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Abstract:Let {𝑋,𝑋𝑛, 𝑛 ≥ 1} be a sequence of strictly stationary linear positive quadrant de-
pendent, positive random variables in the domain of attraction of the normal law. Under some
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1 Introduction

Let {𝑋𝑛, 𝑛 ≥ 1} be a sequence of positive random variables and define the partial sum 𝑆𝑛 =
∑𝑛

𝑖=1𝑋𝑖

and 𝑉 2
𝑛 =

∑𝑛
𝑖=1(𝑋𝑖 −𝑋)2 for 𝑛 ≥ 1, where 𝑋 = 1

𝑛

∑𝑛
𝑖=1𝑋𝑖. Arnold and Villase𝑛̃or [1] considered the

limiting properties of sums of records and obtained the following version of the central limit theorem for
i.i.d. exponential random variables with mean one,∑𝑛

𝑘=1 log𝑆𝑘 − 𝑛 log𝑛+ 𝑛√
2𝑛

𝒟→ 𝒩 , 𝑎𝑠 𝑛 → ∞.

Here and in the sequel, 𝒩 denotes a standard normal random variable. Later Rempala and Wesoloski [7]
removed the condition that the distribution of 𝑋𝑖 is exponential and extended such a central limit theorem to
general i.i.d positive random variable. Recently, Lixin Zhang and Wei Huang [8] extended this kind of results
to the invariance principle. In this paper, we shall study the weak invariance principle for self-normalized
products of sums under dependence assumption.

Two random variables 𝑋 and 𝑌 are said to be positive quadrant dependent (𝑃𝑄𝐷)if 𝑃 (𝑋 > 𝑥, 𝑌 >
𝑦) ≥ 𝑃 (𝑋 > 𝑥)𝑃 (𝑌 > 𝑦) for all 𝑥, 𝑦 ∈ ℛ. A sequence {𝑋𝑛;𝑛 ≥ 1} is said to be linear positive quadrant
dependent if for any disjoint finite subsets 𝐴,𝐵 ⊂ {1, 2, . . .} and any positive real numbers 𝑟𝑗 ,∑

𝑖∈𝐴
𝑟𝑖𝑋𝑖 𝑎𝑛𝑑

∑
𝑗∈𝐵

𝑟𝑗𝑋𝑗 𝑎𝑟𝑒 𝑃𝑄𝐷.

We also put

𝑙(𝑥) = 𝐸(𝑋 − 𝜇)2𝐼(∣𝑋 − 𝜇∣ ≤ 𝑥),
𝑏 = 𝑖𝑛𝑓{𝑥 ≥ 1; 𝑙(𝑥) > 0},

𝐴2
𝑛 = 𝑉 𝑎𝑟

(∑𝑛
𝑖=1(𝑋𝑖 − 𝜇)𝐼(∣𝑋𝑖 − 𝜇∣ ≤ 𝜂𝑛)

)
,

and

𝐵2
𝑛 =

𝑛∑
𝑖=1

E(𝑋𝑖 − 𝜇)2𝐼(∣𝑋1 − 𝜇∣ ≤ 𝜂𝑛),
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where 𝜇 = E𝑋 and 𝜂𝑖 = inf
{
𝑠 : 𝑠 ≥ 𝑏 + 1, 𝑙(𝑠)

𝑠2
≤ 1

𝑖

}
, 𝑖 = 1, 2, ⋅ ⋅ ⋅ . It is easily seen that 𝜂𝑛 ≤ 𝜂𝑛+1 and

𝐵2
𝑛 = 𝑛𝑙(𝜂𝑛) ∼ 𝜂2𝑛 as 𝑛 → ∞. From now on, 𝐶 denotes a constant whose value can differ from line to line.

The followings are our main results.

