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Abstract:Let { X, X,,,n > 1} be a sequence of strictly stationary linear positive quadrant de-
pendent, positive random variables in the domain of attraction of the normal law. Under some
suitable conditions, the weak invariance principle for self-normalized products of partial sums
is obtained.
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1 Introduction

Let {X,,n > 1} be a sequence of positive random variables and define the partial sum S, = > | X;
and Vn2 = Z?ZI(XZ- — Y)2 for n > 1, where X = % Z?Zl X;. Arnold and Villasenor [1] considered the
limiting properties of sums of records and obtained the following version of the central limit theorem for
1.i.d. exponential random variables with mean one,

> p_ilog Sk —nlogn+n 3/\/, s 1 oo,
V2n

Here and in the sequel, N denotes a standard normal random variable. Later Rempala and Wesoloski [7]
removed the condition that the distribution of X; is exponential and extended such a central limit theorem to
general i.i.d positive random variable. Recently, Lixin Zhang and Wei Huang [8] extended this kind of results
to the invariance principle. In this paper, we shall study the weak invariance principle for self-normalized
products of sums under dependence assumption.

Two random variables X and Y are said to be positive quadrant dependent (PQD)if P(X > z,Y >
y) > P(X > z)P(Y > y) forall z,y € R. A sequence {X,,;n > 1} is said to be linear positive quadrant
dependent if for any disjoint finite subsets A, B C {1,2, ...} and any positive real numbers 7,

ZnXZ- and Z'rij are PQD.

i€A JjEB
We also put
(@) = B(X — p?I(|X — 4| < a),
b=inf{z > 1;l(z) > 0},
A2 = Var(Z?zl(Xi — ) I(|X; —pl| < nn)),
and

n

By =) E(X;—p)’I(|X1 - pl < nn),
i=1
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where © = EX and 7; = inf {s s >b+1, li—i) < %},z =1,2,--- . Itis easily seen that i, < 1,41 and
B2 = nl(n,) ~ n2 asn — oo. From now on, C' denotes a constant whose value can differ from line to line.
The followings are our main results.

Theorem 1 Ler {X,,;n > 1} be a strictly stationary LPQD sequence of positive random variables in the
domain of attraction of the normal law with E(X1) = p > 0, E(X?) < oc. Assume that

(Ch) A% ~ BB2 for 0< B < o0,

(C9) Cov(X1, Xni1) = O(n"t(logn)=27¢) for €>0.Then

[nt] Vi

t
H% gexp ﬁ/ md:t: in D[0,1], as n — oo,
plelllZ U

where {W (t),t > 0} is a standard wiener process.

In particular, when we take ¢ = 1, it yields the following remark 1.

Remark 2 Under the assumptions of Theorem 1.1, we have that

nog L7
(H k) 3 e‘/iﬁN asmn — oo,
kp
k=1
where N is a standard normal random variable.

Remark 3 Since fol @dm is a normal random variable with

1 xr
E(/O W) 4y =0,

T

and

E(/O1 I/Vf:)dasﬁ =2,

Remark 1 is trivial.

The following example comes from Yunxia Li and Jianfeng Wang [6].

Remark 4 A finite family of random variables {X;;1 < i < n} is said to be positively associated (PA) if
for every pair of disjoint subsets A and B of {1,2, ...},

CO’U{f(XZ,l S A),g(Xj;j S B)} >0,

whenever f and g are coordinatewise increasing and the covariance exists. A PA sequence is obviously
a LPQD sequence, the following example shows that LPQD does not imply PA: Consider three discrete
random variables with joint density p(x,y,z) = P(X = z,Y = y,Z = 2).p(2,2,1) = p(3,2,1) =
p(2,3,1) = p(3,3,1) = p(1,1,2) = p(2,1,2) = p(3,1,2) = p(1,2,2) = p(1,3,2) = % and=
p(1,1,1) = p(3,3,2) = %. A lengthy verification shows that {X,Y,Z} is LPOD. But, {X,Y,Z} is
not PA since P(X >1,Y >1,Z>1)=4 <P(X > 1Y >1)P(Z >1) = 2.

2 Proof of Theorem 1

We state some lemmas before showing the proof of Theorem 1. The following lemma comes from Csorgd,
Szyszkowicz and Qiying Wang [4].

Lemma 5 If E(X) = 0, then the following statements are equivalent:
(1) X is in the domain of attraction of the normal law;

(2) 2E|X|I(|X| > 2) = ol(x));

(3) BIX|*I(|X| < x) = o(x*2l(x)) for a> 2.
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Lemma 6 Let {X,;;n > 1} be a strictly stationary LPQD sequence of positive random variables with
E(X1) = pu >0, E(X?) < co. Assume that condition (C3) holds, then

Shn
— >0 a.s. as n— oo.
n

Proof. see Theorem 1 in Birkel [3]. =

Lemma 7 Under the assumptions of Theorem 1 We have that
Z Y M

k
Proof. Put X} (n) = (X; — u)I(|X; — u < ) and S (n) = S X7(n). First, we show V2/B2 5 1. To
i=1

obtain this, we need the following fact,

Z?=1(Xi — Y)z
> i (X — p)?

