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Abstract: We simplify the expression of 𝐺′/𝐺 in the 𝐺′/𝐺 expansion method to tanh, coth,
cot and rational forms under some conditions. The simplified 𝐺′/𝐺-method can be thought as
a combination of tanh-coth method and cot method. Travelling wave solutions for the Gilson-
Pickering equation are considered. The equation contains the Fornberg-Whitham equation, the
Rosenau-Hyman equation and the Fuchssteiner-Fokas-Camassa-Holm equation as its special
cases. We construct its travelling wave solutions involving parameters by using the simplified
𝐺′/𝐺 expansion method. The resulting solutions are expressed by hyperbolic, trigonometric
functions and rational functions.

Keywords: the 𝐺′/𝐺-expansion method; traveling wave solutions; solitary wave solutions;
homogeneous balance; hyperbolic function solutions; trigonometric function solutions

1 Introduction

We consider the class of fully nonlinear third-order partial differential equations (PDEs)

𝑢𝑡 − 𝜖𝑢𝑥𝑥𝑡 + 2𝜅𝑢𝑥 − 𝑢𝑢𝑥𝑥𝑥 − 𝛼𝑢𝑢𝑥 − 𝛽𝑢𝑥𝑢𝑥𝑥 = 0, (1)

where 𝜖, 𝜅, 𝛼 and 𝛽 are arbitrary constants. The equation was introduced by Gilson and Pickering (GP) in
[11] and was called the Gilson-Pickering equation in [3] where solutions for 𝛽 = 1 were studied.

Our results are corresponding to 𝛽 = −2. Three special cases of Eq.(1) have appeared in the literature.
Up to some rescalings, these are:the Fornberg-Whitham (FW) equation [9, 20, 21],the Rosenau-Hyman
(RH) equation [15],the Fuchssteiner-Fokas-Camassa-Holm (CH) equation [2, 10].

Studies to the GP equation (1) include [4, 11]. For 𝛽 = 1, the qualitative behavior and exact travelling
wave solutions of Eq.(1) were studied by using the qualitative theory of polynomial differential system[3].
We are interested to find the explicit solutions of Eq. (1).

With the fast development of symbolic computation systems, directly searching for exact solutions of
PDEs by symbolic computation has attracted much attention. Various methods have appeared such as the
homogenous balance method [16], the Sine-Cosine method [8], the Jacobi elliptic function method [7], the
sine-gordon equation expansion method [24], the F-expansion method [6], the Exp-function method[12, 13,
22, 23] and so on.

In the present paper, we shall use the 𝐺′/𝐺-expansion method [17]. It is based on the explicit lin-
earization of nonlinear differential equations for traveling waves with a certain substitution which leads
to a second-order differential equation with constant coefficients. The 𝐺′/𝐺-expansion method have been
applied to many kinds of PDEs [1, 5, 18]. It is also applied to lattice equation in [25].

It is pointed out in [14] that the 𝐺′/𝐺-expansion method coincides with the truncated expansion method
if we use the travelling wave solutions. The 𝐺′/𝐺-expansion method is equivalent to application of the sim-
plest equation method with the Riccati equation, to the tanh-function method and to the truncated expansion
method.
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We simplify the expression of 𝐺′/𝐺 in the 𝐺′/𝐺 expansion method to tanh, coth, cot and rational forms
under some conditions and call it the simplified 𝐺′/𝐺 method. We say that the simplified 𝐺′/𝐺-method can
be thought as a combination of tanh-coth method and cot method. Hyperbolic, trigonometric and rational
function solutions can be found.

The layout of this paper is organized as follows. In Section 2, we give the description of the simplified
𝐺′/𝐺-expansion method. In Section 3, we apply this method to the GP equation. Conclusions are given in
the last section.

2 Description of the (𝐺′/𝐺)-expansion method

We first describe the 𝐺′/𝐺-expansion method [17] with two independent variables. For a given nonlinear
PDE

𝑃 (𝑢, 𝑢𝑡, 𝑢𝑥, 𝑢𝑡𝑡, 𝑢𝑥𝑡, 𝑢𝑥𝑥, ⋅ ⋅ ⋅ ) = 0, (2)

where 𝑢 = 𝑢(𝑥, 𝑡) is an unknown function, 𝑃 is a polynomial in 𝑢 and its partial derivatives, in which
the highest order derivatives and nonlinear terms are involved. There are mainly four steps in the 𝐺′/𝐺-
expansion method.