Theorem 1 Let {𝑋𝑛;𝑛 ≥ 1} be a strictly stationary 𝐿𝑃𝑄𝐷 sequence of positive random variables in the
domain of attraction of the normal law with 𝐸(𝑋1) = 𝜇 > 0, 𝐸(𝑋2

1 ) < ∞. Assume that
(𝐶1) 𝐴2

𝑛 ∼ 𝛽𝐵2
𝑛 𝑓𝑜𝑟 0 < 𝛽 < ∞,

(𝐶2) 𝐶𝑜𝑣(𝑋1, 𝑋𝑛+1) = 𝑂(𝑛−1(log 𝑛)−2−𝜖) 𝑓𝑜𝑟 𝜖 > 0. Then⎛⎝ [𝑛𝑡]∏
𝑘=1

𝑆𝑘

𝑘𝜇

⎞⎠
𝜇
𝑉𝑛

𝒟→ exp

{
𝛽

∫ 𝑡

0

𝑊 (𝑥)

𝑥
𝑑𝑥

}
in 𝐷[0, 1], as 𝑛 → ∞,

where {𝑊 (𝑡), 𝑡 ≥ 0} is a standard wiener process.

In particular, when we take 𝑡 = 1, it yields the following remark 1.

Remark 2 Under the assumptions of Theorem 1.1, we have that(
𝑛∏

𝑘=1

𝑆𝑘

𝑘𝜇

) 𝜇
𝑉𝑛 𝒟→ 𝑒

√
2𝛽𝒩 as 𝑛 → ∞,

where 𝒩 is a standard normal random variable.

Remark 3 Since
∫ 1
0

𝑊 (𝑥)
𝑥 𝑑𝑥 is a normal random variable with

E(
∫ 1

0

𝑊 (𝑥)

𝑥
𝑑𝑥) = 0,

and

E(
∫ 1

0

𝑊 (𝑥)

𝑥
𝑑𝑥)2 = 2,

Remark 1 is trivial.

The following example comes from Yunxia Li and Jianfeng Wang [6].

Remark 4 A finite family of random variables {𝑋𝑖; 1 ≤ 𝑖 ≤ 𝑛} is said to be positively associated (PA) if
for every pair of disjoint subsets 𝐴 and 𝐵 of {1, 2, . . .},

𝐶𝑜𝑣{𝑓(𝑋𝑖; 𝑖 ∈ 𝐴), 𝑔(𝑋𝑗 ; 𝑗 ∈ 𝐵)} ≥ 0,

whenever 𝑓 and 𝑔 are coordinatewise increasing and the covariance exists. A PA sequence is obviously
a LPQD sequence, the following example shows that LPQD does not imply PA: Consider three discrete
random variables with joint density 𝑝(𝑥, 𝑦, 𝑧) := 𝑃 (𝑋 = 𝑥, 𝑌 = 𝑦, 𝑍 = 𝑧).𝑝(2, 2, 1) = 𝑝(3, 2, 1) =
𝑝(2, 3, 1) = 𝑝(3, 3, 1) = 𝑝(1, 1, 2) = 𝑝(2, 1, 2) = 𝑝(3, 1, 2) = 𝑝(1, 2, 2) = 𝑝(1, 3, 2) = 1

17 and=
𝑝(1, 1, 1) = 𝑝(3, 3, 2) = 4

17 . A lengthy verification shows that {𝑋,𝑌, 𝑍} is LPQD. But, {𝑋,𝑌, 𝑍} is
not PA since 𝑃 (𝑋 > 1, 𝑌 > 1, 𝑍 > 1) = 4

17 < 𝑃 (𝑋 > 1, 𝑌 > 1)𝑃 (𝑍 > 1) = 72
289 .

2 Proof of Theorem 1

We state some lemmas before showing the proof of Theorem 1. The following lemma comes from Csörgő,
Szyszkowicz and Qiying Wang [4].

Lemma 5 If 𝐸(𝑋) = 0, then the following statements are equivalent:
(1) 𝑋 is in the domain of attraction of the normal law;
(2) 𝑥𝐸∣𝑋∣𝐼(∣𝑋∣ > 𝑥) = 𝑜(𝑙(𝑥));
(3) 𝐸∣𝑋∣𝛼𝐼(∣𝑋∣ ≤ 𝑥) = 𝑜(𝑥𝛼−2𝑙(𝑥)) 𝑓𝑜𝑟 𝛼 > 2.
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Lemma 6 Let {𝑋𝑛;𝑛 ≥ 1} be a strictly stationary 𝐿𝑃𝑄𝐷 sequence of positive random variables with
𝐸(𝑋1) = 𝜇 > 0, 𝐸(𝑋2

1 ) < ∞. Assume that condition (𝐶2) holds, then

𝑆𝑛

𝑛
→ 0 𝑎.𝑠. 𝑎𝑠 𝑛 → ∞.