=1 a.s.(n = 00). ()

Indeed

S (X = XS (=) —n(p=X)? | n(p— X
Z?:1(Xi — p)? Z?:I(Xi —p)? Z?:1(Xi - p)?’

we choose two constants M/ > 0 and 0 < 6 < 1 such that P(|X — p| > M) > § > 0, and hence it follows
from the strong law of large numbers that for n large enough,

3)

np—X)?  _ (n—X)°
Yim(Xi—w? T T (X — )L (1XG — ] > M)
- (1 — X)?
S AT 10X — > M)
_ of1)
M2(P(|X — p| > M) + o(1))
= o(l) a.s., “)

which together with (3) implies that as n — oo,

n L Y)\2 2
Zi:l(XZ X) — Vi — 1 a.s. o)

> (X — p)? >y (Xi — p)?

and

n

> (06 = WPI0X: =l < )~ ECG = 0PI ] < )

i (Xi — p)? 1 = =
Bz B3
L 2 (X = )1 X = pl > 1)
B
= P+ P

For Py, from the condition Cov(X1, X,,41) = O(n~t(logn)~27¢) for € > 0 and by lemma 5, it follows
that

nE(Xy — (X —pl<m)  n E(X1 — )" I(1X1 — pl <) _ o(1).

P(|P|>¢) < = . ) -
(‘ 1’—5)—0 Bé B;ll nnl(n) 777211(7771)
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For P», by Lemma 5, we have that

P(Z?zl(Xi — w)*1(| X — p > na)

B2 =

< P((By' Y 1K = plI(1Xi = pl > 0a))? =€)
i=1

nE| Xy — plI(1X1 = p| > nn)

<

<C B,

_ nl(m) mE( Xy — p)I(| X1 — pl > nn)
Brin L(1n)

=o(1).

Thus, these imply

which coupled with (5) leads to

- 1. (6)

LN 2Rz By, )

Indeed, denote C, = %’j, k = 1,2,--- . By the strong law of large numbers for LPQ D sequence, it

follows that for any § > 0, there exists a positive integer R such that

P(sup |Cr — 1| > ) < 6.
k>R

Hence, there exist two sequences {d,,} \, 0 (61 = 1/2) and {R};,} * oo such that

P(sup |Ck — 1| > dp) < Om.
k>R,

The strong law of large numbers also implies that there exists a sequence { R, } * oo such that

sup |Cr — 1] <1/m a.s.
k>R,

Thus in the sequel, we take R,,, = max(R},, R/,), and it leads to

P(sup |Cx — 1] > ) < 0y and sup |Cy — 1| <1/m a.s.
k>R, k>Rm
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So, by the fact V2 5 0o, we have that

k=1 Hk;
- S
<P Y (ZE 1) > sup O — 1] < 60) + P(sup [Cr— 1] > 6
B | G Bk k>R, k2 B
BN~ Sk
<P(4- > (5F=1)(sup |Cr— 1| <) > 8)+ 0
B, Mt uk k>R,

k

3 ((Xj ~I(X; — ] > )

=1

n

o) 1 Cs "1
<P(—= —|S5(n) — ES}(n) 25/2)+P< m -
VB 1SS VB A

k=Rmn+1

CE(X; — I(X, — ] > w)\ > 5/2) b
= P3 =+ P4 + 5m

For P3, by Cauchy-Schwarz inequality, and the condition (C}), it follows that

< Cdm,

\/WZ \/Var(S;(n \/WZ

which implies P3 — 0 by letting n — oo and then m — oo.

For Py, by Markov's inequality and Lemma 5, we have that

CnB| Xy — plI(| X1 —p[>mn) _ Cnl(gn) B X1 — plI([ X1 — p| > nn)

Py < = — 0,
as n — oo. The proof is completed. [ m
Proof of Theorem 1 Denote C}, = %’j, k = 1,2,--- . By the strong law of large numbers for LPQ)D

sequence, and we take R,, = max(R},, R},), it follows that

P(sup |Cx — 1] > d,) < 0y and sup |Cr — 1| < 1/m a.s.
k>R, k>Rm

The detail is omitted for sake of avoiding the repetitions. For any real z, write

[rt] [nt]

P(—Zlog(Ck) <z)= 5‘/ Zlog (Cy) < =, ksup |Cr — 1] > o)

[nt]
L
+ P(—— log(C) <z, sup |Cr — 1| <o
(,BVn 1;1 g(Ck) kzz&' w— 1] )

:Am,n + Bm,n

and A, n, < O,
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To compute B, ,, we will use the expansion of the logarithm: log(1 + z) = = — m, where
6 € (0,1) depends on |z| < 1. Thus

[nt]