Step 1. The travelling wave variable

𝑢(𝑥, 𝑡) = 𝜙(𝜉), 𝜉 = 𝑥− 𝑉 𝑡, (3)

permits us to reduce Eq. (2) to an ODE for 𝑢 = 𝜙(𝜉) in the form

𝑃 (𝜙,−𝑉 𝜙′, 𝜙′, 𝑉 2𝜙′′,−𝑉 𝜙′′, 𝜙′′, ⋅ ⋅ ⋅ ) = 0, (4)

where “ ′ ” denotes derivative about 𝜉.
Step 2. Suppose that the solution of ODE (4) can be expressed by a polynomial in 𝐺′/𝐺 as follows:

𝜙(𝜉) =

𝑚∑
𝑖=0

𝑎𝑖

(
𝐺′

𝐺

)𝑖

, (5)

where 𝐺 = 𝐺(𝜉) satisfies the following second order linear ODE

𝐺′′ + 𝜆𝐺′ + 𝜇𝐺 = 0, (6)

where 𝑎𝑖 (𝑖 = 0, 1, 2, ⋅ ⋅ ⋅ ,𝑚), 𝜆 and 𝜇 are constants to be determined later, 𝑎𝑚 ∕= 0. The degree of the
polynomial 𝑚 can be determined by balancing the highest order derivative with nonlinear terms.

Step 3. Substituting (5) into (4) and using the second order linear ODE (6) and then equating each
coefficient of the resulted polynomial to zero, yields a set of algebraic equations with respect to 𝑎𝑖 (𝑖 =
0, 1, 2, ⋅ ⋅ ⋅ ,𝑚), 𝑉, 𝜆, and 𝜇. Solving the algebraic system, we may find the values of unknowns.

Step 4. Substituting 𝑎𝑖 (𝑖 = 0, 1, 2, ⋅ ⋅ ⋅ ,𝑚), 𝑉, 𝜆, 𝜇 gotten in Step 3 and the general solutions of Eq.
(6) into (5) we can obtain more traveling wave solutions of the nonlinear PDE (2). Solutions to Eq.(??)
depending on whether 𝜆2 − 4𝜇 > 0, 𝜆2 − 4𝜇 > 0, 𝜆2 − 4𝜇 = 0,

𝐺′

𝐺
=

⎧⎨⎩

√
𝜆2−4𝜇
2

𝐶1 cosh
(

1
2

√
𝜆2−4𝜇

)
𝜉+𝐶2 sinh

(
1
2

√
𝜆2−4𝜇

)
𝜉

𝐶1 sinh
(

1
2

√
𝜆2−4𝜇

)
𝜉+𝐶2 cosh

(
1
2

√
𝜆2−4𝜇

)
𝜉
− 𝜆

2 , 𝜆2 − 4𝜇 > 0,

√
4𝜇−𝜆2

2

𝐶1 cos
(

1
2

√
4𝜇−𝜆2

)
𝜉−𝐶2 sin

(
1
2

√
4𝜇−𝜆2

)
𝜉

𝐶1 sin
(

1
2

√
4𝜇−𝜆2

)
𝜉+𝐶2 cos

(
1
2

√
4𝜇−𝜆2

)
𝜉
− 𝜆

2 , 𝜆2 − 4𝜇 < 0,

𝐶2
𝐶1+𝐶2𝜉

− 𝜆
2 , 𝜆2 − 4𝜇 = 0,

(7)

As a result, solutions in sinh-cosh, or sin-cos forms are given in [17] and others.
Next we will give the simplified method.
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As pointed in [14], some authors do not simplify the solutions of differential equations. We find that
these form should be simplified to

