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Abstract: In this paper, we extended the Jacobian elliptic functions expansion method, and
gave the unified form expression of the Jacobian elliptic functions form solutions. With the
aid of mathematica software we obtained abundant new exact solutions of mKdV-ZK equation
by using this method. These solutions are degenerated to the solitary wave solutions and the
triangle function solutions in the cases when the modulus of the Jacobian elliptic functions de-
generated to 1 and 0.
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1 Introduction

In recent years, the investigation of exact solutions to nonlinear evolution equations plays an important
role in the nonlinear physical phenomena.Several powerful methods have been proposed to construct exact
solutions for nonlinear partial differential equations, such as homogeneous balance method, the hyperbolic
function method, the F-expansion method, inverse scattering method, projective Riccati equations method
and so on [1-7]. By using these methods we obtained many valuable exact solutions for nonlinear evolution
equations. In order to find more extended exact solutions for nonlinear evolution equations, Liu presented
the Jacobi elliptic functions expansion method [8-9]. Due to this method can be realized with the aid of
computer algebra system, it has an extensive promotion and application [10-11]. In this paper, based on
previous we extended the Jacobian elliptic functions expansion method, and obtained a lot of new exact
solutions of mKdV-ZK equations by using this method.

This paper is arranged as follows. In section 2, we briefly describe the new generalized Jacobian elliptic
functions expansion method. In section 3, we obtain several families of solutions for mKdV-ZK equation.
In section 4, some conclusions are given.

2 Method

For the given nonlinear evolution equations(NEEs) with two variables 𝑥 and 𝑡

𝐹 (𝑢, 𝑢𝑥, 𝑢𝑡, 𝑢𝑡𝑡, 𝑢𝑥𝑡, 𝑢𝑥𝑥...) = 0 , (1)

where F is a polynomial with the variables 𝑢, 𝑢𝑡, 𝑢𝑥, ⋅ ⋅ ⋅ .
We make the gauge transformation

𝑢(𝑥, 𝑡) = 𝑢(𝜉) 𝜉 = 𝑘(𝑥− 𝑐𝑡) , (2)
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where 𝑘 and 𝑐 are constants to be determined later. Substituting (2) into Eq.(1) yields a complex ordinary
differential equation of 𝑢(𝜉), namely

𝐹
(
𝑢, 𝑢′, 𝑢′′, ...

)
= 0 , (3)

We assume Eq. (3) has the following formal solutions :

𝑢(𝜉) = 𝑎0 +

𝑛∑
𝑖=0

𝑎𝑖𝐹
𝑖(𝜉) +

𝑛∑
𝑖=0

𝑏𝑖𝐹
𝑖−1(𝜉)𝐸(𝜉) +

𝑛∑
𝑖=0

𝑐𝑖𝐹
𝑖−1(𝜉)𝐺(𝜉) +

𝑛∑
𝑖=0

𝑑𝑖𝐹
𝑖−1(𝜉)𝐻(𝜉) , (4)

where 𝑎0, 𝑎𝑖, 𝑏𝑖, 𝑐𝑖, 𝑑𝑖(𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑛) are constants to be determined later. 𝜉 = 𝜉(𝑥, 𝑡) is arbitrary
function with the variable 𝑥 and 𝑡. The positive integer 𝑛 can be determined by considering the homo-
geneous balance between governing nonlinear terms and the highest order derivatives of u in Eq. (3). And
𝐹 (𝜉), 𝐸(𝜉), 𝐺(𝜉), 𝐻(𝜉) are an arbitrary array of the four functions 𝑒, 𝑓, 𝑔, ℎ. The selection obey the princi-
ple which make the calculation more simple. Here we ansatz

𝑒 = 𝑒(𝜉) =
1

𝑝+ 𝑗𝑠𝑛[𝜉] + 𝑟𝑐𝑛[𝜉] + 𝑠𝑑𝑛[𝜉]
𝑓 = 𝑓(𝜉) =

𝑠𝑛[𝜉]

