= ACADEMIC

"Il world Academic Unian

International Journal of Nonlinear Science

| ISSN 1749-3889 (print), 1749-3897 (online)
Vol.8(2009) No.3,pp.374-378

A Generalized (%) -expansion Method and Its Application to the MKdV
Equation

Shuimeng Yu*
School of Science, Jiangnan University, Wuxi, 214122, P.R.China
(Received 2 July 2009, accepted 12 October 2009)

Abstract: A generalized (%)—expansion method is devised to construct the exact traveling

wave solutions of mKdV equation. With the aid of symbolic computation, many hyperbolic
function solutions, trigonometric function solutions and rational function solutions are obtained.

It is shown that the proposed method is more effective and powerful than the (%) -expansion

method in constructing the traveling wave solutions. It can be used for many other nonlinear
evolution equations in mathematical physics.
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1 Introduction

The nonlinear phenomena exist in all the fields including either the scientific work or engineering fields,
such as fluid mechanics, plasma physics, optical fibers, biology, solid state physics, chemical kinematics,
chemical physics and so on.

During the past four decades, many efficient and powerful methods have been developed to find exact
solutions of some nonlinear evolution equations(NLEEs). For example, Hirota’s bilinear method [1,2],
solitary wave ansatze [3], the tanh method [4,5], Backlund transformation [6,7], symmetry method [8,9], the
sine-cosine function method [10], the exp function method [11] and so on. The above methods derived many
types of solutions from most nonlinear evolution equations. But these methods mentioned above have some
limitations in their applications and involve tedious computation. With the development of computation
systems like Maple or Mathematica, recently, the searching for exact solutions of NLEEs has attracted
much attention.

In recent years, Wang et al.[12] introduced a new method called the % -expansion method, which is

derived from the well-known homogeneous balance method and F-expansion method. They obtained many
traveling wave solutions of KdV equation, the mKdV equation, the variant Boussinesq equation and the
Hirota-Satsuma equation, and these traveling wave solutions are expressed by the hyperbolic function, the
trigonometric function and the rational function. Then they [13] discussed the Broer-Kaup equation and
the approximate long water wave equation. More recently Li et al.[14] derived the higher-order nonlinear
Schrodinger equation solutions by the same method. Bekir A [15] applied the method to Klein-Gordon
equation, a symmetric regularized long wave equation and the Drinfeld-Sokolov equation.

The motivation of the present paper is to improve the (%) -expansion method to the mKdV equation

2
Up — U Uz + OUgge = 0,

which was first proposed as a model to describe the transverse vibration of a string.
The rest of this paper is organized as follows. In Section 2, we give the description of the generalized

<%/)—expansion method. In Section 3, we apply this method to mKdV equation. In Section 4, some

conclusions are given.
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2 Description of the generalized (£ )-expansion method

In this section, we describe the generalized (%) -expansion method for finding the traveling wave solutions
of NLEEs. Suppose that a nonlinear equation, say in two independent variables x and ¢, is given by

P(U, utaumvuttauxtvuzza'“)) (1)

where u = u(x,t) is an unknown function, P is a polynomial in v = u(z, t) and its various partial deriva-
tives, in which the highest order derivatives and nonlinear terms are involved.
Step 1: We suppose that

u(x,t) =u(),& =z — Vi, 2)

where V' is to be determined. Therefore the equation (1) can be reduced to an ordinary equation
Q(u,—Vu/,u',VQu”,—Vu”,u",-~-) —0. 3)

Step 2: Suppose that the solution of ODE (3) can be expressed by a polynomial as follows:

u(g) = O4m<G> +ﬁm<G>_ + “4)

G G

where G = G(§) satisfies the second order LODE in the form
G(§) + AG(§) + nG(S) = 0, )
the coefficient o, Bm, - - - , A, ;4 are constants to be determined in the next step, oy, # 0,3, # 0. The

unwritten part in (4) is also a polynomial in <%l) The positive integer m will be determined by the

homogeneous balance method between the highest order derivative term and highest order nonlinear term
appearing in ODE (3).

Step 3: By substituting (4) into ODE (3) and using second order LODE (5), collecting all terms
with the same order of (%) together, the left-hand side of Eq.(3) is converted into another polynomial
in(%). Equating each coefficient of this polynomial to zero, we obtain a set of algebraic equations for

Qs Bm,s - - -, A and p.

Step 4: Assume that the constants «;y,, G, - - ., A and p can be obtained by solving the algebraic equa-
tions in Step 3. Since the general solutions of ODE (4) are well-known for us, then substituting auy,, Sm, - - -
and general solutions of (5) into (4), we have more traveling wave solutions of the nonlinear evolution
equation (1).

3 Application to the MKdV equation

U — uug + OUpge = 0, 6>0 (6)
Suppose u(x,t) = u(§),& = x — V't, where the speed V is to be determined later.