𝐺′

𝐺
=

⎧⎨⎩

√
𝜆2−4𝜇
2 tanh

(√
𝜆2−4𝜇
2 𝜉 + 𝜉0

)
− 𝜆

2 , 𝜆2 − 4𝜇 > 0, tanh 𝜉0 =
𝐶2
𝐶1

, ∣𝐶2
𝐶1

∣ > 1,
√

𝜆2−4𝜇
2 coth

(√
𝜆2−4𝜇
2 𝜉 + 𝜉0

)
− 𝜆

2 , 𝜆2 − 4𝜇 > 0, coth 𝜉0 =
𝐶2
𝐶1

, ∣𝐶2
𝐶1

∣ < 1,
√

4𝜇−𝜆2

2 cot

(√
4𝜇−𝜆2

2 𝜉 + 𝜉0

)
− 𝜆

2 , 𝜆2 − 4𝜇 < 0, tan 𝜉0 =
𝐶2
𝐶1

𝐶2
𝐶1+𝐶2𝜉

− 𝜆
2 , 𝜆2 − 4𝜇 = 0.

(8)

Simplifying (7) with (8), solutions can be written in more strait form. Now we call the method the
simplified 𝐺′/𝐺-method. We will use (8) to get travelling wave solution of Eq.(1).

3 Application to the Gilson-Pickering equation

In this section, we apply the simplified 𝐺′/𝐺-expansion method to construct the traveling wave solutions of
the Gilson-Pickering equation (1).

Combining the independent variables 𝑥 and 𝑡 into one variable 𝜉 = 𝑥− 𝑉 𝑡, we suppose that

𝑢(𝑥, 𝑡) = 𝜙(𝜉), 𝜉 = 𝑥− 𝑉 𝑡. (9)

Then Eq. (1) is converted into an ODE for 𝑢 = 𝜙(𝜉)

(2𝜅− 𝑉 )𝜙′ + 𝜖𝑉 𝜙′′′ − 𝜙𝜙′′′ − 𝛼𝜙𝜙′ − 𝛽𝜙′𝜙′′ = 0. (10)

Integrating Eq. (10) with respect to 𝜉 once yields

(2𝜅− 𝑉 )𝜙+ 𝜖𝑉 𝜙′′ − 𝜙𝜙′′ − 𝛼

2
𝜙2 +

1− 𝛽

2
(𝜙′)2 = 𝐶 (11)

where 𝐶 ia an integration constant that is to be determined later.
Suppose that the solution of the ODE (10) can be expressed by polynomials in terms of 𝐺′/𝐺 as follows:

𝜙(𝜉) =

𝑚∑
𝑖=0

𝑎𝑖

(
𝐺′

𝐺

)𝑖

, (12)

while 𝐺 = 𝐺(𝜉) satisfies (6).
The positive integer 𝑚 can be determined by considering the homogeneous balance between the highest

order derivatives and nonlinear terms appearing in ODE (11). To determine the degree of the polyno-
mial solutions, we can only substitute the leading term. Let the degree in 𝐺′/𝐺 of (12) be 𝐷(𝜙). Then

𝐷(𝜙𝑝
(
𝑑𝑠𝜙
𝑑𝜉𝑠

)𝑞
) = 𝑝𝐷(𝜙) + (𝑠+𝐷(𝜙)𝑞). So we get 𝑚 = 2 and

𝜙(𝜉) = 𝑎2

(
𝐺′

𝐺

)2

+ 𝑎1

(
𝐺′

𝐺

)
+ 𝑎0, (13)

By substituting (13) and its derivatives into Eq. (11) and collecting all terms with the same power of
𝐺′/𝐺 together, the left-hand side of Eq. (11) is converted into another polynomial in 𝐺′/𝐺. Equating each
coefficient of this polynomial to zero, yields a set of simultaneous algebraic equations for 𝑎2, 𝑎1, 𝑎0, 𝑉, 𝜆, 𝜇
and 𝐶. For the length of th epaper, we just omit it. We can see that only when 𝛽 = −2 can we get
some solutions. In the rest text we will take 𝛽 = −2. Solving the algebraic equations ,yields three sets of
solutions:

Set A: 𝑎2 = 4
𝑎0 + 𝛼 𝜖 𝑎0 − 2𝜅𝜖

(1 + 𝛼 𝜖) (𝜆2 − 𝛼)
, 𝑎1 = 𝑎2𝜆, 𝑎0 = 𝑎0, 𝑉 =

2𝜅

1 + 𝛼 𝜖
,

𝐶 = 2𝛼

(
𝜅𝜖

1 + 𝛼𝜖

)2

, 𝜇 =
𝜆2 − 𝛼

4
,

(14)
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Set B: 𝑎2 = 12
𝑎0 + 𝛼 𝜖 𝑎0 − 2𝜅𝜖

(1 + 𝛼 𝜖) (3𝜆2 + 𝛼)
, 𝑎1 = 𝑎2𝜆, 𝑎0 = 𝑎0, 𝑉 =

2𝜅

1 + 𝛼 𝜖
,

𝐶 = 2𝛼

(
𝛼𝑎0(1 + 𝛼𝜖) + 𝜖𝜅(3𝜆2 − 𝛼)

) (
3𝜖𝜅(𝜆2 + 𝛼)− 𝛼𝑎0(1 + 𝛼𝜖)

)
(1 + 𝛼 𝜖)2 (3𝜆2 + 𝛼)2

,

𝜇 =
𝜆2 + 𝛼

4
,

(15)

Set C: 𝑎2 = 4
𝜖 (2 𝜖 𝜅− 𝛼 𝜖 𝑎0 − 𝑎0)

(1− 𝜆2𝜖) (1 + 𝛼 𝜖)
, 𝑎1 = 𝜆𝑎2, 𝑎0 = 𝑎0,

𝑉 = −𝛼2𝜖2𝑎0 − 2 𝜖2𝜅𝛼+ 6 𝜖2𝜆2𝜅− 4 𝜖 𝜅− 𝑎0
3𝜖 (1− 𝜆2𝜖) (1 + 𝛼 𝜖)

𝐶 = −2𝜅
(−𝛼2𝜖2𝑎0 + 𝑎0 − 2 𝜖 𝜅− 𝜖2𝜅𝛼+ 3 𝜖3𝜅𝛼𝜆2

)
3 (1− 𝜆2𝜖) (1 + 𝛼 𝜖)2

, 𝜇 =
𝜆2𝜖− 1

4𝜖
.

(16)

If the integration constant 𝐶 in Eq.(11) is correspondingly taken as that in (14), (15) and (16), we can
write (13) in expression of 𝐺′/𝐺 and the parameters 𝜖, 𝜅, 𝛼, 𝛽. Substituting (8) into it we can derive the
travelling wave solutions of Eq. (1).

3.1 First travelling solution set

To Set A, substituting (14) and (8) into (12), we deduce the following three types of traveling wave solutions
of the GP equation (1):

Case 1-1. When 𝜆2 − 4𝜇 = 𝛼 > 0, we have the hyperbolic function travelling wave solution

𝑢+1 (𝑥, 𝑡) =
(−𝛼 𝜖 𝑎0 + 2 𝜖 𝜅− 𝑎0)𝛼

(1 + 𝛼 𝜖) (𝜆2 − 𝛼)
𝑠𝑒𝑐ℎ2(

√
𝛼

2
𝜉 + 𝜉0) +

2𝜖 𝜅

1 + 𝛼 𝜖
(17)

where 𝜉 = 𝑥− 2𝜅
1+𝛼 𝜖 𝑡, 𝜉0 = tanh−1 𝐶2

𝐶1
, ∣𝐶2/𝐶1∣ > 1, and

𝑢+2 (𝑥, 𝑡) =
(𝛼 𝜖 𝑎0 − 2 𝜖 𝜅+ 𝑎0)𝛼

(1 + 𝛼 𝜖) (𝜆2 − 𝛼)
𝑐𝑠𝑐ℎ2(

√
𝛼

2
𝜉 + 𝜉0) +

2𝜖 𝜅

1 + 𝛼 𝜖
(18)

where 𝜉 = 𝑥− 2𝜅
1+𝛼 𝜖 𝑡, 𝜉0 = coth−1 𝐶2

𝐶1
. ∣𝐶2/𝐶1∣ < 1,

Solution (17) is a well-known bounded solitary wave solution.
Case 1-2. When 𝜆2 − 4𝜇 = 𝛼 < 0, we have the trigonometric solutions

