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Some Solutions of 2-order Periodic Camassa-Holm Equation
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Abstract: Higher-order Camassa-Holm equation is a generalization of Camassa-Holm equa-
tion. In this paper, for 2-order periodic Camassa-Holm equation, we construct some solutions.
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1 Introduction

Degasperis and Procesi (see [1]) studied the following family of third order dispersive partial differential
equation (PDE) conservation laws:

𝑢𝑡 + 𝑐0𝑢𝑥 + 𝛾𝑢𝑥𝑥𝑥 − 𝛼2𝑢𝑥𝑥𝑡 = (𝑐1𝑢
2 + 𝑐2𝑢

2
𝑥 + 𝑐3𝑢𝑢𝑥𝑥)𝑥 (1)

where 𝛼, 𝛾, 𝑐1, 𝑐2, 𝑐3 are real constants. They found that there are only there equations that satisfy the
asymptotic integrability condition within this family: the Korteweg-de Vries equation, the Camassa-Holm
equation, and the Degasperis-Procesi equation.

For 𝑐1 = −3𝑐3/2𝛼
2 and 𝑐2 = 𝑐3/2 in Eq.(1), it became the Camassa-Holm equation modeling the

unidirectional propagation of shallow water waves over a flat bottom, 𝑢(𝑡, 𝑥) standing for the fluid velocity
at time in the spatial direction. The Camassa-Holm equation was also a model for the propagation of axially
symmetric waves in hyperelastic rods. It had a bi-Hamiltionian structure and was completely integrable.
The orbital stability of the peaked solitons was proved, and that of the smooth solitons.

The explicit interaction of the peaked solitons was given. The Cauchy problem of the Camassa-Holm
equation had been studied extensively. It had been shown that the Camassa-Holm equation was locally well-
posed with the initial data 𝑢0 ∈ 𝐻𝑠(ℝ), 𝑠 > 3

2 . More interestingly, it had global strong solutions and also
blow-up solutions in finite time with a different class of initial profiles in the Sobolev spaces 𝐻𝑠(ℝ), 𝑠 > 3

2 .
On the other hand, it had global weak solutions in 𝐻1(ℝ). Some results related to Camassa-Holm equation
can be found in [4],[5],[6],[7] and referees therein.

In [2], a family of higher-order Camassa-Holm equations are constructed as:

∂𝑡𝑢 = 𝐵𝑘(𝑢, 𝑢), (2)

where 𝑢 = 𝑢(𝑡, 𝑥) : [0,∞)× ℝ → ℝ is the unknown function and

𝐵𝑘(𝑢, 𝑢) := 𝐴−1
𝑘 𝐶𝑘(𝑢)− 𝑢∂𝑥𝑢,

𝐴𝑘(𝑢) :=
𝑘∑

𝑗=0

(−1)𝑗∂2𝑗
𝑥 𝑢,

𝐶𝑘(𝑢) := −𝑢𝐴𝑘(∂𝑥𝑢) +𝐴𝑘(𝑢∂𝑥𝑢)− 2∂𝑥𝑢𝐴𝑘(𝑢).

When 𝑘 = 0 and 𝑘 = 1, (2) becomes the inviscid Burgers equation [2]

∂𝑡𝑢+ 3𝑢∂𝑥𝑢 = 0 (3)
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and the Camassa-Holm equation [3]

∂𝑡𝑢− ∂𝑡∂
2
𝑥𝑢+ 3𝑢∂𝑥𝑢 = 2∂𝑥𝑢∂

2
𝑥𝑢+ 𝑢∂3

𝑥𝑢, (4)

respectively. The Cauchy problem is studied in [1].
For general 𝑘 ≥ 2, the behavior of equation (1) is quite different from the behavior of Camassa-Holm

equation (3). Equation (1) has solitons: 𝑢(𝑡, 𝑥) = 𝑐𝑒−∣𝑥−𝑐𝑡∣, 𝑐 ∈ ℝ and peakon solutions for periodic case.
But it doesn’t happen when 𝑘 ≥ 2, in this case the term ∂𝑥(∂

𝑗
𝑥𝑢)2 for some 𝑗 ≥ 2 appears in the deformation

of (1):

∂𝑡𝐴𝑘𝑢 = −𝑢𝐴𝑘(∂𝑥𝑢)− 2∂𝑥𝑢𝐴𝑘(𝑢). (5)

Hence idiographic solutions are helpful and important for us to understand the behavior of equation (2).
In this paper, we construct some travelling wave solutions for periodic 2-order Camassa-Holm equation.

