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Abstract: In this paper we investigate the boundedness and the periodicity character of solu-
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1 Introduction

Our purpose in this paper is to study the boundedness and the periodicity character of solutions of the
difference equation

𝑥𝑛+1 = max

{
1

𝑥𝑛
,
𝐴𝑛

𝑥𝑛−1

}
, 𝑛 = 0,1,... (1)

where {𝐴𝑛}∞𝑛=0 is a periodic sequence of positive numbers of period three and 𝐴𝑛 ∈ (0, 1] for all 𝑛 =
0, 1, ... such that the elements of one of the three subsequences {𝐴3𝑖}∞𝑖=0, {𝐴3𝑖+1}∞𝑖=0 or {𝐴3𝑖+2}∞𝑖=0 equal
one.

Eq.(1) have been studied by many authors. In [2], it was established for Eq.(1) with the sequence
{𝐴𝑛}∞𝑛=0 is identically equal to a constant number that every solution is eventually periodic with period
two. If the sequence {𝐴𝑛}∞𝑛=0 is periodic with period two or three the authors in [3] and [4], respectively
proved that every solution of Eq.(1) is periodic with period two.

In [6], the authors proved that every solution of Eq.(1) is periodic with period three provided that the
sequence {𝐴𝑛}∞𝑛=0 is periodic with period two.

Also, for some difference equations with the property that every solutions eventually periodic, see [8]
and [9] where the authors proved under some conditions that every solution of the difference equation

𝑥𝑛+1 =

𝑘∑
𝑖=1

𝐴𝑖

𝑥𝑛−𝑖
, 𝑛 = 0, 1, 2, ...

is periodic with period 𝑝 where 𝑝 can be formulated in terms of the coefficients 𝐴0, 𝐴1, ..., 𝐴𝑘−1. See also
[1,5,7,10-16]

We now present some definitions and known results which will be useful in our investigation of Eq.(1).
Consider the difference equation

𝑦𝑛+1 = 𝑓(𝑦𝑛, 𝑦𝑛−1, ..., 𝑦𝑛−𝑘), 𝑛 = 0, 1, 2, ... (2)

with initial conditions 𝑦−𝑘, 𝑦−𝑘+1, ..., 𝑦0 ∈ 𝐼, where 𝐼 is some interval of real numbers.
We say that 𝑦 is an equilibrium point of Eq.(2) if
∗Corresponding author. E-mail address: 1helmetwally@mans.edu.eg,2 emelabbasy@mans.edu.eg, 3 emmel-

sayed@yahoo.com

Copyright c⃝World Academic Press, World Academic Union
IJNS.2009.12.15/280



292 International Journal of Nonlinear Science,Vol.8(2009),No.3,pp. 291-299

𝑓(𝑦, 𝑦, ..., 𝑦) = 𝑦.

That is, the constant sequence {𝑦𝑛}∞𝑛=−𝑘 with

𝑦𝑛 = 𝑦 for all 𝑛 ≥ −𝑘,

is a solution of Eq.(2).
Thus Eq.(1) has a unique equilibrium point 𝑥 = 1.
We give some basic definitions about semi-cycles of solutions of Eq.(1).

Definition 1.1 A positive semicycle of a solution {𝑥𝑛}∞𝑛=−1 of Eq.(1) consists of a “string” of terms {𝑥𝑙,𝑥𝑙+1,...,𝑥𝑚},
all greater than or equal to the equilibrium 𝑥 with 𝑙 ≥ −1 and 𝑚 ≤ ∞, such that

either 𝑙 = −1, or 𝑙 > −1 and 𝑥𝑙−1 < 𝑥

and
either 𝑚 = ∞, or 𝑚 < ∞ and 𝑥𝑚+1 < 𝑥.

Definition 1.2 A negative semicycle of a solution {𝑥𝑛}∞𝑛=−1 of Eq.(1) consists of a “string” of terms
{𝑥𝑙,𝑥𝑙+1,...,𝑥𝑚}, all less than the equilibrium 𝑥, with 𝑙 ≥ −1 and 𝑚 ≤ ∞, such that

either 𝑙 = −1, or 𝑙 > −1 and 𝑥𝑙−1 ≥ 𝑥

and
either 𝑚 = ∞, or 𝑚 < ∞ and 𝑥𝑚+1 ≥ 𝑥.