Proof. see Theorem 1 in Birkel [3].

Lemma 7 Under the assumptions of Theorem 1 We have that

𝜇

𝑉𝑛

𝑛∑
𝑘=1

(
𝑆𝑘

𝜇𝑘
− 1)2

𝑃→ 0. (1)

Proof. Put 𝑋∗
𝑖 (𝑛) = (𝑋𝑖 − 𝜇)𝐼(∣𝑋𝑖 − 𝜇∣ ≤ 𝜂𝑛) and 𝑆∗

𝑘(𝑛) =
𝑘∑

𝑖=1
𝑋∗

𝑖 (𝑛). First, we show 𝑉 2
𝑛 /𝐵

2
𝑛

𝑃→ 1. To

obtain this, we need the following fact,∑𝑛
𝑖=1(𝑋𝑖 −𝑋)2∑𝑛
𝑖=1(𝑋𝑖 − 𝜇)2

→ 1 𝑎.𝑠.(𝑛 → ∞). (2)

Indeed ∑𝑛
𝑖=1(𝑋𝑖 −𝑋)2∑𝑛
𝑖=1(𝑋𝑖 − 𝜇)2

=

∑𝑛
𝑖=1(𝑋𝑖 − 𝜇)2 − 𝑛(𝜇−𝑋)2∑𝑛

𝑖=1(𝑋𝑖 − 𝜇)2
= 1− 𝑛(𝜇−𝑋)2∑𝑛

𝑖=1(𝑋𝑖 − 𝜇)2
, (3)

we choose two constants 𝑀 > 0 and 0 < 𝛿 < 1 such that P(∣𝑋 − 𝜇∣ > 𝑀) > 𝛿 > 0, and hence it follows
from the strong law of large numbers that for 𝑛 large enough,

𝑛(𝜇−𝑋)2∑𝑛
𝑖=1(𝑋𝑖 − 𝜇)2

≤ (𝜇−𝑋)2

𝑛−1
∑𝑛

𝑖=1(𝑋𝑖 − 𝜇)2𝐼(∣𝑋𝑖 − 𝜇∣ > 𝑀)

≤ (𝜇−𝑋)2

𝑀2𝑛−1
∑𝑛

𝑖=1 𝐼(∣𝑋𝑖 − 𝜇∣ > 𝑀)

=
𝑜(1)

𝑀2
(
P(∣𝑋 − 𝜇∣ > 𝑀) + 𝑜(1)

)
= 𝑜(1) 𝑎.𝑠., (4)

which together with (3) implies that as 𝑛 → ∞,∑𝑛
𝑖=1(𝑋𝑖 −𝑋)2∑𝑛
𝑖=1(𝑋𝑖 − 𝜇)2

=
𝑉 2
𝑛∑𝑛

𝑖=1(𝑋𝑖 − 𝜇)2
→ 1 𝑎.𝑠. (5)

and

∑𝑛
𝑖=1(𝑋𝑖 − 𝜇)2

𝐵2
𝑛

− 1 =

𝑛∑
𝑖=1

(
(𝑋𝑖 − 𝜇)2𝐼(∣𝑋𝑖 − 𝜇∣ ≤ 𝜂𝑛)− E(𝑋𝑖 − 𝜇)2𝐼(∣𝑋𝑖 − 𝜇∣ ≤ 𝜂𝑛)

)
𝐵2

𝑛

+

∑𝑛
𝑖=1(𝑋𝑖 − 𝜇)2𝐼(∣𝑋𝑖 − 𝜇∣ > 𝜂𝑛)

𝐵2
𝑛

:= 𝑃1 + 𝑃2.