2 Travelling wave solution for higher-order Camassa-Holm equation

Let 𝜉 := 𝜇+ 𝜂
√−1(𝜇, 𝜂 ∈ ℝ) be the 2(𝑘 + 1)-th root of unit 1, define real functions on [0,∞)× ℝ:

𝑣1 = 𝑒𝜂(𝑥−𝑐𝑡) cos(𝜇(𝑥− 𝑐𝑡)),

𝑣2 = 𝑒−𝜂(𝑥−𝑐𝑡) cos(𝜇(𝑥− 𝑐𝑡)),

𝑣3 = 𝑒𝜂(𝑥−𝑐𝑡) sin(𝜇(𝑥− 𝑐𝑡)),

𝑣4 = 𝑒−𝜂(𝑥−𝑐𝑡) sin(𝜇(𝑥− 𝑐𝑡)),

then we have
𝐴𝑘(𝑣1) = 𝐴𝑘(𝑣2) = 𝐴𝑘(𝑣3) = 𝐴𝑘(𝑣4) = 0,

all of them are solutions of (5)[also of (2)]. Where 𝑐 is the speed of the travelling waves.
In fact, 𝑣1 = 𝑅𝑒(𝑒−

√−1𝜉(𝑥−𝑐𝑡)), the real part of 𝑒−
√−1𝜉(𝑥−𝑐𝑡), and

𝐴𝑘(𝑣1) = 𝑅𝑒(𝐴𝑘(𝑒
−√−1𝜉(𝑥−𝑐𝑡)))

= 𝑅𝑒

⎛⎝𝑒−
√−1𝜉(𝑥−𝑐𝑡)

𝑘∑
𝑗=0

(−1)𝑗(−√−1𝜉)2𝑗

⎞⎠
= 𝑅𝑒(

⎛⎝𝑒−
√−1𝜉(𝑥−𝑐𝑡)

𝑘∑
𝑗=0

𝜉2𝑗

⎞⎠ = 0.

For 𝑣2, 𝑣3, 𝑣4, the situation is similar.

3 Solutions for periodic 2-order Camassa-Holm equation

Define functions

𝑤1 = (𝑣1 + 𝑣2)/2, 𝑤2 = (𝑣1 − 𝑣2)/2, 𝑤3 = (𝑣3 + 𝑣4)/2, 𝑤4 = (𝑣3 − 𝑣4)/2,

then, when 𝑘 = 2, we have

𝑤1 = cosh

(√
3

2
(𝑥− 𝑐𝑡)

)
cos

(
1

2
(𝑥− 𝑐𝑡)

)
𝑤2 = − sinh

(√
3

2
(𝑥− 𝑐𝑡)

)
cos

(
1

2
(𝑥− 𝑐𝑡)

)

𝑤3 = cosh

(√
3

2
(𝑥− 𝑐𝑡)

)
sin

(
1

2
(𝑥− 𝑐𝑡)

)
𝑤4 = − sinh

(√
3

2
(𝑥− 𝑐𝑡)

)
sin

(
1

2
(𝑥− 𝑐𝑡)

)
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Lemma 1 There exist infinite many positive numbers 𝑥0 such that

sinh(
√
3
2 𝑥0)

cosh(
√
3
2 𝑥0)

=
sin(𝑥0/2)√
3 cos(𝑥0/2)

(6)

Proof. By observation, sin(𝑥)√
3 cos(𝑥)

runs between −∞ and ∞ periodically, in another hand, sinh(𝑥)
cosh(𝑥) > 0

intends to 1 when 𝑥 intends to ∞, hence the statement is true.
For any positive 𝑥0 satisfying (7) and positive integer 𝑛, define

𝑢 = 𝑢(𝑡, 𝑥) : [0,∞)× ℝ/(𝑥− 𝑐𝑡+ 2ℤ𝑥0) → ℝ

(𝑡, 𝑥) 7−→ 𝛾𝑥0 cosh

(√
3

2
(𝑥− 𝑐𝑡)

)
cos

(
1

2
(𝑥− 𝑐𝑡)

)
= 𝛾𝑥0𝑤1,

for 𝑥− 𝑐𝑡 ∈ [−𝑥0, 𝑥0], where 𝛾𝑥0 is to be determined.