𝑢−1 (𝑥, 𝑡) =
(𝑎0 + 𝛼 𝜖 𝑎0 − 2 𝜖 𝜅)𝛼

(1 + 𝛼 𝜖) (𝜆2 − 𝛼)
𝑐𝑜𝑡2(

√−𝛼

2
𝜉 + 𝜉0)

2 − (𝑎0 + 𝛼 𝜖 𝑎0 − 2 𝜖 𝜅)𝜆2

(1 + 𝛼 𝜖) (𝜆2 − 𝛼)
+ 𝑎0, (19)

where 𝜉 = 𝑥− 2𝜅
1+𝛼 𝜖 𝑡, 𝜉0 = 𝑡𝑎𝑛−1𝐶2

𝐶1
.

Case 1-3. When 𝜆2 − 4𝜇 = 𝛼 = 0, the rational solutions can be found:

𝑢01(𝑥, 𝑡) = 4
𝑎0 − 2 𝜖 𝜅

𝜆2

𝐶2
2

(𝐶1 + 𝐶2𝜉)2
− 𝑎0 + 2 𝜖 𝜅 (20)

where 𝜉 = 𝑥− 2𝜅𝑡, 𝐶1 and 𝐶2 are arbitrary constants.The integration constants 𝐶 in (11) is now zero.
We can see that all travelling wave solutions are independent of variable 𝑡 when 𝜅 = 0.

3.2 Second travelling solution set

Substituting (15) and (8) into (12), three types of traveling wave solutions of the GP equation (1) are ob-
tained:
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Case 2-1. When 𝜆2 − 4𝜇 = −𝛼 > 0. If ∣𝐶2/𝐶1∣ > 1, we get a solitary solution

𝑢+3 (𝑥, 𝑡) =3
(−𝛼 𝜖 𝑎0 + 2 𝜖 𝜅− 𝑎0)𝛼

(1 + 𝛼 𝜖) (3𝜆2 + 𝛼)
𝑠𝑒𝑐ℎ2 (

√−𝛼

2
𝜉 + 𝜉0) + 2

2𝛼2𝜖 𝑎0 − 3𝛼 𝜖 𝜅+ 2𝛼𝑎0 + 3 𝜖 𝜆2𝜅

(1 + 𝛼 𝜖) (3𝜆2 + 𝛼)
,

(21)

where 𝜉 = 𝑥− 2𝜅
1+𝛼 𝜖 𝑡, 𝜉0 = tanh−1 𝐶2

𝐶1
.

If ∣𝐶2/𝐶1∣ < 1, letting 𝐶2/𝐶1 = coth 𝜉0 , we have

𝑢+4 (𝑥, 𝑡) =3
(𝛼 𝜖 𝑎0 − 2 𝜖 𝜅+ 𝑎0)𝛼

(1 + 𝛼 𝜖) (3𝜆2 + 𝛼)
𝑐𝑠𝑐ℎ2 (

√−𝛼

2
𝜉 + 𝜉0) + 2

2𝛼2𝜖 𝑎0 − 3𝛼 𝜖 𝜅+ 2𝛼𝑎0 + 3 𝜖 𝜆2𝜅

(1 + 𝛼 𝜖) (3𝜆2 + 𝛼)
. (22)

where 𝜉 = 𝑥− 2𝜅
1+𝛼 𝜖 𝑡, 𝜉0 = coth−1 𝐶2

𝐶1
,

Case 2-2. When 𝜆2 − 4𝜇 = −𝛼 < 0,we can get a periodic solution

𝑢−2 (𝑥, 𝑡) = 3𝛼
(𝛼 𝜖 𝑎0 − 2 𝜖 𝜅+ 𝑎0)

(1 + 𝛼 𝜖) (3𝜆2 + 𝛼)
𝑐𝑜𝑡2(

√−𝛼

2
𝜉 + 𝜉0)

2 − 3
(𝛼 𝜖 𝑎0 − 2 𝜖 𝜅+ 𝑎0)𝜆

2

(1 + 𝛼 𝜖) (3𝜆2 + 𝛼)
+ 𝑎0, (23)

where 𝜉 = 𝑥− 2𝜅
1+𝛼 𝜖 𝑡, 𝜉0 = 𝑡𝑎𝑛−1𝐶2

𝐶1
.

