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Abstract: This paper is concerned with double perturbed neutral functional evolution equa-
tions with infinite delay in Banach spaces. The existence of mild solutions to such equations
is obtained by using the theory of the Hausdorff measure of noncompactness and Darbo fixed
point theorem, without the compactness assumption on associated evolution system. Our re-
sults improve and generalize some previous results.
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1 Introduction

In this paper, we discuss double perturbed neutral functional evolution equation with infinite delay

d

S ((t) = h(t,m) = A@(D) + f(t20) + g(t,z), L€ =[0.0) (1.1

ro=p € B (1.2)

where {A(t) : ¢ > 0} is a family of linear closed operators in a real Banach space X that generates an
evolution system {U(t,s) : 0 < s <t < oo} and D(A(t)) C X isdense in X. The history z; : (—o0, 0] —
X, x(0) = z(t + 0) belongs to some abstract phase space 53 defined axiomatically; g, f, h are appropriate
functions.

Differential equations with delay was initialed about existence and stability by Travis and Webb [1] and
Webb [2]. Since such equations are often more realistic to describe natural phenomena than those without
delay, they have been investigated in variant aspects by many authors. Neutral differential equations arise
in many areas of applied mathematics and for this reason these equations have received much attention in
the last decades, see, for example, [3—6] and references therein. In [7, 8] and [9], the authors studied double
perturbed differential equations in Frechet spaces, finite dimensional spaces and Banach space, respectively.

In this paper, we investigate the existence of mild solutions for double perturbed neutral functional evo-
lution equations in Banach spaces (1.1)-(1.2). By using the tools involving the measure of noncompactness
and fixed point theory, we obtain existence of mild solution of such equation without the assumption of
compactness on the associated evolution system. Our results extend and improve the correspondence results
in some previous papers.

2 Preliminaries

In this section we introduce some definitions, notations and preliminary facts which will be used in this
paper.
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We employ an axiomatic definition of the phase space I3 which is similar to that introduced by Hale and
Kato [10] and it is appropriated to treat neutral functional evolution equations.

Definition 1 (/10]) The phase space B is a linear space of functions mapping (—o0, 0] into X endowed
with a seminorm || - ||, satisfying the following axioms:
(A)Ifz : (—00,0 +b] = X, b > 0, such that v, € B and z|(; 54y € C([0,0 + b]; X), then for every
t € [0,0 +b) the following conditions hold:

(i) oy is in B,

(i) |lo(8)]| < Hllwells,

(i) s < K(t — o) sup ()| s 0 < 5 < ¢} + M(t + 0)l|zs s
where H > 0 is a constant; K, M : [0,00) — [0,00), K is continuous, M is locally bounded and H, K, M
are independent of x(-).

(Al)For the function x in (A), the mapping t — x; is continuous for t € [0, o + b].

(B) The space B is complete.

Definition 2 ([11]) The Hausdorff’s measure of noncompactness x, defined by x, (B) = inf{r > 0, B
can be covered by finite number of balls with radii r}, for bounded set B in a Banach space Y .

Lemma 1 ([11]) Let Y be a real Banach space and B,C C 'Y be bounded, the following properties are
satisfied:

(1) B is pre-compact if and only if x, (B) = 0;

(2) Xy (B) = xy (B) = x (convB), where B and conv B are the closure convex hull of B respectively;

(3) xy (B) < x, (C) when B C C;

(4) xy (B+C) < x,(B)+x,(C)where B+ C ={x+y:x€ B, yecC};

(5) xv (BUC) = max {XY (B), XY(C)}"

(6) Xy (AB) = |A[x, (B) for any A € R;

(7) If the map Q) : D(Q) CY — Z is Lipschitz continuous with constant k then x ,(QB) < kx, (B)
for any bounded subset B C D(Q), where Z is a Banach space;

(8) If {W, }125 is a decreasing sequence of bounded closed nonempty subset of Y and 711520 Xy (W) =

0, then ﬂ:i‘i W, is nonempty and compact in 'Y .