𝑝+ 𝑗𝑠𝑛[𝜉] + 𝑟𝑐𝑛[𝜉] + 𝑠𝑑𝑛[𝜉]
(5)

𝑔 = 𝑔(𝜉) =
𝑐𝑛[𝜉]

𝑝+ 𝑗𝑠𝑛[𝜉] + 𝑟𝑐𝑛[𝜉] + 𝑠𝑑𝑛[𝜉]
ℎ = ℎ(𝜉) =

𝑑𝑛[𝜉]

𝑝+ 𝑗𝑠𝑛[𝜉] + 𝑟𝑐𝑛[𝜉] + 𝑠𝑑𝑛[𝜉]
(6)

where 𝑝, 𝑗, 𝑟, 𝑠 are arbitrary constants, the four functions 𝑒, 𝑓, 𝑔, ℎ satisfy the following restricted relations⎧⎨⎩
𝑒′ = −𝑗𝑔ℎ+ 𝑟𝑓ℎ+ 𝑠𝑚2𝑓𝑔, 𝑓 ′ = 𝑝𝑔ℎ+ 𝑟𝑒ℎ+ 𝑠𝑒𝑔,
𝑔′ = −𝑝𝑓ℎ− 𝑗𝑒ℎ+ 𝑠(𝑚2 − 1)𝑒𝑓, ℎ′ = −𝑚2𝑝𝑓ℎ− 𝑟(𝑚2 − 1)𝑒𝑓 − 𝑗𝑒𝑔,
𝑔2 = 𝑒2 − 𝑓2, ℎ2 = 𝑒2 −𝑚2𝑓2

(7)

where ”′” denotes 𝑑
𝑑𝜉 , 𝑚 is the modulus of the Jacobian elliptic function (0 ≤ 𝑚 ≤ 1).

Substituting (4) and (7) into Eq.(3) yields a polynomial equation for𝐹 (𝜉), 𝐸(𝜉), 𝐺(𝜉),𝐻(𝜉). Setting the
coefficients of 𝐹 𝑖(𝜉)𝐸𝑗(𝜉)𝐺𝑘(𝜉)𝐻𝑠(𝜉)(𝑖 = 0, 1, 2, ⋅ ⋅ ⋅ )(𝑗 = 0, 1)(𝑘 = 0, 1)(𝑠 = 0, 1) to zero yields a set
of nonlinear algebraic equations(NAEs) in𝑎0, 𝑎𝑖, 𝑏𝑖, 𝑐𝑖, 𝑑𝑖(𝑖 = 0, 1, 2, ⋅ ⋅ ⋅ , 𝑛) and 𝜉, solving the NAEs by
Mathematica and Wu elimination, we obtain 𝑎0, 𝑎𝑖, 𝑏𝑖, 𝑐𝑖, 𝑑𝑖(𝑖 = 0, 1, 2, ⋅ ⋅ ⋅ , 𝑛). Substituting these results
into(4),we can obtain the exact solutions of Eq.(1).

Obviously, the type (4), (5) and (6) are the general forms of the relevant expression in Ref. [9-12], if we
choose special value of 𝑝, 𝑗, 𝑟 and 𝑠, we can get the results in Ref. [9-12].

3 Exact solutions of the mKdV-ZK equation

Let us consider the mKdV-ZK equations with following form:

𝑢𝑡 + 𝑞𝑢2𝑢𝑥 + 𝑢𝑥𝑥𝑥 + 𝑢𝑥𝑦𝑦 + 𝑢𝑥𝑧𝑧 = 0 , (8)

We introduce a gauge transformation

𝑢 = 𝑢(𝜉) 𝜉 = 𝑘(𝑥− 𝑐𝑡+ 𝜆𝑦 + 𝜂𝑧) , (9)

Substituting (9) into (8), we have

−𝑐𝑢+
1

3
𝑞𝑢3 ++𝑘2(1 + 𝜆2 + 𝜂2)𝑢′′ = 0 , (10)