For 𝑃1, from the condition 𝐶𝑜𝑣(𝑋1, 𝑋𝑛+1) = 𝑂(𝑛−1(log 𝑛)−2−𝜖) for 𝜖 > 0 and by lemma 5, it follows
that

P(∣𝑃1∣ ≥ 𝜀) ≤ 𝐶
𝑛E(𝑋1 − 𝜇)4𝐼(∣𝑋1 − 𝜇∣ ≤ 𝜂𝑛)

𝐵4
𝑛

=
𝑛

𝐵4
𝑛

⋅ 𝜂2𝑛𝑙(𝜂𝑛) ⋅
E(𝑋1 − 𝜇)4𝐼(∣𝑋1 − 𝜇∣ ≤ 𝜂𝑛)

𝜂2𝑛𝑙(𝜂𝑛)
= 𝑜(1).
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For 𝑃2, by Lemma 5, we have that

𝑃 (

∑𝑛
𝑖=1(𝑋𝑖 − 𝜇)2𝐼(∣𝑋𝑖 − 𝜇∣ > 𝜂𝑛)

𝐵2
𝑛

≥ 𝜀)

≤ 𝑃 ((𝐵−1
𝑛

𝑛∑
𝑖=1

∣𝑋𝑖 − 𝜇∣𝐼(∣𝑋𝑖 − 𝜇∣ > 𝜂𝑛))
2 ≥ 𝜀)

≤ 𝐶
𝑛𝐸∣𝑋1 − 𝜇∣𝐼(∣𝑋1 − 𝜇∣ > 𝜂𝑛)

𝐵𝑛

=
𝑛𝑙(𝜂𝑛)

𝐵𝑛𝜂𝑛
⋅ 𝜂𝑛𝐸(∣𝑋1 − 𝜇∣)𝐼(∣𝑋1 − 𝜇∣ > 𝜂𝑛)

𝑙(𝜂𝑛)

= 𝑜(1).

Thus, these imply
𝑛∑

𝑖=1

(𝑋𝑖 − 𝜇)2

𝐵2
𝑛

𝑃→ 1,

which coupled with (5) leads to

𝑉 2
𝑛

𝐵2
𝑛

𝑃→ 1. (6)

To complete the proof of the Lemma 7, we only need to prove

𝜇

𝐵𝑛

𝑛∑
𝑘=1

(
𝑆𝑘

𝜇𝑘
− 1)2

𝑃→ 0. (7)

Indeed, denote 𝐶𝑘 = 𝑆𝑘
𝑘𝜇 , 𝑘 = 1, 2, ⋅ ⋅ ⋅ . By the strong law of large numbers for 𝐿𝑃𝑄𝐷 sequence, it

follows that for any 𝛿 > 0, there exists a positive integer 𝑅 such that

P(sup
𝑘≥𝑅

∣𝐶𝑘 − 1∣ > 𝛿) < 𝛿.

Hence, there exist two sequences {𝛿𝑚} ↘ 0 (𝛿1 = 1/2) and {𝑅∗
𝑚} ↗ ∞ such that

P( sup
𝑘≥𝑅∗

𝑚

∣𝐶𝑘 − 1∣ > 𝛿𝑚) < 𝛿𝑚.

The strong law of large numbers also implies that there exists a sequence {𝑅′
𝑚} ↗ ∞ such that

sup
𝑘≥𝑅′

𝑚

∣𝐶𝑘 − 1∣ ≤ 1/𝑚 𝑎.𝑠.

Thus in the sequel, we take 𝑅𝑚 = max(𝑅∗
𝑚, 𝑅′

𝑚), and it leads to

P( sup
𝑘≥𝑅𝑚

∣𝐶𝑘 − 1∣ > 𝛿𝑚) < 𝛿𝑚 and sup
𝑘≥𝑅𝑚

∣𝐶𝑘 − 1∣ ≤ 1/𝑚 𝑎.𝑠.
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So, by the fact 𝑉 2
𝑛

𝑃→ ∞, we have that

𝑃 (
𝜇

𝐵𝑛

𝑛∑
𝑘=1

(
𝑆𝑘

𝜇𝑘
− 1)2 ≥ 𝜀)

≤ 𝑃 (
𝜇

𝐵𝑛

𝑛∑
𝑘=𝑅𝑚+1

(
𝑆𝑘

𝜇𝑘
− 1)2 ≥ 𝜀, sup

𝑘≥𝑅𝑚

∣𝐶𝑘 − 1∣ ≤ 𝛿𝑚) + 𝑃 ( sup
𝑘≥𝑅𝑚

∣𝐶𝑘 − 1∣ > 𝛿𝑚)

