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Abstract:In this paper, we obtain the result of k-th (k > 2) order convergence for the quasilin-
ear elliptic problem via the variational approach.
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1 Introduction

The property of solutions for some elliptic problem has aroused a lot of attention, we can see the references
and cited therein [1-4]. Recently, Lakshmikantham and Leela [5] obtained the monotone sequences that
converge quadratically to the weak solution of the quasilinear elliptic problem by employing the generalized
quasilinearization method. Motivated by the idea of Cabada, Nieto and Veiga [6], in this paper, we obtain a
sequence of approximation weak solutions with the k-th (k > 2) order convergence via variational method
for the quasilinear elliptic problem. For this purpose, the monotone iterative technique which was presented
by Koksal and Lakshmikantham [7] is used in this study.

2 Preliminaries

We consider the quasilinear BVP

ey

~Apute(w)u= fla,u) inQ
u = 0 on 0f) in the sense of trace,

where () C R™ be a smooth bounded domain, W!* () and Wol P(€2) denote the Sobolev spaces, A, denote
the p-Laplacian, that is, A,u =div(|Du|P~2Du), Du denotes the gradient of u, 1 < p < n. Assume that
f:Q x R — Risa Caratheodory function,

c:Q — R, is a measurable function with c(z) > 0 a.e.x € Qand c € L'(1).

We shall always mean that the boundary condition is in the sense of trace, so we shall not repeat it to
avoid monotony.
Definition 2.1 (see [5]). The functionu € Wol’p(Q) is said to be a weak solution of (1) if f(z,u), f(x,u)u €
L' (2) and for any v € Wol’p(Q) N L*>(£2), we have

/]Du\p_QDuDv—l—cuv—/f(x,u)v.
Q Q

Definition 2.2 (see [5]). The function o9 € I/VO1 P(Q) N L(R) is said to be a weak lower solution of (1) if
ap(z) < 0on R, and

/Daolp_QDozoDv+caov</f(w,ao)v
Q Q
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is satisfied for each v € I/VO1 P(Q) with v > 0 a.e. in Q. If the inequalities are reversed, then « is said to be
a weak upper solution of (1).

We need the following Lemmas and Corollary for our main result.
Lemma 2.1(see [5]). Let ap, 5y be weak lower and upper solutions of (1) respectively. Suppose further that

fzyur) — flx,ug) < d(x)(up — uz) ae.in €, (2)

whenever u; > ug and d : 2 — Ry is measurable, d € L'(Q) and c(x) — d(z) > 0 a.e. in Q. Then
ap(z) < Po(x) ae. in .
Lemma 2.2. Assume that
(A1) o, By € Wol’p(Q) N L>°(Q) are weak lower and upper solutions of (1) such that a(x) < So(z) a.e.
in Q2.
(Ag) f € Q x R — Risa Caratheodory function, and is nondecreasing in u for x € €, a.e.;
(A3z) forany n € WHP(Q) N L°(Q) with ap < 1 < Bo(x), the function h(z) = f(z,1) € L(Q), 5 > =
and 0 < N < ¢(z) a.e. in Q.
Then there exist monotone sequences {ay, ()}, {Bn(x)} € WHP(Q) N L®(Q) with o, — p, B — T
weakly in WO1 P(Q) and p, r are minimal and maximal solutions of (1).

Lemma 2.2 is the same as Remark 3.1 in [7], so we omit the detail of this proof.
Corollary 2.1. In addition to the assumptions of Lemma 2.2, suppose that f satisfies the condition (2) of
Lemma 2.1. Then p = u = r is the unique weak solution of (1).
Lemma 2.3. In addition to the assumptions of Lemma 2.1, if, there exists a unique weak solution u(z) of
(1), then ag(z) < u(x) < Bo(x) in £, a.e..

Proof. Since u(x) is a unique weak solution of (1), we can consider u(x) as a weak upper solution of
(1) by Definition 2.1. In view of Lemma 2.1, we can get ap(x) < u(z) in €2, a.e.. Similarly, we can have
u(z) < Bo(x) in €, a.e.. This complete the proof.

