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Some Solutions of 2-order Periodic Camassa-Holm Equation
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Abstract: Higher-order Camassa-Holm equation is a generalization of Camassa-Holm equa-
tion. In this paper, for 2-order periodic Camassa-Holm equation, we construct some solutions.
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1 Introduction

Degasperis and Procesi (see [1]) studied the following family of third order dispersive partial differential
equation (PDE) conservation laws:

2 2 2
U + CoUy + Vlgpy — O Uz = (Cru” + coul + c3UULy )y (D

where «, ", c1, co, c3 are real constants. They found that there are only there equations that satisfy the
asymptotic integrability condition within this family: the Korteweg-de Vries equation, the Camassa-Holm
equation, and the Degasperis-Procesi equation.

For ¢; = —3c3/ 202 and ¢3 = c3 /2 in Eq.(1), it became the Camassa-Holm equation modeling the
unidirectional propagation of shallow water waves over a flat bottom, u (¢, x) standing for the fluid velocity
at time in the spatial direction. The Camassa-Holm equation was also a model for the propagation of axially
symmetric waves in hyperelastic rods. It had a bi-Hamiltionian structure and was completely integrable.
The orbital stability of the peaked solitons was proved, and that of the smooth solitons.

The explicit interaction of the peaked solitons was given. The Cauchy problem of the Camassa-Holm
equation had been studied extensively. It had been shown that the Camassa-Holm equation was locally well-
posed with the initial data uy € H*(R),s > % More interestingly, it had global strong solutions and also
blow-up solutions in finite time with a different class of initial profiles in the Sobolev spaces H*(R), s > %
On the other hand, it had global weak solutions in H!(R). Some results related to Camassa-Holm equation
can be found in [4],[5],[6].[7] and referees therein.

In [2], a family of higher-order Camassa-Holm equations are constructed as:

Oru = By (u, ), 2

where u = u(t, ) : [0,00) x R — R is the unknown function and

Bi(u,u) = A Cr(u) — udyu,
k
Ap(w) = ) (-1Y07u,
=0
Cr(u) = —uAg(0,u) + Ap(udyu) — 20, uAk(u).

When k£ = 0 and k£ = 1, (2) becomes the inviscid Burgers equation [2]

ou+3ud,u = 0 3)
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and the Camassa-Holm equation [3]
o — 8t8§u + 3ud,u = 28xu8§u + uagu, 4)

respectively. The Cauchy problem is studied in [1].

For general k > 2, the behavior of equation (1) is quite different from the behavior of Camassa-Holm
equation (3). Equation (1) has solitons: u(t,x) = ce~l*=<tl ¢ € R and peakon solutions for periodic case.
But it doesn’t happen when £ > 2, in this case the term 0, (%U)Q for some j > 2 appears in the deformation
of (1):

O Aku = —uAg(0yu) — 20, uAg(u). ®)

Hence idiographic solutions are helpful and important for us to understand the behavior of equation (2).
In this paper, we construct some travelling wave solutions for periodic 2-order Camassa-Holm equation.

2 Travelling wave solution for higher-order Camassa-Holm equation

Let € := p+ nv/—1(u,n € R) be the 2(k + 1)-th root of unit 1, define real functions on [0, c0) x R:

v = €17 cos(pu(x — ct)),
vy = e "7 cos(p(x — ct)),
vs = " Dgin(u(x — ct)),
vy = e " Dgin(u(x — ct)),

then we have
Ap(vr) = Ap(v2) = Ap(v3) = Ag(vg) = 0,

all of them are solutions of (5)[also of (2)]. Where c is the speed of the travelling waves.
In fact, v; = Re(e™ VX)) the real part of e~ V—16(==¢D) and

Ap(vy) = Re(Ak(e_mE(x_Ct)))
k

— Re e—ﬁ&(ﬂﬁ—ct)Z(_l)j(_\/jg)?j
=0

k
= Re( e‘ﬁf(x_d)zgj =0.
j=0

For vs, v3, v4, the situation is similar.

3 Solutions for periodic 2-order Camassa-Holm equation

Define functions

wy = (v1 +v2)/2, w2 = (v1 — v2)/2, w3 = (v3 +v4)/2, ws = (v3 — v4)/2,

then, when £ = 2, we have

wy = cosh (\f(x - ct)) cos (;(g; - ct)> wy = — sinh <\g§(;p - ct)> cos (;(x - ct))
w3 = cosh (*f(x - ct)) sin (;(g; - ct)> ws = — sinh <\f(;p - ct)) sin G(x - ct))
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Lemma 1 There exist infinite many positive numbers xq such that

sinh(@xo) sin(x/2)

= (6)
cosh(@xg) V3 cos(0/2)
Proof. By observation, \/Sglzg()m) runs between —oo and oo periodically, in another hand, zg;}fl((i)) > 0

intends to 1 when z intends to oo, hence the statement is true.
For any positive xg satisfying (7) and positive integer n, define

u = u(t,x):[0,00) x R/(x — ct + 2Zxy) — R
(t,x) — 7z, cosh (?(m - ct)) cos (;(m‘ — ct)) = VoW1,
for x — ct € [—x0, o], where v, is to be determined.
Definition 1 A distribution solution of (5) is a function
u(t,z):[0,00) x R - R
satisfying (5) in the sense of distributions.

Proposition 2 There exists ., such that u is a periodic distribution solution of (5).

4 Proof for the result

By the definition, u and v are clearly continuous. Moreover, they are linear combinations of w;’s, hence
they satisfy the equation (5) when = — ¢t € (—x¢, zo) and x — ct € (—m, 7), respectively.

Since
0, <cosh (‘f(x _ ct)) cos (;(x - ct)>>
_ \f sinh (‘f(x - ct)) cos (;(x - ct)) - %cosh (‘f(x - ct)) sin <;(x - ct)>

which equals zero when z — ct = +x¢, so

OpU = Uyg.
More over,
1 3
O = Uy = —u+ 7x0£w4
2 2
as U, 18 even about x — ct, and
1 V3 3
3;%“ = Ugzr = Uz + ’Yxo(iw2 - *w3)

2 4 4

which is not continuous, in the sense of distributions,

V3zy . o
8§u — Upprr = (—2%0 cosh 5 sm? Oz—ct—zp

Notice that u ..., 1S even about x — ct hence continuous,

\/§x0 . Xo 1
qu — Ugzzaxxr = (_2’710 cosh 92 s 9 5é—)6t—$0
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2 x—ct—xg

3
&ﬂ%u — Utggzr = (20%0 cosh \[2960 sin xO) ) (1)

Consider distributions of equation (5), which holds if and only if

3
(20%0 cosh \/;EO sin fgo) 59(61,)@5,330

3 3
= —u (—2%0 cosh \[;0 sin ?) 5;1,)&,330 — 3uy (—2%0 cosh \/;EO sin x;) On—ct—zp

holds at xg, so

3 3
(20%0 cosh \[;0 sin x;) 5:(01_)“_930 = (2'@0 cosh? \f;o sin % cos 9320> 5;1—)@—:(:0

it solves
C

cosh @ cos %

Yzo =

Theorem 3 For any xo > 0 satisfying (6),

u=ulta) = —° cosh (*f(x - ct)) cos <;(az - ct)>

¢ @
cosh 5% COS 5

is a periodic distribution solution of the 2-order Camassa-Holm equation.

Remark 4 This construction can’t be applied for k > 3.
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