≤ 𝑃 (
𝜇

𝐵𝑛

𝑛∑
𝑘=𝑅𝑚+1

(
𝑆𝑘

𝜇𝑘
− 1)2𝐼( sup

𝑘≥𝑅𝑚

∣𝐶𝑘 − 1∣ ≤ 𝛿𝑚) ≥ 𝜀) + 𝛿𝑚

≤ P
( 𝐶𝛿𝑚√

𝐵2
𝑛

𝑛∑
𝑘=𝑅𝑚+1

1

𝑘

∣∣𝑆∗
𝑘(𝑛)− E𝑆∗

𝑘(𝑛)
∣∣ ≥ 𝜀/2

)
+ P

(
𝐶𝛿𝑚√
𝐵2

𝑛

𝑛∑
𝑘=𝑅𝑚+1

1

𝑘

∣∣∣∣ 𝑘∑
𝑖=1

(
(𝑋𝑗 − 𝜇)𝐼(∣𝑋𝑗 − 𝜇∣ > 𝜂𝑛)

−E(𝑋𝑗 − 𝜇)𝐼(∣𝑋𝑗 − 𝜇∣ > 𝜂𝑛)

)∣∣∣∣ ≥ 𝜀/2

)
+ 𝛿𝑚

:= 𝑃3 + 𝑃4 + 𝛿𝑚.

For 𝑃3, by Cauchy-Schwarz inequality, and the condition (𝐶1), it follows that

𝑃3 ≤ 𝐶𝛿𝑚√
𝑛𝑙(𝜂𝑛)

𝑛∑
𝑘=1

1

𝑘

√
𝑉 𝑎𝑟(𝑆∗

𝑘(𝑛)) ≤
𝐶𝛿𝑚√
𝑛𝑙(𝜂𝑛)

𝑛∑
𝑘=1

√
𝑙(𝜂𝑛)

𝑘
≤ 𝐶𝛿𝑚,

which implies 𝑃3 → 0 by letting 𝑛 → ∞ and then 𝑚 → ∞.

For 𝑃4, by 𝑀𝑎𝑟𝑘𝑜𝑣′𝑠 inequality and Lemma 5, we have that

𝑃4 ≤ 𝐶𝑛𝐸∣𝑋1 − 𝜇∣𝐼(∣𝑋1 − 𝜇∣ > 𝜂𝑛)

𝐵𝑛
=

𝐶𝑛𝑙(𝜂𝑛)

𝐵𝑛𝜂𝑛
⋅ 𝜂𝑛𝐸∣𝑋1 − 𝜇∣𝐼(∣𝑋1 − 𝜇∣ > 𝜂𝑛)

𝑙(𝜂𝑛)
→ 0,

as 𝑛 → ∞. The proof is completed. □
Proof of Theorem 1 Denote 𝐶𝑘 = 𝑆𝑘

𝑘𝜇 , 𝑘 = 1, 2, ⋅ ⋅ ⋅ . By the strong law of large numbers for 𝐿𝑃𝑄𝐷

sequence, and we take 𝑅𝑚 = max(𝑅∗
𝑚, 𝑅′

𝑚), it follows that

P( sup
𝑘≥𝑅𝑚

∣𝐶𝑘 − 1∣ > 𝛿𝑚) < 𝛿𝑚 and sup
𝑘≥𝑅𝑚

∣𝐶𝑘 − 1∣ ≤ 1/𝑚 𝑎.𝑠.

The detail is omitted for sake of avoiding the repetitions. For any real 𝑥, write

𝑃 (
𝜇

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=1

log(𝐶𝑘) ≤ 𝑥) =𝑃 (
𝜇

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=1

log(𝐶𝑘) ≤ 𝑥, sup
𝑘≥𝑅𝑚

∣𝐶𝑘 − 1∣ > 𝛿𝑚)

+ 𝑃 (
𝜇

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=1

log(𝐶𝑘) ≤ 𝑥, sup
𝑘≥𝑅𝑚

∣𝐶𝑘 − 1∣ ≤ 𝛿𝑚)

=𝐴𝑚,𝑛 +𝐵𝑚,𝑛

and 𝐴𝑚,𝑛 < 𝛿𝑚.
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To compute 𝐵𝑚,𝑛, we will use the expansion of the logarithm: log(1 + 𝑥) = 𝑥 − 𝑥2

