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Abstract:In this paper, a polynomial expansion method with a computerized symbolic com-
putation is used for constructing new periodic wave solutions for nonlinear Equal width wave
equation arising in mathematical physics. As a result, many exact traveling wave solutions are
successfully obtained.The method can also be applied to other nonlinear evolution equations.
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1 Introduction

Looking for exact solutions to nonlinear partial differential equations (NLPDEs) has long been a major
concern for both mathematicians and physicists. These solutions may well describe various phenomena in
many fields, such as hydrodynamic, plasma physics, nonlinear optic, chemistry, biology, etc. Many powerful
methods for obtaining exact solutions of NLPDEs have been presented, such as extended mapping method
[1], tanh-function method [2], improved projective Riccati method[3], Exp-function method [4], algebraic
method [5], Hirota method [6], F-expansion method [7], and so on.

In the present paper, we consider the exact solutions of Equal width wave equation. Equal width wave
equation represents the motion of nonlinear dispersive waves which are often encountered in a number of
important physical phenomena such as shallow water, ion acoustic plasmas. In 2005, Abdulkadir Dogan [8]
solved Equal width wave equation using the Galerkin approach with linear finite elements ,and obtain the
numerical solution. In the paper [9], Zhao and Rui obtain the periodic solutions of Jacobin elliptic-function
type, many kinds of soliton solutions and triangular function solutions. Now following in the present paper,
we use a polynomial expansion method with a computerized symbolic computation for solving new periodic
wave solutions for nonlinear Equal width wave equation arising in mathematical physics, and obtain many
exact traveling wave solutions.

2 A simple description of polynomial expansion method
For a given nonlinear evolution equations with independent variables x and ¢

H (u, Uy Uty Uy -+ ) = 0, (1)
make the traveling wave transformation

u(xvt) = u(f)v& = kj(:E - )‘t)’ (2)
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where k£ and )\ are constants to be determined later, and assume k£ > (. Substituting (2) into (1) yields a
ordinary differential equation:
h(u, o/, u”,---) =0 3)

where / denotes d%. Seek the traveling wave solutions of Eq. (3) expressed in the form

u(w,t) = u(€) = ao + Y _la;Y7(€) +b;Y ()] @)
j=1
where Y satisfy a Riccati equation
dy
d—g:AJrBYJrCYQ (5)

A, B,C are all parameters, ag,a;j,b;(j = 1,2,...,n) are constants to be determined later. The Riccati
equation (5) has the following general solutions:
Casel (C=0,A#0,B+#0:

A
Y = oxp(BE) — . ©
Casell C=1,A#0,B=0:
[ VAtan(VA€) | —v/—Atanh(v/—A¢)
Y_{ R eot(vAe) A0 o Y_{ A cotn(v—rg) "A<0 %)
Caselll C=1,A=0,B#0:
y = b (®)

coexp (—BE) — 17

where cg is an integration constant.
CaselV. C=0,A#0,B#0:

Y1 = Y2Crexp [(Y1 — Y2) ]

Y = 9
[~ Croxp (V1 —Ya) ] ©)
where ¢y is an integration constant , Y7,Ys satisfy: A+ BY + Y2 = 0. That is to say, Yio = —1EvB2-44 VZB2_4A,

B? —4A>0.
Step (1): Determine the integer n by balancing the highest order nonlinear term and the highest order deriva-
tive in Eq. (3).
Step (2): Substitute Eq. (4) with the aid of Eq. (5) into Eq. (3) and collect coefficients Y7 (£)(j = 0,1, ..., n),
then set each coefficients to zero to derive a set of over-determined algebraic equations for ag, A, B, C, a;, b;

(Jj=1,...,n).
Step (3): Solve the system of over-determined algebraic equations obtained in Step 2 using the mathemat-
ica,we can obtain many exact solutions of Eq. (1) according to Eq.(4), (6), (7), (8) and (9).