1
B =P(—— log(C) <z, sup |Cr — 1| <
m,n (an ; g(Cy) < kZFIi)m |Ch | )
p R A([nt]—1) p [nt]
P(ﬁv Z log(Ck) + A Z log(14+Ck —1) <z, sup |Ck — 1| < dp)
k=1 " k=(RmA([nt]—1))+1 k2R
. R A([nt]—1) p [nt]
—p(-t 1 A 1
(an z_: 0g(Ck) + BV, (Ck )
k=1 k=(RmA(Int]—1))+
[nt] 9
f (Cr—-1)
R <z, sup |Cr — 1| <o)
—1))2
. R A(Jnt]—1) [nt]
= (7 Z 10g(0k) + 7 Z (Ck - 1)
BVn k=1 B =(RmA([nt]—1))+1
[nt] 9
- S I(sup [Ch—1] < 8n) < 0)
BVa (Rm/\ iy 200 (Cr = 1) g,
u mA([nt]—1) i [ﬁil
- P(— log(Cy) + (Cr—1) <=z, sup |Cr—1| > dp)
A BVa k=(RmA([nt]—1))+1 k2B
:Dm,n + Em,rw
where 0 (k = 1,. .., [nt]) are (0-1)-valued and E,, , < dp,.
Now, we rewrite D, ,, as
. R A(Jnt]—1) ) [nt]
Dy =P(5 1 — 1 —_— —1
: (an ; (log(Ck) = Cr +1) + BV ;(Ck )
u - (Cx —1)?
o —
- — Z I(sup |Cr —1] <6p) < x).
—1))2
BV s mn—ryr 2 H O(Ce = 1) o,
Observe that, for any fixed m, it is easy to obtain
“ R A([nt]—1)
P
—_— log(Cy) — Cr + 1 0 8
i ]; (log(Cy) r+1) =0 asn— oo, (8)
as n — 0o by noting that V2 £ o0, where V2 = Z(XZ - X)%
k=1
If R, > [nt] — 1, then
(C[n]_1)2 a.s. C P
B'L‘l}n 2(1+(C[n:]_1)9[nt])2 < Vo =0
asn — oo.
If R, < [nt] — 1, then R, + 1 < [nt]. Denote
'—BL Z r sI( sup |Ck — 1] < o),

ity 2(1 —l— 91€ Cr —1))2 k>R
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by observing that 3002 +91) < 422, and by Lemma 4, then imply that F},, ,, £o.
Finally, to finish the proof, it is sufficient to show that

[nt]
1% 1 Sk - ku W
Yo (t) = 672(0’“ -D=g Z( ) / : )
" g=1
Denote
mf)(e = { J T >
‘ 0, 0<t<e
and ]
nt
- Z (Ck - 1)7 t> €
Yn,e(t) Avn k=[ne]+1
0, 0<t<e.
It is readily seen that
t w t
max (@) g He(W)(t)‘ = sup / W(x)dx‘ —0 a.s. ase—0. (10)
0<t<1 0<t<el|Jo T
Note that
[nt] [ne]
1 Sk —kul _ 1 !Sk—kﬂ\
max [Ya(t) = Youe ()‘_ég?éﬁv Z K =By, Z

then, for any €; > 0, by the Cauchy-Schwarz inequality and (6), it follows that

1 Sy — pk
lim limsup P(max |Y,,(t) — Yo ()| > 1) < lim limsupP(v Z M > 1)

e—0 n—oo 0<t<e e—0 n—oo n

IN

lg% lim sup — Z —

n—oo B

IN

Sk — pk
lim lim su (Var] /2
lim lim sup Z \F vl
[ne

= lgr(l)hmsupB Z\[

n—oo
- C
< lim limsup —+/[ne]. (11)
=0 p—ooo Bn

where, we need the following fact for L PQ D sequence. In fact, by condition (C5) and the stationarity we
get

k
Var(Sg) = kVar(Xy) + Z k+1—j)Cov(X1,X;) < Ck.
j=2
Furthermore, we can obtain

[nt] n
sup 1‘ Sk_uk / tS[OE]_ dx
e<t<1 :[n€]+1 ne
< g L[ Sy, S,
= e<t<1 BV | Jing 1 [z] ne r
[ne]+1 Sa: _ [nt]+1 Sw _
< L / Pla] Mud + sup ! Zlel 7 I [x]uda:
BVa x e<t<1 5‘/ T
" S~ tal (= Ly
+ su 7 — ) (= — —=)dx
e<t£1 BV [ne]+1 2] H x [JI]
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Sy — uk 2 2 1
maxk§n| k M|Sp(7+7+7)

- BVn e<t<1 e nt  ne
- Cmaxkgn | Sk — uk|
- nVy,
k n
maxg<y | X; — 4l o > IX =yl
<C = ==L %y 12
- nVy, Vo n - (12)
Therefore, uniformly for ¢ € [e, 1], we have
[?] nt t
1 Sp — pk 1 Sy — 2] Wi (t)
= d 1) = —=d 1 13
W v, f, o= [ S Bdekor), a3

where W, (t) := S["t]V;n[nﬂ“ Notice that H,(.) is a continuous mapping on the space D]0, 1]. Thus using the
continuous mapping theorem(c.f., Theorem 2.7 of Billingsley(1999)) it follows that

Yy e(t) = H(Wp)(t) + op(1) B H(W)(t) inD[0,1],as n — oo. (14)
Hence, combining (10), (11) and (14), coupled with Theorem 3.2 of Billingsley [2], (9) holds true. The

proof is completed.
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