2(1+𝜃𝑥)2
, where

𝜃 ∈ (0, 1) depends on ∣𝑥∣ < 1. Thus

𝐵𝑚,𝑛 =𝑃 (
𝜇

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=1

log(𝐶𝑘) ≤ 𝑥, sup
𝑘≥𝑅𝑚

∣𝐶𝑘 − 1∣ ≤ 𝛿𝑚)

=𝑃 (
𝜇

𝛽𝑉𝑛

𝑅𝑚∧([𝑛𝑡]−1)∑
𝑘=1

log(𝐶𝑘) +
𝜇

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=(𝑅𝑚∧([𝑛𝑡]−1))+1

log(1 + 𝐶𝑘 − 1) ≤ 𝑥, sup
𝑘≥𝑅𝑚

∣𝐶𝑘 − 1∣ ≤ 𝛿𝑚)

=𝑃 (
𝜇

𝛽𝑉𝑛

𝑅𝑚∧([𝑛𝑡]−1)∑
𝑘=1

log(𝐶𝑘) +
𝜇

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=(𝑅𝑚∧([𝑛𝑡]−1))+1

(𝐶𝑘 − 1)

− 𝜇

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=(𝑅𝑚∧([𝑛𝑡]−1))+1

(𝐶𝑘 − 1)2

2(1 + 𝜃𝑘(𝐶𝑘 − 1))2
≤ 𝑥, sup

𝑘≥𝑅𝑚

∣𝐶𝑘 − 1∣ ≤ 𝛿𝑚)

=𝑃 (
𝜇

𝛽𝑉𝑛

𝑅𝑚∧([𝑛𝑡]−1)∑
𝑘=1

log(𝐶𝑘) +
𝜇

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=(𝑅𝑚∧([𝑛𝑡]−1))+1

(𝐶𝑘 − 1)

− 𝜇

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=(𝑅𝑚∧([𝑛𝑡]−1))+1

(𝐶𝑘 − 1)2

2(1 + 𝜃𝑘(𝐶𝑘 − 1))2
𝐼( sup

𝑘≥𝑅𝑚

∣𝐶𝑘 − 1∣ ≤ 𝛿𝑚) ≤ 𝑥)

− 𝑃 (
𝜇

𝛽𝑉𝑛

𝑅𝑚∧([𝑛𝑡]−1)∑
𝑘=1

log(𝐶𝑘) +
𝜇

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=(𝑅𝑚∧([𝑛𝑡]−1))+1

(𝐶𝑘 − 1) ≤ 𝑥, sup
𝑘≥𝑅𝑚

∣𝐶𝑘 − 1∣ > 𝛿𝑚)

=𝐷𝑚,𝑛 + 𝐸𝑚,𝑛,

where 𝜃𝑘(𝑘 = 1, . . . , [𝑛𝑡]) are (0-1)-valued and 𝐸𝑚,𝑛 < 𝛿𝑚.

Now, we rewrite 𝐷𝑚,𝑛 as

𝐷𝑚,𝑛 =𝑃 (
𝜇

𝛽𝑉𝑛

𝑅𝑚∧([𝑛𝑡]−1)∑
𝑘=1

(log(𝐶𝑘)− 𝐶𝑘 + 1) +
𝜇

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=1

(𝐶𝑘 − 1)

− 𝜇

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=(𝑅𝑚∧([𝑛𝑡]−1))+1

(𝐶𝑘 − 1)2

2(1 + 𝜃𝑘(𝐶𝑘 − 1))2
𝐼( sup

𝑘≥𝑅𝑚

∣𝐶𝑘 − 1∣ ≤ 𝛿𝑚) ≤ 𝑥).

Observe that, for any fixed 𝑚, it is easy to obtain

𝜇

𝛽𝑉𝑛

𝑅𝑚∧([𝑛𝑡]−1)∑
𝑘=1

(log(𝐶𝑘)− 𝐶𝑘 + 1)
𝑃→ 0 as 𝑛 → ∞, (8)

as 𝑛 −→ ∞ by noting that 𝑉 2
𝑛

𝑃→ ∞, where 𝑉 2
𝑛 =

𝑛∑
𝑘=1

(𝑋𝑖 − 𝑋̄)2.

If 𝑅𝑚 ≥ [𝑛𝑡]− 1, then

𝜇
𝛽𝑉𝑛

(𝐶[𝑛𝑡]−1)2

2(1+(𝐶[𝑛𝑡]−1)𝜃[𝑛𝑡])
2

𝑎.𝑠.≤ 𝐶
𝑉𝑛

𝑃→ 0

as 𝑛 → ∞.