To obtain the main result, We need the following inequality which holds for p > 1 and u,v € VVO1 P(Q),
namely

/Q[IDUI’HDu ~ |DvP=2Dv](Du — Do) = ([ulP~" — [P~ ([lull = [loll) >0, 3)

where ||ul| = ([ | Du[P)'/? is the equivalent norm for VVO1 P(Q) which is linked in a natural way with the
p-Laplacian. For p > 2, the following stronger inequality holds, that is

/ [\Du]p_zDu — ]Dv|p_2Dv](Du — Dv) > ¢(p)||u — v]||?, 4
Q

where ¢(p) > 0. The details of proof can be found in [5].

3 Main result

We are now in a position to describe the result of K-th order convergence for the quasilinear elliptic
problem.
Theorem 3.1. Assume that
(A1) g, Bo € WEHP(Q) N L°(2) are weak lower and upper solutions of (1) such that ag(x) < Bo(x) a.e.
in €
(A2) f € Q x R — R is a Caratheodory function, g;{ > 0 exist and are Caratheodory functions, for
ag<u<pfyae ini=1---k;
(As) There exist positive constants N, No and M, such that % < kINy, and for any w,u1,us,v €
WEP(Q) N L°(Q) with ag < v < u < By, ap < v < ug < uy < Py such that

7!

g;{(%v)(_v)l_l >N

i k-1 u
(z,v) (u—v) e L), (u—v)e Wol"s(Q), c(x) — Z (i—1) =
i=1
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and
k; —

uy — ) (ug — )] < My < ()

i=1 :0

a.e. in ), where § > %, M, € Ll(Q).

Then there exists a monotone sequence {a,} € WO1 P(Q) N L>®(Q) such that o, — p weakly in WO1 P(Q)
and p = u is a weak solution of (1) satisfying oy < u < By a.e. in ). Moreover the convergence is of order
k (k > 2) for the case p > 2.

Proof. For given x € (2, by using the Taylor expansion method, we obtain that

k=1 ;
oy wew 0, (uv)
f(l‘, U) - — 6ul (l‘, U) il + 8uk (.TL‘, 5) k! ’ (5)
with g < w < € < u < Fy. In view of (Ag), we have
k=1 :
O'f, (u-v)
> -
o) 23 gala
Thus, let
—f (u—v)
Clearly, g(x,u,v) € L°(Q) and
9(@,u,v) < f(z,u), g(@,u,u)= f(z,u). )
Also,
k—1
zf (u U)z—l
gulers0) = 3 o) Sy 2 0
By using that forall A, B € R, A* — B' = (A — B) Z;;% A=1=J BJ and (A3), we have
g(xvula ) .’,U , U2, Z@u’ x, U 'LU) (UQ— )Z]
k 1 f i—1 ‘ ' ‘
=3 5@ )5 Yl =0y (= 0) ) — w)
i=1 " j=0
< Mi(ur — ug).
We consider the problem
—Apu+ c(z)u = g(x,u, ap) in €, @)
u =0 on 0f.

In view of (A1) and (7), we have

/ \Daolp’2Da0Dv + capgv < /
Q Q
ag <0 on of

f(377a0)1)=/§29(337a07a0)v in €2,

and

/ DAl 2D oD + cByv > / J( Boyvde > / o(z, Bo, ag)ude inQ,
(9] Q (9]
Bo > 0 on ON.
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Hence, «q, By are weak lower and upper solutions of (8) respectively. By Lemma 2.1 and Lemma 2.3, we
obtain that there exists a unique weak solution «o; € WO1 P(Q) of (8) provided c(z) — M; > 0 such that
ag < ap < Bo.

Then consider the problem

—Apu+ c(z)u = g(x,u, 1) in €, ©)
u =0 on 0f).
Using (A1), (7), (8) and (9), we have
/ |Da1 P72 Day D 4 cajv < / flz,a)v = / g(x,a1,a1)v in Q,
Q Q Q (10)
a1 =0 on 9N
and
[ 18P 2D80D0+ o= [ flapayuds = [ (o fo,arude in g
Q Q Q (1)

Bo > 0 on ON.

