)] + 3𝜆

4𝐴2 tan
2[
√

1
16𝛼(𝑥− 𝜆𝑡)]

, (𝐴 > 0, 𝛼 > 0)

𝑢12 (𝑥, 𝑡) =

⎧⎨⎩
3
2𝜆− 3𝜆

4 tanh2[
√

−1
16𝛼(𝑥− 𝜆𝑡)]− 3𝜆

4𝐴2 coth
2[
√

−1
16𝛼(𝑥− 𝜆𝑡)]

3
2𝜆− 3𝜆

4 coth2[
√

−1
16𝛼(𝑥− 𝜆𝑡)]− 3𝜆

4𝐴2 tanh
2[
√

−1
16𝛼(𝑥− 𝜆𝑡)]

, (𝐴 < 0, 𝛼 < 0)

𝑢13 (𝑥, 𝑡) =

⎧⎨⎩
1
2𝜆− 3𝜆

4 tan2[
√

−1
16𝛼(𝑥− 𝜆𝑡)]− 3𝜆

4𝐴2 cot
2[
√

−1
16𝛼(𝑥− 𝜆𝑡)]

1
2𝜆− 3𝜆

4 cot2[
√

−1
16𝛼(𝑥− 𝜆𝑡)]− 3𝜆

4𝐴2 tan
2[
√

−1
16𝛼(𝑥− 𝜆𝑡)]

, (𝐴 > 0, 𝛼 < 0)

𝑢14 (𝑥, 𝑡) =

⎧⎨⎩
1
2𝜆+ 3𝜆

4 tanh2[
√

1
16𝛼(𝑥− 𝜆𝑡) + 3𝜆

4𝐴2 coth
2[
√

1
16𝛼(𝑥− 𝜆𝑡)]

1
2𝜆+ 3𝜆

4 coth2[
√

1
16𝛼(𝑥− 𝜆𝑡) + 3𝜆

4𝐴2 tanh
2[
√

1
16𝛼(𝑥− 𝜆𝑡)]

, (𝐴 < 0, 𝛼 > 0)

Remark: The solutions are equivalent to the solutions given in [9].
Case III 𝐶 = 1, 𝐴 = 0, 𝐵 ∕= 0:

𝑎0 = 2𝜆, 𝑎1 =
12𝜆

𝐵
, 𝑎2 =

12𝜆

𝐵2
, 𝑏2 = 𝑏1 = 0, 𝑘 =

√
1

𝐵2𝛼
, (𝛼 > 0)

where 𝜆 is left as a free parameter.
Subsisting these values into Eq. (12)and Eq. (8), we can obtain exact traveling solutions of Eq. (1):

𝑢15(𝑥, 𝑡) = 2𝜆+ 12𝐵𝜆{𝑐0 exp[−𝐵
√

1
𝐵2𝛼

(𝑥− 𝜆𝑡)]− 1}−1

+12𝜆{𝑐0 exp[−𝐵
√

1
𝐵2𝛼

(𝑥− 𝜆𝑡)]− 1}−2, (𝛼 > 0)

Case IV 𝐶 = 1, 𝐴 ∕= 0, 𝐵 ∕= 0:

𝑎0 = 0, 𝑎1 = − 12𝐵𝜆
8𝐴+𝐵2 , 𝑎2 = − 12𝜆

8𝐴+𝐵2 , 𝑏2 = 𝑏1 = 0, 𝑘 =
√

− 1
(8𝐴+𝐵2)𝛼

, 𝐵 ∕= 1,

(𝛼 < 0, 𝐵2 − 4𝐴 > 0)

𝑎0 =
12𝐴𝜆

4𝐴− 1
, 𝑎1 = 𝑎2 =

12𝜆

4𝐴− 1
, 𝑏2 = 𝑏1 = 0, 𝐵 = 1, 𝑘 =

√
1

(4𝐴− 1)𝛼
, (𝛼 > 0, 𝐴 >

1

4
)

𝑎0 =
4𝐴2 + 8𝐴

4𝐴2 −𝐵2
𝜆, 𝑎1 = 𝑎2 = 0, 𝑏1 =

12𝐵

4𝐴3 −𝐴𝐵2
𝜆, 𝑏2 =

12

4𝐴2 −𝐵2
𝜆, 𝑘 =

√
1

(4𝐴2 −𝐵2)𝛼
,

(𝐵2 − 4𝐴 > 0, (4𝐴2 −𝐵2)𝛼 > 0)
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𝑎0 =
4𝐴2−8𝐴−2𝐵2

4𝐴2−𝐵2 𝜆, 𝑎1 = 𝑎2 = 0, 𝑏1 = − 12𝐵
4𝐴3−𝐴𝐵2𝜆, 𝑏2 = − 12

4𝐴2−𝐵2𝜆,

𝑘 =
√

− 1
(4𝐴2−𝐵2)𝛼

, (𝐵2 − 4𝐴 > 0, (4𝐴2 −𝐵2)𝛼 < 0)

where 𝜆 is left as a free parameter.
Subsisting these values into Eq. (12) and Eq. (9), we can obtain exact traveling solutions of Eq. (1):