When 𝜆2 − 4𝜇 = −𝛼 = 0, we have rational solution just the same as (20).

3.3 Third travelling solution set

Substituting (16) and (8) into (12), we deduce the following traveling wave solutions of the GP equation (1):
Case 3-1: When 𝜆2 − 4𝜇 = 1

𝜖 > 0, we can get a solitary solution

𝑢+5 (𝑥, 𝑡) =
𝜖 (𝛼 𝜖 𝑎0 − 2 𝜖 𝜅+ 𝑎0)𝛼

(−1 + 𝜆2𝜖) (1− 𝛼 𝜖)
𝑠𝑒𝑐ℎ2(

𝜉

2
√
𝜖
+ 𝜉0)− 𝛼2𝜖2𝑎0 − 2 𝜖2𝜅𝛼+ 2 𝜖2𝜆2𝜅− 𝑎0

(1− 𝜆2𝜖) (1 + 𝛼 𝜖)
(24)

where 𝜉 = 𝑥+ 𝛼2𝜖2𝑎0−2 𝜖2𝜅𝛼+6 𝜖2𝜆2𝜅−4 𝜖 𝜅−𝑎0
3𝜖 (1−𝜆2𝜖)(1+𝛼 𝜖)

𝑡, 𝜉0 = 𝑡𝑎𝑛ℎ−1𝐶2
𝐶1

, ∣𝐶2/𝐶1∣ > 1, and

𝑢+6 (𝑥, 𝑡) =
𝜖 (𝛼 𝜖 𝑎0 − 2 𝜖 𝜅+ 𝑎0)𝛼

(1− 𝜆2𝜖) (1− 𝛼 𝜖)
𝑐𝑠𝑐ℎ2(

𝜉

2
√
𝜖
+ 𝜉0)− 𝛼2𝜖2𝑎0 − 2 𝜖2𝜅𝛼+ 2 𝜖2𝜆2𝜅− 𝑎0

(1− 𝜆2𝜖) (1 + 𝛼 𝜖)
(25)

where 𝜉 = 𝑥+ 𝛼2𝜖2𝑎0−2 𝜖2𝜅𝛼+6 𝜖2𝜆2𝜅−4 𝜖 𝜅−𝑎0
3𝜖 (1−𝜆2𝜖)(1+𝛼 𝜖)

𝑡, 𝜉0 = coth−1 𝐶2
𝐶1

, ∣𝐶2/𝐶1∣ < 1.

Case 3-2: When 𝜆2 − 4𝜇 = 1
𝜖 < 0, we have

𝑢−3 =
𝜖 (2 𝜖 𝜅− 𝛼 𝜖 𝑎0 − 𝑎0)𝛼

(1− 𝜆2𝜖) (1 + 𝛼 𝜖)
𝑐𝑜𝑡2(

1

2
√−𝜖

𝜉 + 𝜉0)− 𝜖 (2 𝜖 𝜅− 𝛼 𝜖 𝑎0 − 𝑎0)𝜆
2

(1− 𝜆2𝜖) (1 + 𝛼 𝜖)
+ 𝑎0 (26)

where 𝜉 = 𝑥+ 𝛼2𝜖2𝑎0−2 𝜖2𝜅𝛼+6 𝜖2𝜆2𝜅−4 𝜖 𝜅−𝑎0
3𝜖 (1−𝜆2𝜖)(1+𝛼 𝜖)

𝑡, 𝜉0 = 𝑡𝑎𝑛−1𝐶2
𝐶1

.
There is no rational solution for Set C.

4 Conclusions

We successfully obtained exact and explicit analytic solutions with arbitrary parameters to fully nonlinear
third-order Gilson-Pickering equation via the simplified 𝐺′/𝐺-expansion method. The procedure is simple,
direct and constructive with the help of a computer algebra system. These travelling wave solutions are
expressed by the hyperbolic functions, trigonometric functions and rational functions. We foresee that our
results can be found potentially useful for applications in mathematical physics and applied mathematics
including numerical simulation.
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