Definition 1 A distribution solution of (5) is a function

𝑢(𝑡, 𝑥) : [0,∞)× ℝ → ℝ

satisfying (5) in the sense of distributions.

Proposition 2 There exists 𝛾𝑥0 such that 𝑢 is a periodic distribution solution of (5).

4 Proof for the result

By the definition, 𝑢 and 𝑣 are clearly continuous. Moreover, they are linear combinations of 𝑤𝑖’s, hence
they satisfy the equation (5) when 𝑥− 𝑐𝑡 ∈ (−𝑥0, 𝑥0) and 𝑥− 𝑐𝑡 ∈ (−𝜋, 𝜋), respectively.

Since

∂𝑥

(
cosh

(√
3

2
(𝑥− 𝑐𝑡)

)
cos

(
1

2
(𝑥− 𝑐𝑡)

))

=

√
3

2
sinh

(√
3

2
(𝑥− 𝑐𝑡)

)
cos

(
1

2
(𝑥− 𝑐𝑡)

)
− 1

2
cosh

(√
3

2
(𝑥− 𝑐𝑡)

)
sin

(
1

2
(𝑥− 𝑐𝑡)

)
which equals zero when 𝑥− 𝑐𝑡 = ±𝑥0, so

∂𝑥𝑢 = 𝑢𝑥.

More over,

∂2
𝑥𝑢 = 𝑢𝑥𝑥 =

1

2
𝑢+ 𝛾𝑥0

√
3

2
𝑤4

as 𝑢𝑥𝑥 is even about 𝑥− 𝑐𝑡, and

∂3
𝑥𝑢 = 𝑢𝑥𝑥𝑥 =

1

2
𝑢𝑥 + 𝛾𝑥0(

√
3

4
𝑤2 − 3

4
𝑤3)

which is not continuous, in the sense of distributions,

∂4
𝑥𝑢− 𝑢𝑥𝑥𝑥𝑥 =

(
−2𝛾𝑥0 cosh

√
3𝑥0
2

sin
𝑥0
2

)
𝛿𝑥−𝑐𝑡−𝑥0

Notice that 𝑢𝑥𝑥𝑥𝑥 is even about 𝑥− 𝑐𝑡 hence continuous,

∂5
𝑥𝑢− 𝑢𝑥𝑥𝑥𝑥𝑥 =

(
−2𝛾𝑥0 cosh

√
3𝑥0
2

sin
𝑥0
2

)
𝛿
(1)
𝑥−𝑐𝑡−𝑥0
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∂𝑡∂
4
𝑥𝑢− 𝑢𝑡𝑥𝑥𝑥𝑥 =

(
2𝑐𝛾𝑥0 cosh

√
3𝑥0
2

sin
𝑥0
2

)
𝛿
(1)
𝑥−𝑐𝑡−𝑥0

Consider distributions of equation (5), which holds if and only if(
2𝑐𝛾𝑥0 cosh

√
3𝑥0
2

sin
𝑥0
2

)
𝛿
(1)
𝑥−𝑐𝑡−𝑥0

= −𝑢

(
−2𝛾𝑥0 cosh

√
3𝑥0
2

sin
𝑥0
2

)
𝛿
(1)
𝑥−𝑐𝑡−𝑥0

− 3𝑢𝑥

(
−2𝛾𝑥0 cosh

√
3𝑥0
2

sin
𝑥0
2

)
𝛿𝑥−𝑐𝑡−𝑥0

holds at 𝑥0, so(
2𝑐𝛾𝑥0 cosh

√
3𝑥0
2

sin
𝑥0
2

)
𝛿
(1)
𝑥−𝑐𝑡−𝑥0

=

(
2𝛾2𝑥0

cosh2
√
3𝑥0
2

sin
𝑥0
2

cos
𝑥0
2

)
𝛿
(1)
𝑥−𝑐𝑡−𝑥0

it solves
𝛾𝑥0 =

𝑐

cosh
√
3𝑥0
2 cos 𝑥0

2

.

Theorem 3 For any 𝑥0 > 0 satisfying (6),

𝑢 = 𝑢(𝑡, 𝑥) =
𝑐

cosh
√
3𝑥0
2 cos 𝑥0

2

cosh

(√
3

2
(𝑥− 𝑐𝑡)

)
cos

(
1

2
(𝑥− 𝑐𝑡)

)
is a periodic distribution solution of the 2-order Camassa-Holm equation.

Remark 4 This construction can’t be applied for 𝑘 ≥ 3.
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