3 Exact traveling solutions of Equal width wave equation
Considering the Equal width wave equation

Ut + Uy + AUzt = 0 (10)

Substituting (2) into Eq. (10), integrating it once and setting the integrating constant to be equal to zero, we
have

1 12
—A\u + 5u2 —a)k?u =0. (11)

By balancing the highest order nonlinear term u? and the highest order derivative term v in Eq. (11),
we obtain n = 2. So we suppose that the solution of Eq. (11) can be expressed by

u(€) =ap+ a1y +aY? + b1 Y1+ bY 2 (12)

IJNS email for contribution: editor @nonlinearscience.org.uk



C. Liu, D. Lu: A Polynomial Expansion Method and Its Application to Nonlinear Equal Width - - - 381

Substitute (12) with the aid of Eq. (5) into Eq. (11) and collect coefficients Y7 (¢) (j = 0,1, ..., n), then
set each coefficients to zero to derive a set of over-determined algebraic equations for ag, A, B, C, a;,b;(j =
1,...,n). Solving the system of over-determined algebraic equations using mathematica, we can obtain many
exact solutions of Equal width wave equation.

Casel C=0,A#0,B#0:

12X 12X 1
a0:2)\,a1:a2=0,61:@,b2:§,k: B2a,(a>0)
12X 12X 1
aO:O,al:aQ:O,blz—@,bQ:—?,k— BQ (Oé<0)

where A is left as a free parameter.
Subsisting these values into Eq. (12) and Eq. (6), we obtain exact traveling solution of Eq. (1):

12 B A 12 B ,2
up(x,t) = 2/\+E[ m(w—)\t) B] +ﬁ[ pm(m—)\t)—g] ,(a>0)
12X B A, 12) B A,
ug(x,t) = ~ B —[exp —B2a($ — At) — B} - 5 [exp —B2a(x —At) — B] , (@ <0)

Casell C=1,A#0,B=0:

A 1
ap =3\,a1 =0,a0 = ?;le_bl 0,k = 4Aa (A>Oa>0 or A<O,a<0)
=-X\a; =0 ——Qb—b =0,k=1/— ! ,(A>0,a<0 A<0,a>0)
ag = a1 = U, a2 = A72_ 1 =Y — AO{ or ,
=3\ a1 = fObebek:f ! ,(A>0,aa>0 A<0,a<0)
ag = ,a1 = a2 = U,01 = 72_A7 - 4Aa a or , (O
=-\a; = —Ob—Ob——Qk— ! ,(A>0,a<0 A<0,a>0)
ap = , a1 = a2 = U,01 = U, 02 = Aa 4A a or y (X
3 3\ 3 1
=-\a; = =—,b=0,bb=—,k=14/——,(A A
5 0 0,az b 0, by 1A “16Ao¢’( >0,a>0 or <0,a<0)
1 3 3 1
ao 2)\,a1 0, as 4A’b1 0, by 4A’k 16Aa’( >0,aa<0 or <0,a>0)

where A is left as a free paramete.
Subsisting these values into Eq. (12) and Eq. (7), we can obtain exact traveling solutions of Eq. (1):

SeC2 Lf)’j—
us (z,t) = BAsec’ly aq (x = M) J(A>0,a>0)
3Aesc?[y/ £ (z — At))]

2f [y
s (1) = 3\ — 3Atanh®[y/— 2 (z — At))] (A<0.a<0)

3) — 3 coth?[(/— & (z — At))] ’

— sec L T —
us (z,t) = 22 = 3hsec’ly/ 3a (@ = A1) (A>0,a<0)
2X — 3Xesc?[y/ 12 (z — AL))]

A+ 3 tank?[y /L (@ — )]
~A+ Bhcoth[y [ (& — AD)

ug (z,t) = (A< 0,0 >0)
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3N+ 33 cot?[y/ & (x — Al
ur (x,t) = ,(A>0,a>0)
3A+ 5 33 tan?[y/ = (v — At)]
(2.1 3N — tanhQ[ = (z — At)] (4<0 0
ug (r,t) = , <0,a<
3N — cothz[\/ = (z — At)]
-\ - cot2[ = (z — At)]
ug (z,t) = (A>0,a<0)
A - %tan2[ o (z — At)]
—X+ 33 coth?[/ &= (z — Mt
u1 (2,1) Ai 2[ ia | (A<0,a>0)
A+ 35 tanh®[y/ & (@ — At)]
SN+ B tan?[y /1 (z — At)] + 25 cot?[y/ 1o (z — Mt
w11 (x,t) = z 34)\ 2[ 1?“( ) A;f 2[ 1?0‘( ,(A>0,a>0)

w2 (@8 =0 5 e ey e f—r
5A — 5 coth®[y /75 (v — At)] — £ tanh [/ 15 (. — At)]
1 -1 3\ 2 —1
ug (z,t) = L ot J=Lr P (A>0,a<0)
5A — cot [\/ 16 (T — At)] — 172 tan® [/ 155 (7 — At)]