Hence, o, By are weak lower and upper solution of (9) respectively. By Lemma 2.1 and Lemma 2.3, we
obtain that there exists a unique weak solution o € VVO1 P(Q) of (9) provided ¢(z) — My > 0 such that
ap < a1 < ag < fy. Using this procedure successively, we can get a monotone sequence of solutions {«, }
satisfying

ag<ap <az < <ap <aptr < P,

where the element a4 of the sequence is a weak solution of the problem

—AP’LL + C('I)u = g(l‘a u, Oén) in Qa
u =0 on Jf.

Thus, {«,} is a nondecreasing sequence. By the monotone character of {«,} there exists pointwise limit
lim a,(z) = p(x) ae. in Q. Moreover, since ag < a, < [y ae. in €, it follows by dominated
n—oo

convergence theorem that v, (x) — p(x) in LP(2). We note that o, satisfies

/]Dan]p_zDaan—i—canv:/g(x,an,an_l)v,
Q Q

for each v € Wol’p(Q), v > 0, a.e. Using (A3) and (3) with v = «a,, we obtain

lanl? + N / lol? < / 9, Oy @1 )t
(9] 0

Since by (A3), the right-hand side belongs to L9(2), this implies that sup,, [l |y 1.0 () < 0o. Therefore,
0

there exists a subsequence {c,, } which converges weakly in WO1 P(Q) to p.
To check that p is a weak solution of (1), we fix v € VVO1 P(Q)) and see that

/ ]Dozn]p_zDoanv + cov = / g(x, ap,y pp—1)v. (12)
Q Q
Let Q(Du) = |DulP~2Du and by (3), Q satisfies
[ 1Q(Das) ~ QDw)][Da, ~ Du] = 0 (1%
Q

for each w € WP(Q), a,, # w. Since {Q(Day,)} is bounded in LP(£2), Q(Day,) — & weakly in LP(£2)
for some & € LP(S2). Taking the limit as n — oo in (12), we have

/{Dv-ﬁ-cpv:/f(x,p)v. (14)
Q Q
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Setting v = a, in (12) and substituting (13), we have
/Qg(a:, U, Q1) — ca2 — Q(Day,) Dw — Q(Dw)(Day, — Dw) > 0.
As n — oo, it follows that
/Qf(:c,p)p — ¢p? — £Dw — Q(Dw)(Da,, — Dw) > 0. (15)
Setting v = p in (14), then by using (14) and (15), we arrive at
/Q €Dp — €Dw — Q(Dw)[D(p — w)] = 0

which leads to

[ e @uinip—w) =0
Choose w = p — Av, A > 0, so that one has

6= Qo= xopipv 0.
As \ — 0, there results

|16 Qwpino = o

Setting v = —v, we see [,[¢ — Q(Dp)]Dv < 0 and thus we get

[ e~ Qwppe o,
Q

Consequently,

| epe= [ @ppe= [ (.5 = colo

/QQ(DP)DU+CPU=/QJC(%P)U

forv € W&’p(Q), v > 0, so we get p is a weak solution of (1) by definition Q(Dp).
Finally, we prove k-th order convergence of the sequence {«,} to p. Let P11 = p — 41 and note
that P, 1(0) = 0 on 92. For each v € W(}’p(Q), v > 0 a.e., we have

or equivalently,

/ [|Dp[P~2DpDv —|Day 1P 2Day 1] Dv + ¢Ppyv = / [f(z,p) — g(z, ang1, am)]v
Q Q

ouk k!

where o, 11 < 0 < p. Hence, we get

- /Q [ ATt P an)PnH] 2,

oF — )k
/ [[Dp[P~2Dp — |Dani1 [P~ 2 Doy 1] Dv + co(z) Poy1v = / —— f(a, g)u v,

where ¢y (x) = ¢(x) — gu(x,0,00,) > N > 0.
Taking v = P, 41 and using (Az), we obtain

| 1267"2Dp = |Dasial?*Day 1 )DPuss + NPEy < No | PEPuca.
If p > 2, we can use the estimate (4) to get
P Prsrll? < Noll Pl ooy | sl o @) < Noll PEl ooy | P |
for suitable constant ]\70 . It then follows that
pnsa P~ < NOllpallyrs gy

where N is a suitable constant. The proof is therefore completed.
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