Definition 3 ([12]) The map Q : W CY — Y is said to be a x, — contraction if there exists a positive
constant k < 1 such that x, (Q(C)) < kx, (C)) for any bounded close subset C C W, where Y is a
Banach space.

Lemma 2 ([13])(Darbo) Let W C Y be a closed convex set and 0 € W, @ : W — W be continuous and
Xy — contraction. If the set {x € W : x = A\l'z} is bounded for 0 < X\ < 1, then there exists at least one
fixed point of the map Q in W.

In this paper we denote x the Hausdorff’s measure of noncompactness of X, x, the Hausdorff’s measure
of noncompactness of C'([0, b]; X). To discuss the existence we also need the following lemma.

Lemma 3 ([12]) (1) If W C C([a, b]; X) is bounded, then x(W (t)) < xc(W), for any t € [a,b], where
W(t) ={u(t) :ue W} CX;
(2) If W C C([a,b]; X) is bounded and equicontinuous, then x(W (t)) is continuous for t € |a, b, and

Xe(W) = sup {x(W(#)),t € [a,b]};

(3)IfW C C([a,b]; X) is bounded and equicontinuous, then x(W (t)) is continuous for t € [a,b], and
t t
([ wesas) < [ avss

t t
forallt € [a,b], where/ W(s)ds = {/ x(s)ds:x € W}
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Let {A(t) : t > 0} be a family of closed operators from a real Banach space X into itself and D(A(t)) =
D is independent of ¢.

Definition 4 ([7]) The family of linear bounded operators {U (t,s) : 0 < s <t < oo} on X is called an
evolution system, if the follow properties are satisfied:

(i) U(t,t) = I where I is the identity operators in X;

(i) U(t,s)U(s,7) =U(t, ) for0 <7 < s <t < +00;

(iii) U (t, s) € B(X) the space of bounded linear operator on X, where for every (t,s) € {(t,s) : 0 < s <t < +oo}
and for each © € X, the mapping (t,s) — U(t, s)x continuous.

Definition 5 The evolution system {U(t,s): 0 < s <t < oo} is said to be equicontinuous if for each
bounded subset B in X, {s — U(t,s)x : x € B} is equicontinuous for t > 0.

The following lemma is obvious.

Lemma 4 [fthe evolution system {U(t,s) : 0 < s <t < oo} is equicontinuous and n € L([0,b]; R™), then
the set {fot Ul(t,s)x(s)ds :||z(s)|| < n(s)fora.e., 0 < s <t <b}isequicontinuous.

3 Main results
Now we define the mild solution for the initial value problem (1.1)-(1.2).

Definition 6 A function x : (—o0,b] — X is a mild solution of the initial value problem (1.1)-(1.2) if
zo = ¢, 2(-)|p € C([0,0]; X) and

x(t) = U(t,0)((0) — h(0,9)) + h(t, z;) —i—/o U(t,s)A(s)h(s,zs)ds

+/ Ul(t,s)(f(s,zs) + g(s,xs))ds, t € J =10,b].
0

For the system (1.1)-(1.2), we assume that the following hypotheses are satisfied:

(Hf) f : J x B — X satisfies the following condition:

(1) For each z : (—o0,b] — X, 29 € B and z|; € C(]0,b]; X) , the function f(-,z) is strongly
measurable for all v € 5 and f(¢, -) is continuous for a.e. ¢t € [0, b];

(2) There exists an integrable function « : [0,b] — [0, 4+00) and a monotone continuous nondecreasing
function 2 : [0, +00) — (0, 4+00), such that

1 (& vl < a®)Q|lv]ls), Yt € [0,6],v € B;
(3) There exists an integrable function 7 : [0, b] — [0, +00), such that

x(U(t,)f(s, D)) < m(t) _sup x(D(B)), ae. st €[0,8],

where D(6) = {v(0) : v € D}.
(Hg) There exists an continuous function L : [0,b] — R, such that

lg(t,w) = g(t, )| < L(t)[lu - |5, Yu,v € B.