By balancing the governing nonlinear terms and the highest order derivatives in Eq.(10), we obtain 𝑛 = 1.
Thus we assume Eq.(8) has the following solutions

𝑢(𝜉) = 𝑎0 + 𝑎1𝐹 (𝜉) + 𝑏1𝐸(𝜉) + 𝑐1𝐺(𝜉) + 𝑑1𝐻(𝜉) , (11)
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Substituting (7) and (11) into Eq.(10) and setting the coefficients of 𝐹 𝑖(𝜉)𝐸𝑗(𝜉)𝐺𝑘(𝜉)𝐻𝑠(𝜉)(𝑖 = 0, 1, 2, ⋅ ⋅ ⋅ )
(𝑗 = 0, 1)(𝑘 = 0, 1)(𝑠 = 0, 1) to zero yields nonlinear algebraic equations with respect to the unknowns
𝑘, 𝑎0, 𝑎1, 𝑏1, 𝑐1, 𝑑1. We could determine the following solutions:
Family1:
When𝑠 = 𝑗 = 0, we have 𝑒 =

1− 𝑟𝑔
𝑝 , then select𝐹 (𝜉) = 𝑔(𝜉), 𝐸(𝜉) = 𝑒(𝜉), 𝐺(𝜉) = 𝑓(𝜉),𝐻(𝜉) = ℎ(𝜉).

Case 1:

𝑎1 = 𝑏1 = 𝑐1 = 0, 𝑑1 =
±𝑝

√
3𝑐√

𝑞(1 + 2𝑚4 − 3𝑚2)
, 𝑟 =

𝜖𝑚𝑝√
𝑚2 − 1

, 𝑘1 =
±√

2𝑐√
(1− 2𝑚2)(1 + 𝜂2 + 𝜆2)

Case 2:

𝑎1 = 𝑏1 = 0, 𝑐1 =
±𝑚𝑝

√
3𝑐√

𝑞(1 +𝑚2)
, 𝑑1 =

𝜖𝑝
√
3𝑐√

𝑞(1 +𝑚2)
, 𝑟 = 0, 𝑘2 =

±√
2𝑐√

(1 +𝑚2)(1 + 𝜂2 + 𝜆2)

Case 3:

𝑐1 = 𝑏1 = 0, 𝑎1 = ±
√−3𝑐(𝑟2 +𝑚2(𝑝2 − 𝑟2))√

𝑞(1− 2𝑚2)
, 𝑑1 =

𝜖
√

3𝑐(𝑝2 − 𝑟2)√
𝑞(1− 2𝑚2)

, 𝑘3 = 𝑘1

Case 4:

𝑏1 = 𝑐1 = 𝑑1 = 0, 𝑎1 = ± 𝑝
√
3𝑐√

𝑞(2𝑚2 − 1)
, 𝑟 = 𝜖𝑝, 𝑘4 = 𝑘1

Case 5:

𝑏1 = 𝑑1 = 0, 𝑎1 =
±𝑚𝑝

√
3𝑐√

𝑞(2−𝑚2)
, 𝑐1 =

𝑚𝑝
√
3𝑐√

𝑞(𝑚2 − 2)
, 𝑟 = 0, 𝑘5 =

±√
2𝑐√

(𝑚2 − 2)(1 + 𝜂2 + 𝜆2)

where 𝜀 = ±1, 𝑖 =
√−1, 𝑎0 = 0 and 𝑝 is a constant and not equal to zero.

Therefore, we obtain the following solutions to the Eq.(8).