Definition 1.3 A sequence {𝑥𝑛}∞𝑛=−1 is called non-oscillatory if there exists 𝑁 ≥ −1 such that
either 𝑥𝑛 > 𝑥 for all 𝑛 ≥ 𝑁 or 𝑥𝑛 < 𝑥 for all 𝑛 ≥ 𝑁 .

Definition 1.4 A sequence {𝑥𝑛}∞𝑛=−1 is called oscillatory if it is not non-oscillatory.
For more informations about the semi-cycles of Eq.(1) we refer to the article [12].

In the sequel we assume that {𝐴𝑛}∞𝑛=0 = {𝛼, 𝛽, 1, 𝛼, 𝛽, 1, ...} with 𝛼 > 𝛽.

2 Boundedness of solutions

In this section we show that every solutions of Eq.(1) is bounded and persists.

Theorem 2.1 Every positive solution of Eq.(1) is bounded and persists.

Proof. Let {𝑥𝑛}∞𝑛=−1 be a positive solution of Eq.(1). First we claim that {𝑥𝑛}∞𝑛=−1 is bounded below if
and only if it is bounded above. In the following we prove this claim:

Suppose that {𝑥𝑛}∞𝑛=−1 is bounded from above by a positive number, say 𝑀 , we shall show that
{𝑥𝑛}∞𝑛=−1 is bounded below. Now it follows from Eq.(1) that

𝑥𝑛+1 = max

{
1

𝑥𝑛
,
𝐴𝑛

𝑥𝑛−1

}
≥ max

{
1

𝑀
,
𝐴𝑛

𝑀

}
≥ 𝛽

𝑀
:= 𝑚.

Conversely Suppose that {𝑥𝑛}∞𝑛=−1 is bounded from below by a positive number, say 𝑚, we shall show that
{𝑥𝑛}∞𝑛=−1 is bounded above. Again it follows from Eq.(1) that

𝑥𝑛+1 = max

{
1

𝑥𝑛
,
𝐴𝑛

𝑥𝑛−1

}
≤ max

{
1

𝑚
,
𝐴𝑛

𝑚

}
=

1

𝑚
: and this proves the claim.

Now it suffices to show that {𝑥𝑛}∞𝑛=−1 is bounded from above. For the sake of contradiction, suppose that
it is not true that {𝑥𝑛}∞𝑛=−1 is bounded from above. Then there exists 𝑁 > 0 such that

max{𝑥𝑛 : −1 ≤ 𝑛 ≤ 𝑁} < 𝑥𝑁 .
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Hence it follows that there exists integers 𝑁1 and 𝑁2 with 𝑁 < 𝑁2 < 𝑁1, such that

𝑥𝑁1 ≤ min{𝑥𝑛 : −1 ≤ 𝑛 ≤ 𝑁1},

and
𝑥𝑁2 = max{𝑥𝑛 : −1 ≤ 𝑛 ≤ 𝑁1}.

Thus

𝑥𝑁1 = max

{
1

𝑥𝑁1−1
,
𝐴𝑁1−1

𝑥𝑁1−2

}
≥ max

{
1

𝑥𝑁2

,
𝐴𝑁1−1

𝑥𝑁2

}
=

1

𝑥𝑁2

.

Then
𝑥𝑁1𝑥𝑁2 ≥ 1.

Also,

𝑥𝑁2 = max

{
1

𝑥𝑁2−1
,
𝐴𝑁2−1

𝑥𝑁2−2

}
< max

{
1

𝑥𝑁1

,
𝐴𝑁2−1

𝑥𝑁1

}
=

1

𝑥𝑁1

.

Then
𝑥𝑁1𝑥𝑁2 < 1,

which is a contradiction, and so the proof of the theorem is complete.

Theorem 2.2 Every solution of Eq.(1) which is bounded below by
√
𝛼 enters the interval

[√
𝛼,

1√
𝛼

]
.

Proof. Let {𝑥𝑛}∞𝑛=−1 be a positive solution of Eq.(1) and there exists 𝑁 ≥ 0 such that

𝑥𝑛−1 ≥
√
𝛼 for all 𝑛 ≥ 𝑁.

It follows from Eq.(1) that

𝑥𝑁+1 = max

{
1

𝑥𝑁
,
𝐴𝑁

𝑥𝑁−1

}
≤ max

{
1√
𝛼
,
𝐴𝑁√
𝛼

}
=

1√
𝛼
.