V' = + 6" =0. (7
Integrating it with respect to £ once, it yields
1 3 "
C—Vu—gu + du” =0, 8)

where C' is an integration constant that is to be determined later.
Considering the homogeneous balance between u” and «> in Eq.(8), we get m = 1, so we can suppose

the solution of Eq.(6) is of the form
G’ G
u(§) = by <G> + by (G’) + bo, ©)
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where b; is to be determined later, G = G(§) satisfies the second order LODE
G"(€) + AG'(€) + pG(&) = 0. (10)

By using Eq.(9) and (10), it is derived that

/

W'(€) = pbiA+ ba + (b1 A% + 2byp) (%) + 351A(%’)2 ;r 9%, <%)3

(11)
+(2bopt + baA2) (&) + 3bopA (&) + 20002 (S)°,

/ N 2 N\ 3
(€)= B + 6bibaby + (3b163 + 30203) (%2+3b0b%@%) +5(%)
+(3bobd + 3b103) (&) + 3b0b3 (&) + B3 (&)

12)

By substituting (9), (11) and (12) into Eq.(8) and collecting all terms with the same power of (%) and

(%) together, the left-hand side of Eq.(8) is converted into another polynomial in (%l) and (%) Equating

each coefficient of this polynomial to zero, we can get the following equations:
1
C—Vby— gbg — 2b1baby + 6bi AL + Sbo X = 0,

—Vby — b1bE — bob? + b1 A2 + 20byp = 0,
—Vby — bybZ — b1b3 + Sba\? + 20bop = 0,
—b2bg + 36b1\ = 0,

—b3bg + 36ba A = 0,

1
—gbi’ +26b1 =0,

1
—§b§ + 20bop? = 0.

Solving the algebraic equation above by Mathematica, it yields
First solution set:

by =0, b ==+V6s,  by= %A\@, V= %(—W +46p), C=0. (13)
Second solution set:

by = £V60, b1 =0, by= %Ax/&, V= %(—W +46p), C=0. (14)
Third solution set:
by = £V60u, by ==+V6s, by= %Ax/ﬁ, V= %(—N —86p), C=+2v/6Aud%?.  (15)

1) Substituting the solution set (13) into (9), (9) can be written as
G 1
u(€) = V60 o)* 5A\/ﬁa, (16)
where £ = 2 — 1 (40p — 5A%)t,C = 0.
Substituting the general solutions of Eq. (10) into (16), we have three types of traveling wave solutions

of the mKdV equation (6), which is the same as the solutions obtained by Wang et al. in[12].
2) Substituting the solution set (14) into (9), (9) can be written as

u(€) = i\/GTS(g) NG a7
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where & =z — £ (40p — 0A?)t,C = 0.

Substituting the general solutions of Eq. (10) into (17), we have three types of traveling wave solutions
of the mKdV equation (6) as follows:

When \? — 441 > 0, we obtain hyperbolic function solutions:

U ( ) . :|:\/> Cs cosh % 5V A2—4pé+Cy smhf\//\2 —4ué
1,23 = (C14/22—2p—XC3) cosh 1 \/N2—Ape+(Car/N2—4p—AC1) sinh /X2~ dpug (18)
+EAV66,
where £ =z — %(45u — 0A?)t, Cy and Cy are arbitrary constants.
When \? — 44 < 0,
B = Ca cos %\/4u—)\2§—01 sin %\/4u—)\2£
s (5) = V60 ( (C1 \/4/17)\27)\02) cos %\/4,uf)\2£+(02\/4,u7)\27)\01) sin %\/4qu2£ (19)
+2IAV66,
where { = # — 1(46p — 6A?)t, Cy and Cy are arbitrary constants.
When \? — 44 = 0,
2(01 + Cgf) 1
= +Vv6J + -A\V69 20
which is independent of variable ¢, C'; and C5 are arbitrary constants.
3) Substituting the solution set (15) into (9), (9) can be written as
G/
u(g)_iJQ(G)iWM( )i ~A60, 21)

where £ = + (A2 + 85u)t, O = £2v/6Au5%/2 .

Substituting the general solutions of Eq. (10) into (21), we have three types of traveling wave solutions
of the mKdV equation (6) as follows:

When A\? — 44, > 0, we obtain hyperbolic function solutions:

urg(€) = +v68 (Cmﬂmﬂ M V/N2 )~ CEAO/X2 ) sclcguexpms>

Co+C1 exp E4/22—4p) [~ C1 exp A/ A2 —4p€(— A/ A2 —4p)+Co(A++/A2—4p)]

+1M60,

where £ = z + £(0A? + 85u)t, C = +2v/6A16%/2, Crand Cy are arbitrary constants.
When \? — 4u <0,

(22)

U (5) = :l:\/i i AexPzng 4“7)‘27)‘)7022)‘()‘+i\/4#*7)‘2)*80102%3)(1)ii\/ﬁ
9,10 (Ca+Cy exngm)[Cl eXpif\/4'“_>‘2()‘_i\/4lt—/\2)+02()x—&-i\/m)] (23)

+IAV66,
When A2 — 44 = 0,
2(C1 + C€)
un12(€) = £V60 ( 025> + Vo <2Cg — 1A — 02/\§> ’ ey

which is independent of variable ¢, C'y and C are arbitrary constants.
Remark 1 Many exact traveling wave solutions of the mKdV equation are successfully obtained by the
generalized (—)-expanszon method. All solutions of mKdV equation in [12] can be obtained by using

the generalized (—) -expansion method. But, the solutions (18)-(20) and (22)-(24) had not been given in
Ref.[12]. It shows that the proposed method is more powerful in constructing exact solutions of NLEEs than
the ( e ) -expansion method.
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4 Conclusion

In this paper, the generalized (%) -expansion method is proposed to obtain more exact solutions of mKdV

equation. As a result, many traveling wave solutions are obtained including hyperbolic function solutions,

trigonometric function solutions and rational function solutions. The proposed method is more effective and

powerful than the (%) -expansion method. The generalized (%) -expansion method can be used for many

other NLEEs in mathematical physics.
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