If 𝑅𝑚 < [𝑛𝑡]− 1, then 𝑅𝑚 + 1 < [𝑛𝑡]. Denote

𝐹𝑚,𝑛 := 𝜇
𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=𝑅𝑚+1

(𝐶𝑘 − 1)2

2(1 + 𝜃𝑘(𝐶𝑘 − 1))2
𝐼( sup

𝑘≥𝑅𝑚

∣𝐶𝑘 − 1∣ ≤ 𝛿𝑚),
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by observing that 𝑥2

(1+𝜃𝑥)2
≤ 4𝑥2, and by Lemma 4, then imply that 𝐹𝑚,𝑛

𝑃→ 0.
Finally, to finish the proof, it is sufficient to show that

𝑌𝑛(𝑡) :=
𝜇

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=1

(𝐶𝑘 − 1) =
1

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=1

(
𝑆𝑘 − 𝑘𝜇

𝑘

)
𝒟→
∫ 𝑡

0

𝑊 (𝑥)

𝑥
𝑑𝑥. (9)

Denote

𝐻𝜖(𝑓)(𝑡) =

{ ∫ 𝑡
𝜖

𝑓(𝑥)
𝑥 𝑑𝑥, 𝑡 > 𝜖;

0, 0 ≤ 𝑡 ≤ 𝜖,

and

𝑌𝑛,𝜖(𝑡) =

⎧⎨⎩
𝜇

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=[𝑛𝜖]+1

(𝐶𝑘 − 1), 𝑡 > 𝜖;

0, 0 ≤ 𝑡 ≤ 𝜖.

It is readily seen that

max
0≤𝑡≤1

∣∣∣∣∫ 𝑡

0

𝑊 (𝑥)

𝑥
𝑑𝑥−𝐻𝜖(𝑊 )(𝑡)

∣∣∣∣ = sup
0≤𝑡≤𝜖

∣∣∣∣∫ 𝑡

0

𝑊 (𝑥)

𝑥
𝑑𝑥

∣∣∣∣→ 0 𝑎.𝑠. as 𝜖 → 0. (10)

Note that

max
0≤𝑡≤𝜖

∣𝑌𝑛(𝑡)− 𝑌𝑛,𝜖(𝑡)∣ = max
0≤𝑡≤𝜖

1

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=1

∣𝑆𝑘 − 𝑘𝜇∣
𝑘

≤ 1

𝛽𝑉𝑛

[𝑛𝜖]∑
𝑘=1

∣𝑆𝑘 − 𝑘𝜇∣
𝑘

,

then, for any 𝜖1 > 0, by the Cauchy-Schwarz inequality and (6), it follows that

lim
𝜖→0

lim sup
𝑛→∞

𝑃 (max
0≤𝑡≤𝜖

∣𝑌𝑛(𝑡)− 𝑌𝑛,𝜖(𝑡)∣ ≥ 𝜀1) ≤ lim
𝜖→0

lim sup
𝑛→∞

𝑃 (
1

𝑉𝑛

[𝑛𝜖]∑
𝑘=1

∣𝑆𝑘 − 𝜇𝑘∣
𝑘

≥ 𝜀1)

≤ lim
𝜖→0

lim sup
𝑛→∞

𝐶

𝐵𝑛

[𝑛𝜖]∑
𝑘=1

𝐸∣𝑆𝑘 − 𝜇𝑘∣
𝑘

≤ lim
𝜖→0

lim sup
𝑛→∞

𝐶

𝐵𝑛

[𝑛𝜖]∑
𝑘=1

1√
𝑘
(Var[

𝑆𝑘 − 𝜇𝑘√
𝑘

])1/2

= lim
𝜖→0

lim sup
𝑛→∞

𝐶

𝐵𝑛

[𝑛𝜖]∑
𝑘=1

1√
𝑘

≤ lim
𝜖→0

lim sup
𝑛→∞

𝐶

𝐵𝑛

√
[𝑛𝜖]. (11)

where, we need the following fact for 𝐿𝑃𝑄𝐷 sequence. In fact, by condition (𝐶2) and the stationarity we
get

𝑉 𝑎𝑟(𝑆𝑘) = 𝑘𝑉 𝑎𝑟(𝑋1) +

𝑘∑
𝑗=2

(𝑘 + 1− 𝑗)𝐶𝑜𝑣(𝑋1, 𝑋𝑗) ≤ 𝐶𝑘.