Similarly, we see that

𝑥𝑁+2 = max

{
1

𝑥𝑁+1
,
𝐴𝑁+1

𝑥𝑁

}
≤ max

{
1√
𝛼
,
𝐴𝑁+1√

𝛼

}
=

1√
𝛼
.

Similarly to the above then

𝑥𝑛−1 ∈
[√

𝛼,
1√
𝛼

]
for all 𝑛 ≥ 𝑁.

The proof complete.

3 Analysis of the semi-cycle of Eq.(1)

The following lemmas are quiet important results concerning the analysis of the semi-cycle of Eq.(1). These
results shall be used in the sequel. For the proof of these lemmas we refer to the article [4].

Lemma 3.1 Let {𝑥𝑛}∞𝑛=−1 be a positive solution of Eq.(1) which is not eventually constant. Then 𝑥𝑛 ∕= 1
for all 𝑛 ≥ 1.

Lemma 3.2 Let {𝑥𝑛}∞𝑛=−1 be a positive solution of Eq.(1), and let 𝑚 ≥ 0 be a non-negative integer. Then
one of the following statements is true.

1. 𝑥𝑚−1𝑥𝑚 = 1.
2. 𝑥𝑚𝑥𝑚+1 = 1.
3. 𝑥𝑚+1𝑥𝑚+2 = 1.
4. 𝑥𝑚+2𝑥𝑚+3 = 1.
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Lemma 3.3 Let {𝑥𝑛}∞𝑛=−1 be a positive solution of Eq.(1) which is not eventually constant. Then the
following statements are true.

1. {𝑥𝑛}∞𝑛=−1 oscillates about the positive equilibrium point 𝑥 = 1 of Eq.(1).
2. With the possible exception of the first negative semi-cycle, every negative semi-cycle of {𝑥𝑛}∞𝑛=−1

has length equal to one.

3. Let 𝑛 ≥ 1 be such that 𝑥𝑛−2 ≥ 1 and 𝑥𝑛−1 < 1. Then 𝑥𝑛 =
1

𝑥𝑛−1
.

4. Every positive semi-cycle of {𝑥𝑛}∞𝑛=−1 has length at most two.

Lemma 3.4 Let {𝑥𝑛}∞𝑛=−1 be a positive solution of Eq.(1) which is not eventually constant. Then the
following statements are true.

1. With the possible exception of the first positive semi-cycle, every positive semi-cycle of {𝑥𝑛}∞𝑛=−1 has
a strict maximum which occurs in the first term of the positive semi-cycle.

2. With the possible exception of the first positive semi-cycle, the first term of every positive semi-cycle
is less than or equal to the last term of the preceding positive semi-cycle.

4 The Main Result

In this section we show that every positive solution of Eq.(1) is periodic solution of period three.

Theorem 4.1 Eq.(1) has a periodic solution of period three.

Proof. Let {𝑥𝑛}∞𝑛=−1 be a positive solution of Eq.(1). Suppose there exists 𝑁 ≥ 0 such that

𝑥𝑁−1 > 𝑥 > 𝑥𝑁 .

Then from Eq.(1), we see that

𝑥𝑁+1 = max

{
1

𝑥𝑁
,
𝐴𝑁

𝑥𝑁−1

}
=

1

𝑥𝑁
.