(Hh) There exists a positive constant L1, Ly and Ly, such that
|A(t)h(t,v)|| < Lpil||vl|s + Ln2, (t,v) € J x B and
[A(t)R(t1, v1) — Alt2)h(tz, v2)[| < Lasw([[tr —tol| + [[v1 —v2l[B), (ti;vi) € T x B, i =1,2.

(H)(1) The evolution system {U(¢,s) : 0 < s <t < oo} is equicontinuous and there exists a positive
constant M, such that
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U ()] < M for0 < s <t<b.

KyM t +o0 ds
(2) 1-— Jip) /0 max {a(t)7 L(t)}ds < /c m, where

py = Ky M|[h(0, )| + (Kp M H + M) ||l 5 + Ky Lpa (Mo + MD),

pio = KyLiy (Mo + Mb), ¢ = Y Ky = sup K(t), M, = sup M(%).
1 —p2 0<t<b 0<t<b

(3) M/Ob(Lh* + L(s))K(s)ds + /Obn(s)ds <1

(4)0 € p(A(t)) for t € J, and there exist a constant Mg > 0, such that || A~1(¢)|| < My fort € J.
Lety : (—o0,b] — X be the function defined by yo = ¢ and y(t) = U(¢,0)(¢(0) — h(0,¢)) on J.
Clearly ,||y:l|ls < (KoM H + M)l + Ko M||A(0, @) .

Now we are ready to establish our main results.

Theorem 5 If the hypotheses (Hf) (Hg) (Hh) and (H) are satisfied, then there exists at least one mild
solution to the initial value problem(1.1)-(1.2).

Proof. Let S(b) be the space S(b) = {x: (—o0,b] — X|zo = 0,z|; € C([0,b]; X)} endowed with
supremum norm || - ||5. Let I" : S(b) — S(b) be the map defined by

0, te (_0070]7
t
Tx(t) = h(t,z¢ 4+ yi) + /0 Ul(t,s)A(s)h(s,zs + yi)ds G
t
+/ U(t,s)(f(s,zs +yt) +9g(s,xs + yp))ds, t € [0,0].
0

Due to the fact that ||z; + y¢||p < KpM||h(0, )| + (KpMH + My)| ¢l + Kpllz||t, where ||z|; =
sup ||z(s)||, I" is well defined and with values in S(b). It is easy to see that if z is a fixed point of I, then
<s<t

<s<
x + y is a mild solution to the initial value problem (1.1)-(1.2). In the sequel we will prove that there exists

a fixed point of I" by Darbo’s fixed point theorem.

We first note that, I' is continuous on the basis of the axioms of phase space, the Lebesgue domi-
nated convergence theorem and the conditions (H f), (Hg) and (Hh), we assert that the function s —
Ul(t,s)A(s)h(s,zs +ys) and s = U(t, s)(f(s, 75 +ys) + g(s, zs + ys)) are integrable on [0, ¢] for every
t > 0 and every bounded x € S(b). In fact, let || z||, < k, where k is a positive constant. In view of (Hh) we
have

|U(t,s)A(s)h(s,xs + ys)|| < M(Lp1llzs + sl + Ln2)
< M (Lp1 (KM || (0, ) ||
+ (KeMH + My)|pl|s + Kok) + Ln2),

[U(t,5)(f (s, @5 +ys) + g(s, 25 + ys)) |
< M(a@®)Q||zs + yslls) + L@)||2zs + yslls + (s, 0))
< M(a@®)QUEKM (O, )| + (KoM H + My)|| @5 + Kyk)
+ Lo(KpM||R(0, )| + (KyMH + M)l lls + Kvk) + [lg(s, 0)]),

where L, = max L(t). Hence the function s — U (t, s)A(s)h(s,xs +ys) and s — U(t,s)(f(s,xs +ys) +
te

g(s, s+ ys)) is integrable on [0, ¢], for every ¢ > 0.
Next, we show that the set {z € C([0,b]; X) : @ = AI'z} is bounded for 0 < A < 1. Let x) be a
solution of z = AI'z for 0 < A < 1. Then

|zxe + yells < KpM||R(0, @)|| + (KM H + My)||lolls + Kpllz|¢.
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Let vy (t) = Ky M||h(0,0)|| + (KpM H + My)||¢|ls + Kp||xa||¢ for each t € J, then
[zA(@®)[] = [IALzA ()] < Al[T2A@)]|