𝑢1 = ±
√
3𝑐√

𝑞(2𝑚2 − 1)

𝑑𝑛𝜉1√
𝑚2 − 1 + 𝜖𝑚𝑐𝑛𝜉1

,

𝑢2 =

√
3𝑐√

𝑞(𝑚2 + 1)
(∓𝑚𝑐𝑛𝜉2 + 𝜖𝑑𝑛𝜉2),

𝑢3 =

√
3𝑐√

𝑞(2𝑚2 − 1)

±√
𝑟2 +𝑚2(𝑝2 − 𝑟2)𝑠𝑛𝜉3 + 𝜖

√
𝑟2 − 𝑝2𝑑𝑛𝜉3

𝑝+ 𝑟𝑐𝑛𝜉3

𝑢4 =

√
3𝑐√

𝑞(2𝑚2 − 1)

𝑠𝑛𝜉4
1 + 𝜖𝑐𝑛𝜉4

, 𝑢5 =
𝑚
√
3𝑐√
𝑞

(± 𝑐𝑛𝜉5√
𝑚2 − 2

+
𝜖𝑠𝑛𝜉5√
2−𝑚2

)

where 𝜉𝑖 = 𝑘𝑖(𝑥− 𝑐𝑡+ 𝜆𝑦 + 𝜂𝑧), (𝑖 = 1, 2, 3, 4, 5), 𝑐, 𝜆, 𝜂 are arbitrary constants.
Family2:
When 𝑟 = 𝑗 = 0, we have ℎ =

1− 𝑝𝑒
𝑠 , then select𝐹 (𝜉) = 𝑒(𝜉), 𝐸(𝜉) = 𝑓(𝜉), 𝐺(𝜉) = 𝑔(𝜉),𝐻(𝜉) = ℎ(𝜉).

Case 6:

𝑏1 = 𝑐1 = 𝑑1 = 0, 𝑎1 =
±𝑚2𝑝

√
3𝑐√

𝑞(2−𝑚2)
, 𝑠 = 𝜖𝑝, 𝑘6 =

±√
2𝑐√

(𝑚2 − 2)(1 + 𝜂2 + 𝜆2)

Case 7:

𝑎1 = 𝑏1 = 𝑑1 = 0, 𝑐1 =
±𝑚2𝑝

√
3𝑐√

𝑞(2− 3𝑚2 +𝑚4)
, 𝑠 =

𝜖𝑝√
1−𝑚2

, 𝑘7 = 𝑘6

Case 8:

𝑏1 = 𝑑1 = 0, 𝑎1 =
±𝑚

√−3𝑐(𝑝2 + (𝑚2 − 1)𝑠2)√
𝑞(𝑚2 − 2)

, 𝑐1 =
𝜖𝑚

√
3𝑐(𝑝2 − 𝑠2)√
𝑞(𝑚2 − 2)

, 𝑘8 = 𝑘6
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where𝜀 = ±1, 𝑖 =
√−1, 𝑎0 = 0and 𝑝is a constant and not equal to zero.

Therefore, we obtain the following solutions to the Eq.(8).

𝑢6 =
±𝑚2

√
3𝑐√

𝑞(2−𝑚2)

𝑠𝑛𝜉6
1 + 𝜖𝑑𝑛𝜉6

, 𝑢7 =
±𝑚2

√
3𝑐√

𝑞(2−𝑚2)

𝑐𝑛𝜉7√
1−𝑚2 + 𝜖𝑑𝑛𝜉7

,

𝑢8 =
𝑚
√
3𝑐√

𝑞(2−𝑚2)

±√
𝑝2 + (𝑚2 − 1)𝑠𝑛𝜉8 + 𝜖

√
𝑠2 − 𝑝2𝑐𝑛𝜉8

𝑝+ 𝑠𝑑𝑛𝜉8

where 𝜉𝑖 = 𝑘𝑖(𝑥− 𝑐𝑡+ 𝜆𝑦 + 𝜂𝑧), (𝑖 = 6, 7, 8), 𝑐, 𝜆, 𝜂 are arbitrary constants.
Family3:
When 𝑝 = 𝑗 = 0, we have ℎ =

1− 𝑟𝑔
𝑠 , then select 𝐹 (𝜉) = 𝑔(𝜉), 𝐸(𝜉) = 𝑒(𝜉), 𝐺(𝜉) = 𝑓(𝜉),𝐻(𝜉) = ℎ(𝜉).