Choose {𝐴3𝑖+1}∞𝑖=0 = {1,1,1,...}, it follows from Eq.(1) that

𝑥𝑁+2 = max

{
1

𝑥𝑁+1
,
𝐴𝑁+1

𝑥𝑁

}
= max

{
𝑥𝑁 ,

1

𝑥𝑁

}
=

1

𝑥𝑁
,

𝑥𝑁+3 = max

{
1

𝑥𝑁+2
,
𝐴𝑁+2

𝑥𝑁+1

}
= max {𝑥𝑁 , 𝐴𝑁+2𝑥𝑁} = 𝑥𝑁 ,

𝑥𝑁+4 = max

{
1

𝑥𝑁+3
,
𝐴𝑁+3

𝑥𝑁+2

}
= max

{
1

𝑥𝑁
, 𝐴𝑁𝑥𝑁

}
=

1

𝑥𝑁
,

𝑥𝑁+5 = max

{
1

𝑥𝑁+4
,
𝐴𝑁+4

𝑥𝑁+3

}
= max

{
𝑥𝑁 ,

1

𝑥𝑁

}
=

1

𝑥𝑁
,

𝑥𝑁+6 = max

{
1

𝑥𝑁+5
,
𝐴𝑁+5

𝑥𝑁+4

}
= max {𝑥𝑁 , 𝐴𝑁+2𝑥𝑁} = 𝑥𝑁 ,

𝑥𝑁+7 = max

{
1

𝑥𝑁+6
,
𝐴𝑁+6

𝑥𝑁+5

}
= max

{
1

𝑥𝑁
, 𝐴𝑁𝑥𝑁

}
=

1

𝑥𝑁
,

𝑥𝑁+8 = max

{
1

𝑥𝑁+7
,
𝐴𝑁+7

𝑥𝑁+6

}
= max

{
𝑥𝑁 ,

1

𝑥𝑁

}
=

1

𝑥𝑁
,

and

𝑥𝑁+9 = max

{
1

𝑥𝑁+8
,
𝐴𝑁+8

𝑥𝑁+7

}
= max {𝑥𝑁 , 𝐴𝑁+2𝑥𝑁} = 𝑥𝑁 .

Then it follows by induction that {𝑥𝑛}∞𝑛=−1 is a periodic solution of period three of the form{
..., 𝑥𝑁 ,

1

𝑥𝑁
,
1

𝑥𝑁
, 𝑥𝑁 ,

1

𝑥𝑁
,
1

𝑥𝑁
, ...

}
.
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Theorem 4.2 Every positive solution of Eq.(1) which is bounded below by
√
𝛼 is eventually periodic with

period three.

Proof. Since the positive semi-cycle has length at most two and the negative semi-cycle is of length exactly
one, we consider only the following cases for an integer 𝑁 ≥ 0

(a) 𝑥𝑁 < 𝑥 < 𝑥𝑁−1.
(b) 𝑥𝑁−1 < 𝑥 < 𝑥𝑁 .
(c) 𝑥𝑁−1, 𝑥𝑁 ≥ 𝑥.

We will prove Case (a) (the other cases are similar and the proof will be omitted).
Assume (a) holds, then we see from Eq.(1) that

𝑥𝑁+1 = max

{
1

𝑥𝑁
,
𝐴𝑁

𝑥𝑁−1

}
= max

{
1

𝑥𝑁
,

𝛼

𝑥𝑁−1

}
=

1

𝑥𝑁
,

𝑥𝑁+2 = max

{
1

𝑥𝑁+1
,
𝐴𝑁+1

𝑥𝑁

}
= max

{
𝑥𝑁 ,

𝛽

𝑥𝑁

}
= 𝑥𝑁 ,

where 𝑥𝑁 >
√
𝛼 >

√
𝛽 ⇒ 𝑥2𝑁 > 𝛽 ⇒ 𝑥𝑁 >

𝛽

𝑥𝑁
,

𝑥𝑁+3 = max

{
1

𝑥𝑁+2
,
𝐴𝑁+2

𝑥𝑁+1

}
= max

{
1

𝑥𝑁
,𝑥𝑁

}
=

1

𝑥𝑁
,

𝑥𝑁+4 = max

{
1

𝑥𝑁+3
,
𝐴𝑁+3

𝑥𝑁+2

}
= max

{
𝑥𝑁 ,

𝛼

𝑥𝑁

}
= 𝑥𝑁 ,

𝑥𝑁+5 = max

{
1

𝑥𝑁+4
,
𝐴𝑁+4

𝑥𝑁+3

}
= max

{
1

𝑥𝑁
, 𝛽𝑥𝑁

}
=

1

𝑥𝑁
,

𝑥𝑁+6 = max

{
1

𝑥𝑁+5
,
𝐴𝑁+5

𝑥𝑁+4

}
= max

{
𝑥𝑁 ,

1

𝑥𝑁

}
=

1

𝑥𝑁
,

𝑥𝑁+7 = max

{
1

𝑥𝑁+6
,
𝐴𝑁+6

𝑥𝑁+5

}
= max {𝑥𝑁 , 𝛼𝑥𝑁} = 𝑥𝑁 ,

𝑥𝑁+8 = max

{
1

𝑥𝑁+7
,
𝐴𝑁+7

𝑥𝑁+6

}
= max

{
1

𝑥𝑁
, 𝛽𝑥𝑁

}
=

1

𝑥𝑁
,

and

𝑥𝑁+9 = max

{
1

𝑥𝑁+8
,
𝐴𝑁+8

𝑥𝑁+7

}
= max

{
𝑥𝑁 ,

1

𝑥𝑁

}
=

1

𝑥𝑁
.