1)\ + 5 32 tanh?[, /-

=
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?!
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=
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ﬁ
Q
—~
S
|
. >~
=
+
S
w
e
—t+
Y]
B
=
[\
<
o=
2l
—~~
IS
|
>
=

Remark: The solutions are equivalent to the solutions given in [9].
Caselll C=1,A=0,B#0:

12X 12X [ 1
a0:2)\,a1:?,GQZﬁ,bQZblzo,k: %,(a>0)

where ) is left as a free parameter.
Subsisting these values into Eq. (12)and Eq. (8), we can obtain exact traveling solutions of Eq. (1):

us(z,t) =2\ + 12BMcg exp[—By/ o (¢ — At)] — 1} 71
+12X{co exp[— B,/ 5= (z — )\t)] —-1}72, (a>0)

CaselV C=1,A#0,B #0:

a0:0,a1:—m,a2: 8A+B2’b2_b1_0 k=,/— m733&1

12BA
(a <0,B? —4A > 0)

12A)\ 12X 1 1
WE AT T oy =0 ’ GA-T)a@>0A4>7)

4A% +8A 12B 12 1
Y RV Y v ey A [ ey 2 P

(B* —4A > 0, (4A%* — Ba > 0)
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4A%-8A—2B? 12
GO—TAGI—@—O’H — A b = — g

A,

where A is left as a free parameter.
Subsisting these values into Eq. (12) and Eq. (9), we can obtain exact traveling solutions of Eq. (1):

12B) Y1-Y2C exp L/%(H—Yz)(z—)\t)}

U6 = TgAtB?
1-Cy exp|: mﬂﬁ Yz)($—)\t):|

12 Yl—chleXp|:1/ m(}ﬁ Yz)(z—)\t):|

- 2
8A+B 1-Cy exp|: (vi— Yz)(ac—)\t)}

g (< 0,B% —4A4 > 0)

W
wpy = 124X 12 i-1nt exp[\/%( —Y2)(z— /\t)]
iA-1 TTAT 1_clexp[\/m(yl ¥2)(@—At))

2
19X { Y1 -Y>2C1q exp[, / m(}ﬁ —Yg)(x—)ﬂf)] }

A 1-Cy exp[\/m(yl—yz)(x—/\t)]

1
(a>O’A>Z>

-1

1—Yo5Cq exp|: 212(Y1Y2)(33)\t):|
4A2 +8A>\ 128y (44%-5%)a
U18 = gA2— +4A3 AB2 §

)a (Y1 7Y2)(I7)\t)

1-C1 exp (4A271132

( —4A>0 >
38 -2 2 2
(Y- YD) (a2 (4A B%)a >0

Yi-YoCrexp|, | poya

+epe
1-C1 exp { Wle)a(Yle)(x/\t)]

Yi— YgClexp|: 4A2 32 (Y1-Y2)(z— )\t:|
4A%_8A— 232)\ 12B_y V
19 = —2 - T IA—AB?
1-Ciexp|,/— 4A2 B2 (Y1—Y2)(z—At)
Y1-Y2Ciexp|,/— 4A2 B2 (Y1-Y2)(z— )\t)
12X

T 4A3-ABZ?
1-C1 exp |: W(Yl Yz)(ar—)\t):|

(B? —4A > 0,(4A? — B®)a < 0)

-1

Remark: As we know , the solutions u16 — 119 are new solutions, and the solutions are obtained in the paper
is very extensive, our method is more brief and direct to find solutions to various solutions of nonlinear
evolution equations.

4 Conclusion

In this paper, a polynomial expansion method with a computerized symbolic computation is used for con-
structing new periodic wave solutions for nonlinear Equal width wave equation. As a result, many exact
traveling wave solutions are successfully obtained, and this enriches the literature on the type of wave equa-
tions of Equal width wave equation. Of course, this method can also be applied to other nonlinear evolution
equations.
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