Furthermore, we can obtain

sup
𝜖≤𝑡≤1

1

𝛽𝑉𝑛

∣∣∣∣ [𝑛𝑡]∑
𝑘=[𝑛𝜖]+1

𝑆𝑘 − 𝜇𝑘

𝑘
−
∫ 𝑛𝑡

𝑛𝜖

𝑆[𝑥] − [𝑥]𝜇

𝑥
𝑑𝑥

∣∣∣∣
≤ sup

𝜖≤𝑡≤1

1

𝛽𝑉𝑛

∣∣∣∣ ∫ [𝑛𝑡]+1

[𝑛𝜖]+1

𝑆[𝑥] − [𝑥]𝜇

[𝑥]
𝑑𝑥−

∫ 𝑛𝑡

𝑛𝜖

𝑆[𝑥] − [𝑥]𝜇

𝑥
𝑑𝑥

∣∣∣∣
≤ 1

𝛽𝑉𝑛

∣∣∣∣ ∫ [𝑛𝜖]+1

𝑛𝜖

𝑆[𝑥] − [𝑥]𝜇

𝑥
𝑑𝑥

∣∣∣∣+ sup
𝜖≤𝑡≤1

1

𝛽𝑉𝑛

∣∣∣∣ ∫ [𝑛𝑡]+1

𝑛𝑡

𝑆[𝑥] − [𝑥]𝜇

𝑥
𝑑𝑥

∣∣∣∣
+ sup

𝜖≤𝑡≤1

1

𝛽𝑉𝑛

∣∣∣∣ ∫ [𝑛𝑡]+1

[𝑛𝜖]+1
(𝑆[𝑥] − [𝑥]𝜇)(

1

𝑥
− 1

[𝑥]
)𝑑𝑥

∣∣∣∣
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≤ max𝑘≤𝑛 ∣𝑆𝑘 − 𝜇𝑘∣
𝛽𝑉𝑛

sup
𝜖≤𝑡≤1

(
2

𝑛𝜖
+

2

𝑛𝑡
+

1

𝑛𝜖
)

≤ 𝐶
max𝑘≤𝑛 ∣𝑆𝑘 − 𝜇𝑘∣

𝑛𝑉𝑛

≤ 𝐶

max𝑘≤𝑛

𝑘∑
𝑖=1

∣𝑋𝑖 − 𝜇∣

𝑛𝑉𝑛
=

𝐶

𝑉𝑛

𝑛∑
𝑖=1

∣𝑋𝑖 − 𝜇∣

𝑛

𝑎.𝑠.→ 0. (12)

Therefore, uniformly for 𝑡 ∈ [𝜖, 1], we have

1

𝛽𝑉𝑛

[𝑛𝑡]∑
𝑘=[𝑛𝜖]+1

𝑆𝑘 − 𝜇𝑘

𝑘
=

1

𝛽𝑉𝑛

∫ 𝑛𝑡

𝑛𝜖

𝑆[𝑥] − [𝑥]𝜇

𝑥
𝑑𝑥+ 𝑜𝑃 (1) =

∫ 𝑡

𝜖

𝑊𝑛(𝑡)

𝑥
𝑑𝑥+ 𝑜𝑃 (1), (13)

where 𝑊𝑛(𝑡) :=
𝑆[𝑛𝑡]−[𝑛𝑡]𝜇

𝑉𝑛
. Notice that 𝐻𝜖(.) is a continuous mapping on the space 𝐷[0, 1]. Thus using the

continuous mapping theorem(c.f., Theorem 2.7 of Billingsley(1999)) it follows that

𝑌𝑛,𝜖(𝑡) = 𝐻𝜖(𝑊𝑛)(𝑡) + 𝑜𝑃 (1)
𝒟→ 𝐻𝜖(𝑊 )(𝑡) in D[0,1], as 𝑛 → ∞. (14)

Hence, combining (10), (11) and (14), coupled with Theorem 3.2 of Billingsley [2], (9) holds true. The
proof is completed.
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