In this case we see that the solution becomes in the form{
...,

1

𝑥𝑁
, 𝑥𝑁 ,

1

𝑥𝑁
,
1

𝑥𝑁
, 𝑥𝑁 ,

1

𝑥𝑁
, ...

}
,

and so the solution is periodic with period three. This completes the proof.

Theorem 4.3 Assume {𝑥𝑛}∞𝑛=−1 be a positive solution of Eq.(1) and suppose there exists 𝑚 ≥ 1 such that

𝑥𝑚 <
√
𝛼.

Then either {𝑥𝑛}∞𝑛=−1 is eventually periodic solution with period three or

lim inf
𝑛→∞ 𝑥𝑛 ≥ √

𝛼.

Proof. Observe from Eq.(1) that 𝑥𝑚𝑥𝑚+1 ≥ 1 ⇒ 𝑥𝑚+1 ≥ 1

𝑥𝑚
>

1√
𝛼

⇒ 𝛼𝑥𝑚+1 >
√
𝛼 > 𝑥𝑚

𝑥𝑚+2 = max

{
1

𝑥𝑚+1
,
𝐴𝑚+1

𝑥𝑚

}
= max

{
1

𝑥𝑚+1
,
𝛼

𝑥𝑚

}
=

𝛼

𝑥𝑚
,

𝑥𝑚+3 = max

{
1

𝑥𝑚+2
,
𝐴𝑚+2

𝑥𝑚+1

}
= max

{
𝑥𝑚
𝛼

,
𝛽

𝑥𝑚+1

}
=

𝑥𝑚
𝛼

,
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and

𝑥𝑚+4 = max

{
1

𝑥𝑚+3
,
𝐴𝑚+3

𝑥𝑚+2

}
= max

{
𝛼

𝑥𝑚
,
𝑥𝑚
𝛼

}
.

We consider the following two cases
(A1) 𝑥𝑚+4 =

𝑥𝑚
𝛼

. In this case
𝑥𝑚
𝛼

>
𝛼

𝑥𝑚
, and we see that

𝑥𝑚+5 = max

{
1

𝑥𝑚+4
,
𝐴𝑚+4

𝑥𝑚+3

}
= max

{
𝛼

𝑥𝑚
,
𝛼2

𝑥𝑚

}
=

𝛼

𝑥𝑚
,

𝑥𝑚+6 = max

{
1

𝑥𝑚+5
,
𝐴𝑚+5

𝑥𝑚+4

}
= max

{
𝑥𝑚
𝛼

,
𝛼𝛽

𝑥𝑚

}
=

𝑥𝑚
𝛼

,

where
𝑥𝑚
𝛼

>
𝛼

𝑥𝑚
, 𝛽 < 1 ⇒ 𝑥𝑚

𝛼
>

𝛼

𝑥𝑚
>

𝛼𝛽

𝑥𝑚
,

𝑥𝑚+7 = max

{
1

𝑥𝑚+6
,
𝐴𝑚+6

𝑥𝑚+5

}
= max

{
𝛼

𝑥𝑚
,
𝑥𝑚
𝛼

}
=

𝑥𝑚
𝛼

,

𝑥𝑚+8 = max

{
1

𝑥𝑚+7
,
𝐴𝑚+7

𝑥𝑚+6

}
= max

{
𝛼

𝑥𝑚
,
𝛼2

𝑥𝑚

}
=

𝛼

𝑥𝑚
,

and

𝑥𝑚+9 = max

{
1

𝑥𝑚+8
,
𝐴𝑚+8

𝑥𝑚+7

}
= max

{
𝑥𝑚
𝛼

,
𝛼𝛽

𝑥𝑚

}
=

𝑥𝑚
𝛼

.

In this case we see that the solution is in the form{
...,

𝛼

𝑥𝑚
,
𝑥𝑚
𝛼

,
𝑥𝑚
𝛼

,
𝛼

𝑥𝑚
,
𝑥𝑚
𝛼

,
𝑥𝑚
𝛼

,...

}
.

Therefore {𝑥𝑛}∞𝑛=−1 is a periodic solution with period three.