Case 9:

𝑎1 = 𝑐1 = 𝑑1 = 0, 𝑏1 =
±(𝑚2 − 1)

√
3𝑐√

𝑞(1 +𝑚2)
, 𝑟 = 𝜖𝑚𝑠, 𝑘9 =

±√
2𝑐√

(1 +𝑚2)(1 + 𝜂2 + 𝜆2)

Case 10:

𝑐1 = 𝑑1 = 0, 𝑎1 =
±√

3𝑐(𝑚2 − 1)(𝑟2 −𝑚2𝑠2)√
𝑞(1 +𝑚2)

, 𝑏1 =
𝜖
√

3𝑐(𝑚2 − 1)(𝑟2 − 𝑠2)√
𝑞(1 +𝑚2)

, 𝑘10 = 𝑘9

Case 11:

𝑎1 = 𝑑1 = 0, 𝑏1 =
±𝑠

√
3𝑐(𝑚2 − 1)√

𝑞(2𝑚2 − 1)
, 𝑐1 =

𝜖𝑚𝑠
√
3𝑐√

𝑞(2𝑚2 − 1)
, 𝑟 = 0, 𝑘11 =

±√
2𝑐√

(2𝑚2 − 1)(1 + 𝜂2 + 𝜆2)

Case 12:

𝑎1 = 𝑏1 = 0, 𝑐1 =
±𝑠

√
3𝑐(1 +𝑚2)√

2𝑞
, 𝑑1 =

𝜖𝑠
√
3𝑐√
𝑞

, 𝑟 =
𝜖𝑠
√
1 +𝑚2

√
2

, 𝑘12 = 𝑖𝑘9

where 𝜀 = ±1, 𝑖 =
√−1, 𝑎0 = 0 and 𝑠 is a constant and not equal to zero.

Therefore, we obtain the following solutions to the Eq.(8).

𝑢9 =
±(𝑚2 − 1)

√
3𝑐√

𝑞(1 +𝑚2)

1

𝜖𝑚𝑐𝑛𝜉9 + 𝑑𝑛𝜉9
,

𝑢10 =

√
3𝑐(𝑚2 − 1)√
𝑞(1 +𝑚2)

±√
𝑟2 −𝑚2𝑠2𝑠𝑛𝜉10 + 𝜖

√
𝑟2 − 𝑠2

𝑟𝑐𝑛𝜉10 + 𝑠𝑑𝑛𝜉10
,

𝑢11 =

√
3𝑐√

𝑞(2𝑚2 − 1)

±√
𝑚2 − 1 + 𝜖𝑚𝑐𝑛𝜉11

𝑑𝑛𝜉11
, 𝑢12 =

√
3𝑐√
𝑞

𝑠𝑛𝜉12 + 𝜖𝑑𝑛𝜉12

𝜖
√
1 +𝑚2 +

√
2𝑑𝑛𝜉12

,

where𝜉𝑖 = 𝑘𝑖(𝑥− 𝑐𝑡+ 𝜆𝑦 + 𝜂𝑧), (𝑖 = 9, 10, 11, 12), 𝑐, 𝜆, 𝜂 are arbitrary constants.
Family4:
When 𝑠 = 𝑝 = 0, we have 𝑔 =

1− 𝑗𝑓
𝑟 , then select 𝐹 (𝜉) = 𝑓(𝜉), 𝐸(𝜉) = 𝑒(𝜉), 𝐺(𝜉) = 𝑔(𝜉),𝐻(𝜉) = ℎ(𝜉).