𝑢16 = − 12𝐵𝜆
8𝐴+𝐵2

⎧⎨⎩𝑌1−𝑌2𝐶1 exp

[√
− 1

(8𝐴+𝐵2)𝛼
(𝑌1−𝑌2)(𝑥−𝜆𝑡)

]
1−𝐶1 exp

[√
− 1

(8𝐴+𝐵2)𝛼
(𝑌1−𝑌2)(𝑥−𝜆𝑡)

]
⎫⎬⎭

− 12𝜆
8𝐴+𝐵2

⎧⎨⎩𝑌1−𝑌2𝐶1 exp

[√
− 1

(8𝐴+𝐵2)𝛼
(𝑌1−𝑌2)(𝑥−𝜆𝑡)

]
1−𝐶1 exp

[√
− 1

(8𝐴+𝐵2)𝛼
(𝑌1−𝑌2)(𝑥−𝜆𝑡)

]
⎫⎬⎭

2 (𝛼 < 0, 𝐵2 − 4𝐴 > 0)

𝑢17 =
12𝐴𝜆
4𝐴−1 + 12𝜆

4𝐴−1

{
𝑌1−𝑌2𝐶1 exp

[√
1

(4𝐴−1)𝛼
(𝑌1−𝑌2)(𝑥−𝜆𝑡)

]
1−𝐶1 exp

[√
1

(4𝐴−1)𝛼
(𝑌1−𝑌2)(𝑥−𝜆𝑡)

]
}

+ 12𝜆
4𝐴−1

{
𝑌1−𝑌2𝐶1 exp

[√
1

(4𝐴−1)𝛼
(𝑌1−𝑌2)(𝑥−𝜆𝑡)

]
1−𝐶1 exp

[√
1

(4𝐴−1)𝛼
(𝑌1−𝑌2)(𝑥−𝜆𝑡)

]
}2 (𝛼 > 0, 𝐴 >

1

4
)

𝑢18 =
4𝐴2+8𝐴
4𝐴2−𝐵2𝜆 + 12𝐵

4𝐴3−𝐴𝐵2𝜆

⎧⎨⎩
𝑌1−𝑌2𝐶1 exp

[√
1

(4𝐴2−𝐵2)𝛼
(𝑌1−𝑌2)(𝑥−𝜆𝑡)

]

1−𝐶1 exp

[√
1

(4𝐴2−𝐵2)𝛼
(𝑌1−𝑌2)(𝑥−𝜆𝑡)

]
⎫⎬⎭

−1

+ 12
4𝐴2−𝐵2𝜆

⎧⎨⎩
𝑌1−𝑌2𝐶1 exp

[√
1

(4𝐴2−𝐵2)𝛼
(𝑌1−𝑌2)(𝑥−𝜆𝑡)

]

1−𝐶1 exp

[√
1

(4𝐴2−𝐵2)𝛼
(𝑌1−𝑌2)(𝑥−𝜆𝑡)

]
⎫⎬⎭

−2

(
𝐵2 − 4𝐴 > 0
(4𝐴2 −𝐵2)𝛼 > 0

)

𝑢19 =
4𝐴2−8𝐴−2𝐵2

4𝐴2−𝐵2 𝜆 − 12𝐵
4𝐴3−𝐴𝐵2𝜆

⎧⎨⎩
𝑌1−𝑌2𝐶1 exp

[√
− 1

(4𝐴2−𝐵2)𝛼
(𝑌1−𝑌2)(𝑥−𝜆𝑡)

]

1−𝐶1 exp

[√
− 1

(4𝐴2−𝐵2)𝛼
(𝑌1−𝑌2)(𝑥−𝜆𝑡)

]
⎫⎬⎭

−1

− 12𝜆
4𝐴3−𝐴𝐵2

⎧⎨⎩
𝑌1−𝑌2𝐶1 exp

[√
− 1

(4𝐴2−𝐵2)𝛼
(𝑌1−𝑌2)(𝑥−𝜆𝑡)

]

1−𝐶1 exp

[√
− 1

(4𝐴2−𝐵2)𝛼
(𝑌1−𝑌2)(𝑥−𝜆𝑡)

]
⎫⎬⎭

−2

(𝐵2 − 4𝐴 > 0, (4𝐴2 −𝐵2)𝛼 < 0)

Remark: As we know , the solutions 𝑢16−𝑢19 are new solutions, and the solutions are obtained in the paper
is very extensive, our method is more brief and direct to find solutions to various solutions of nonlinear
evolution equations.

4 Conclusion

In this paper, a polynomial expansion method with a computerized symbolic computation is used for con-
structing new periodic wave solutions for nonlinear Equal width wave equation. As a result, many exact
traveling wave solutions are successfully obtained, and this enriches the literature on the type of wave equa-
tions of Equal width wave equation. Of course, this method can also be applied to other nonlinear evolution
equations.
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