<M / O[22 + ylls) + L(5) 225 + v ll5)ds

¢
+ Lpi (Mo + Mb)vx(t) + Ly (Mo + Mb) + M/ g(s,0)||ds,
0

Jealle < M / Ql|2xs + slls) + L(3)2rs + ells)ds
- Laa (M + MO0+ Lia (Vo + A0+ M [l 0) s,
which implies that
oA(t) < KpyM||h(0, )| + (KoM H + My)|olls
T Ky(M / llors + ysllis) + L(s)lre + yslls)ds

t
+ Lpi (Mo + Mb)ux(t) + Lyz(Mo + Mb) + M/ lg(s,0)lds)
0

< KoM |[R(0,9)|| + (KoM H + M) |||
+ KyLpo(Mo + Mb) + KpLpi (Mo + Mb)ua(t)

b t
Jer,M/0 II‘q(s,O)IclerKbM/0 (a(s)2(va(s)) + L(s)va(s))ds.

Consequently,

KM
L —po

ua(t) <ec+ t(a(s)ﬂ(m(s)) + L(s)va(s))ds. (3.2)

Denoting by 35 (¢) the right-hand side of (3.2), we get
KyM
1, ()20 () + L) ()

RO s (o (e), LN Q) + Br(0).
12

By(t) =

<

therefor,

/

ﬁ/\(t) < KM
QBA()) + Ba(t) = 1 — o

Integrating (3.3) and applying our hypothesis (H)(1), we obtain

At s KM too s
/C e 1—u2/ max {a(s) (s)}ds</€ e

which implies that 8 (t) is bounded on J . Thus, v)(¢) is bounded on .J, and z(-) is also bounded on .J.
Now, we show that I' is x — contraction. To do this, we decompose I' in the form I' =1'; 4+ I's for ¢t > 0,
where

max {«a(t), L(t)}. (3.3)

t t
Tra(t) = h(t, 2+ 1) + / U(t, 5)A()h(s, 2 + y)ds + / U(t, 5)g(s, 25 + yi)ds,
0 0

Iox(t) = /0 Ul(t,s)f(s,zs+ y)ds.
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First, we show that I'; is lipschitzian on S(b). Take z1,x2 € S(b) arbitrary, on account of definition 1
and hypotheses, we get that

1Dy () — Taa(t)]) < | / U(t, 5)A(s) (h(s, 210 + y) — (s, 220 + y2))ds]
i / (1, 5)(g(5, 710 + 4s) — 95, 220 + 92))ds]

<M/ LK (s) sup ||z1(r) — wa(7)||ds

O<T§b

M /0 LK) sup. o1(r) = aa(r) ds

<u | (L + L($DE (8)dslz1 — ]l
Therefore
D121 (t) — Traa(t)|]p < M/Ob(Lh* + L(s))K (s)ds||z1 — z2]|p. (3.4
forany 21, xo € S(b), and I'y is lipschitzian on S(b) with Lipschitz constant L' = M fé)(Lh* +L(s))K(s)ds.