Case 13:

𝑎1 = 𝑏1 = 𝑐1 = 0, 𝑑1 =
±𝑟𝑚

√
3𝑐√

𝑞(2−𝑚2)
, 𝑗 = 𝜖𝑟

√
𝑚2 − 1, 𝑘13 =

±√
2𝑐√

(𝑚2 − 2)(1 + 𝜂2 + 𝜆2)

Case 14:

𝑏1 = 𝑐1 = 0, 𝑎1 =
±𝑟

√
3𝑐(1−𝑚2)√
𝑞(𝑚2 − 2)

, 𝑑1 =
𝜖𝑟
√
3𝑐√

𝑞(2𝑚2 − 1)
, 𝑗 = 0, 𝑘14 =

±√
2𝑐√

(1− 2𝑚2)(1 + 𝜂2 + 𝜆2)
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Case 15:

𝑎1 = 𝑐1 = 0, 𝑏1 =
±√

3𝑐(𝑗2 − (𝑚2 − 1)𝑟2)√
𝑞(2−𝑚2)

, 𝑑1 =
𝜖
√

3𝑐(𝑗2 + 𝑟2)√
𝑞(2−𝑚2)

, 𝑗 = 0, 𝑘15 = 𝑘13

Case 16:

𝑎1 = 𝑐1 = 𝑑1 = 0, 𝑏1 =
±𝑚𝑟

√
3𝑐√

𝑞(𝑚2 − 2)
, 𝑗 = 𝜖𝑖𝑟, 𝑘16 = 𝑘13

where 𝜀 = ±1, 𝑖 =
√−1, 𝑎0 = 0 and 𝑟 is a constant and not equal to zero.

Therefore, we obtain the following solutions to the Eq.(8).

𝑢13 =
±𝑚

√
3𝑐√

𝑞(2−𝑚2)

𝑑𝑛𝜉13

𝜖
√
𝑚2 − 1𝑠𝑛𝜉13 + 𝑐𝑛𝜉13

,

𝑢14 =

√
3𝑐√
𝑞
(
±√

1−𝑚2𝑠𝑛𝜉14√
𝑚2 − 2𝑐𝑛𝜉14

+
𝜖𝑑𝑛𝜉14√

2𝑚2 − 1𝑐𝑛𝜉14
),

𝑢15 =

√
3𝑐√

𝑞(2−𝑚2)

±√
𝑗2 − (𝑚2 − 1)𝑟2 + 𝜖

√
𝑗2 + 𝑟2𝑑𝑛𝜉15

𝑗𝑠𝑛𝜉15 + 𝑟𝑐𝑛𝜉15
,

𝑢16 =
±𝑚

√
3𝑐√

𝑞(𝑚2 − 2)

1

𝜖𝑖𝑠𝑛𝜉16 + 𝑐𝑛𝜉16
,

where 𝜉𝑖 = 𝑘𝑖(𝑥− 𝑐𝑡+ 𝜆𝑦 + 𝜂𝑧), (𝑖 = 13, 14, 15, 16), 𝑐, 𝜆, 𝜂 are arbitrary constants.
Family5:
When 𝑠 = 𝑟 = 0we have 𝑒 =

1− 𝑗𝑓
𝑝 , then select 𝐹 (𝜉) = 𝑓(𝜉), 𝐸(𝜉) = 𝑒(𝜉), 𝐺(𝜉) = 𝑔(𝜉),𝐻(𝜉) = ℎ(𝜉).

Case 17:

𝑎1 = 𝑏1 = 0, 𝑐1 =

√
3𝑐(𝑚2𝑝2 − 𝑗2)√
𝑞(1 +𝑚2)

, 𝑑1 =
𝜖
√

3𝑐(𝑝2 − 𝑗2)√
𝑞(1 +𝑚2)

, 𝑘17 = 𝑘9

Case 18:

𝑎1 = 𝑏1 = 𝑑1 = 0, 𝑐1 =
±𝑝

√
3𝑐(𝑚2 − 1)√
𝑞(1 +𝑚2)

, 𝑗 = 𝜖𝑝, 𝑘18 = 𝑘9

Case 19:

𝑎1 = 𝑏1 = 𝑐1 = 0, 𝑑1 =
±𝑝

√
3𝑐(1−𝑚2)√

𝑞(2𝑚2 − 1)
, 𝑗 = 𝜖𝑚𝑝, 𝑘19 = 𝑘9

where 𝜀 = ±1, 𝑖 =
√−1, 𝑎0 = 0 and 𝑝 is a constant and not equal to zero.