Next, take bounded subset W C S(b) arbitrary. The hypothesis that U (t, s) is equicontinuous implies
the equicontinuity of the set U (¢, s) f(s, W + ys). In view of Lemma 1,4 and (Hf)(3), we obtain that

x(Taw(t)) = x( /0 UL, 5)f (s, Ws + ys)ds)

IN

/ n(s) sup x(W(s+80)+y(s+0))ds
0 —00<6<0

IN

/ n(s) sup XW(T)dSSXc(W)/ n(s)ds,
0 0

0<7<s

and hence

t b
Yo (Taw) < yo (W) /0 n(s)ds < xo (W) /0 n(s)ds (3.5)

for each bounded set W € C([0,b]; X).
Now, for each bounded set W € C(]0, b]; X), we get from (3.4),(3.5) and Lemma 1 that

XC(IW@W ::XC(F1LV'+-F2LVU < Xc(I&IWW +'XC(FQVV)

, t
< (L + /0 0(5)ds))xe (W) < X0 (W).

The hypothesis (H)(2) implies that I' is x — contraction. In view of Lemma 2 ( Darbo fixed point
Theorem), we conclude that I" there exists at least one fixed point of I' in S(b). Let = be a fixed of I" on
S(b), then z = = + y is a mild solution of (1.1)-(1.2), which complete the proof. m

4 An Example

Consider the model
0
Q[U(t,g) _ / TO)ult, o(t + 0, €))do]
= aft, E)a@ t,€) + [2 P(O)r(t, v(t +6,€))do
+ [0 Q(O)s(t, v(t +6,£))de, t € [0,b],€ € [0,7]
v(t,0) =v(t,m) =0,t € [0, b],
(v(0,8) =v0(6,§), —00 < 0 <0,& € [0,7],

@.1)
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where a(t,€) is a continuous function and is uniformly Hélder continuous in ¢; 7', P,Q : (—o0,0] —
R;u,r,s:[0,400) x R — Rand vy : (—o0,0] x [0, 7] — R are continuous functions.

Let E = L*([0,7],R) and deﬁne A(t) by A()w = a(t,&)w” with domain D(A) = {w € E :
w,w are absolutely continuous,w” € E,w(0) = w(m) = 0} Then A(t) generates an evolution system
U (t, s) satisfying assumptions (H1) and (H2) (see [14]).

For the phase space B, we choose the well known space BUC'(R™, E): the space of uniformly bounded
continuous functions endowed with the norm ||| = sup |¢(0)| for ¢ € B.If weputforp € BUC(R™, E)

<0

and £ € [0, 7],
2(1)(€) = v(t, ).t € 0,8],€ € [0,7),
P(0)(&) = v0(0,§), —00 < 6 < 0,£ € [0, 7],
= [0 T(O)u(t. (6)(€))do, —00 < 6 < 0,€ € [0,7],

&) = [ PO (1, 0(0)(€))dh, —o0 < 0 < 0,€ € [0, 7],

= [ QO)s(t,0(0)(€))db, —c0 < 0 < 0,€ € [0, 7],

Then, (4.1) takes the abstract neutral perturbed evolution form (1.1)-(1.2). To show the existence of the
mild solution to (4.1), we assume the following hypotheses:

(1)the functions w and s are Lipschitz with respect to its second argument, and constants lip(u) and lip(s)
respectively.

(2)There exist p € L'([0, +00), RT) and a nondecreasing continuous function 1 : [0, +00) — (0, 00)
such that |r(¢,u)| < p(t)y(|ul), for t € [0, +0),u € R.

(3)T, P and ( are integrable on (—o0, 0].

By the dominated convergence theorem, one can show that f is a continuous function from B to FE.
Moreover the mapping h and g are Lipschitz continuous in its second argument, in fact, we have

l9(t,01) — g(t, 02)| < lip(s) [0 1Q(0)]d8]p1 — wal, p1, 2 € B,

|h(t, 1) — h(t, 2)| < MoLulip(u) [°_ |T(6)|d6)o1 — pal, 1,02 € B.

On the other hand, for ¢ € B and £ € [0, 7] we have
F ()] < [2 [P} PO) (|0 (6)(€)])db-

Since the function is nondecreasing, it follows that
0
|1t 0)l < p(t) [Zo [P(6)|db(|o]), for ¢ € B.

Proposition 6 Assume the above hypotheses and the condition H in Theorem 3.2 hold, ¢ € B, then there
exists at least one mild solution to system (4.1).
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