Therefore, we obtain the following solutions to the Eq.(8).

𝑢17 =
𝑚
√
3𝑐√

𝑞(1 +𝑚2)

±
√

𝑚2𝑝2 − 𝑗2𝑐𝑛𝜉17 + 𝜖
√
𝑝2 − 𝑗2𝑑𝑛𝜉17

𝑝+ 𝑗𝑠𝑛𝜉17
,

𝑢18 =
±√

3𝑐(𝑚2 − 1)√
𝑞(𝑚2 + 1)

𝑐𝑛𝜉18
1 + 𝜖𝑠𝑛𝜉18

, 𝑢19 =
±√

3𝑐(1−𝑚2)√
𝑞(2𝑚2 − 1)

𝑑𝑛𝜉19
1 + 𝜖𝑚𝑠𝑛𝜉19

,

where 𝜉𝑖 = 𝑘𝑖(𝑥− 𝑐𝑡+ 𝜆𝑦 + 𝜂𝑧), (𝑖 = 17, 18, 19), 𝑐, 𝜆, 𝜂 are arbitrary constants.
Family6:
When 𝑝 = 𝑟 = 0, we have ℎ =

1− 𝑗𝑓
𝑠 , then select 𝐹 (𝜉) = 𝑓(𝜉), 𝐸(𝜉) = 𝑒(𝜉), 𝐺(𝜉) = 𝑔(𝜉),𝐻(𝜉) = ℎ(𝜉).

Case 20:

𝑏1 = 𝑑1 = 𝑐1 = 0, 𝑎1 =
±𝑚2𝑠

√
6𝑐√

𝑞(2𝑚2 − 1)
, 𝑗 = 0, 𝑘20 =

√
𝑐√

(2𝑚2 − 1)(1 + 𝜂2 + 𝜆2)

Case 21:

𝑎1 = 𝑑1 = 0, 𝑏1 =
±𝑠

√
3𝑐√

2𝑞(1− 2𝑚2)
, 𝑐1 =

𝜖𝑠
√
3𝑐√

2𝑞(2𝑚2 − 1)
, 𝑗 =

𝜖𝑠
√
1− 2𝑚2

√
2

, 𝑘21 = 𝑘14
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where 𝜀 = ±1, 𝑖 =
√−1, 𝑎0 = 0 and 𝑠 is a constant and not equal to zero.

Therefore, we obtain the following solutions to the Eq.(8).

𝑢20 =
±𝑚2

√
6𝑐√

𝑞(2𝑚2 − 1)

𝑠𝑛𝜉20
𝑑𝑛𝜉20

, 𝑢21 =

√
3𝑐√

𝑞(1− 2𝑚2)

±1 + 𝜖𝑐𝑛𝜉21

𝜖
√
1− 2𝑚2𝑠𝑛𝜉21 +

√
2𝑑𝑛𝜉21

,

where 𝜉𝑖 = 𝑘𝑖(𝑥− 𝑐𝑡+ 𝜆𝑦 + 𝜂𝑧), (𝑖 = 20, 21), 𝑐, 𝜆, 𝜂 are arbitrary constants.
When the module of the Jacobian elliptic function 𝑚 → 1 or 𝑚 → 0, these solutions degenerated to the

solitary wave solutions and the triangle function solutions.

4 Conclusion

By using this extended Jacabian elliptic functions method we obtained many new exact solutions of mKdV-
ZK equation, for example 𝑢3, 𝑢8, 𝑢10, 𝑢15, 𝑢17. By using our method all results of Ref.[12] can be obtained.
The method in this article contained traditional Jacobian elliptic functions method. This method applies to
a wider range. By using this method we can get abundant solutions of nonlinear evolution equations.
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