(A2) 𝑥𝑚+4 =
𝛼

𝑥𝑚
. In this case

𝛼

𝑥𝑚
>

𝑥𝑚
𝛼

, and we see that

𝑥𝑚+5 = max

{
1

𝑥𝑚+4
,
𝐴𝑚+4

𝑥𝑚+3

}
= max

{
𝑥𝑚
𝛼

,
𝛼2

𝑥𝑚

}
.

We consider the following two cases

(B1) 𝑥𝑚+5 =
𝑥𝑚
𝛼

. In this case
𝑥𝑚
𝛼

>
𝛼2

𝑥𝑚
, and we see that

𝑥𝑚+6 = max

{
1

𝑥𝑚+5
,
𝐴𝑚+5

𝑥𝑚+4

}
= max

{
𝛼

𝑥𝑚
,
𝛽𝑥𝑚
𝛼

}
=

𝛼

𝑥𝑚
,

where 𝛽 < 1,
𝛼

𝑥𝑚
>

𝑥𝑚
𝛼

⇒ 𝛼

𝑥𝑚
>

𝑥𝑚
𝛼

>
𝛽𝑥𝑚
𝛼

,

𝑥𝑚+7 = max

{
1

𝑥𝑚+6
,
𝐴𝑚+6

𝑥𝑚+5

}
= max

{
𝑥𝑚
𝛼

,
𝛼

𝑥𝑚

}
=

𝛼

𝑥𝑚
,

𝑥𝑚+8 = max

{
1

𝑥𝑚+7
,
𝐴𝑚+7

𝑥𝑚+6

}
= max

{𝑥𝑚
𝛼

, 𝑥𝑚

}
=

𝑥𝑚
𝛼

,

and

𝑥𝑚+9 = max

{
1

𝑥𝑚+8
,
𝐴𝑚+8

𝑥𝑚+7

}
= max

{
𝛼

𝑥𝑚
,
𝛽𝑥𝑚
𝛼

}
=

𝛼

𝑥𝑚
.

In this case we see that the solution is in the form{
...,

𝑥𝑚
𝛼

,
𝛼

𝑥𝑚
,
𝛼

𝑥𝑚
,
𝑥𝑚
𝛼

,
𝛼

𝑥𝑚
,
𝛼

𝑥𝑚
,...

}
.
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Therefore {𝑥𝑛}∞𝑛=−1 is a periodic solution with period three.

(B2) 𝑥𝑚+5 =
𝛼2

𝑥𝑚
. In this case

𝛼2

𝑥𝑚
>

𝑥𝑚
𝛼

, and we see that

𝑥𝑚+6 = max

{
1

𝑥𝑚+5
,
𝐴𝑚+5

𝑥𝑚+4

}
= max

{
𝑥𝑚
𝛼2

,
𝛽𝑥𝑚
𝛼

}
=

𝑥𝑚
𝛼2

,

and in this case we see that

𝑥𝑚 < 𝑥𝑚+3 =
𝑥𝑚
𝛼

< 𝑥𝑚+6 =
𝑥𝑚
𝛼2

Thus

lim inf
𝑛→∞ 𝑥𝑛 ≥ √

𝛼.

Remark 4.4 Observe by Lemma 3.4 that the case where

𝑥𝑚, 𝑥𝑚+1 <
√
𝛼 for 𝑚 ≥ 2

does not exist.

Theorem 4.2 and Theorem 4.3 lead to the following main result in this section.

Theorem 4.5 Every solution of Eq.(1) is periodic with period three.

In the following lemma we show that it is important that every element of at least one of the subsequences
{𝐴3𝑖}, {𝐴3𝑖+1} or {𝐴3𝑖+2} equal to one for the existence of period three solutions.

Lemma 4.1 Assume that 𝐴𝑛 ∈ (0, 1) for all 𝑛 = 0, 1, 2, ... . Then Eq.(1) has no periodic solution of
period three.

Proof. For the sake of contradiction, assume that there exists a periodic solution of period three {..., 𝛼, 𝛽, 𝛾, 𝛼, 𝛽, 𝛾, ...}.
Therefore we see from Eq.(1) that

𝛼 = max

{
1

𝛾
,
𝐴3

𝛽

}
,

𝛽 = max

{
1

𝛼
,
𝐴1

𝛾

}
,

and

𝛾 = max

{
1

𝛽
,
𝐴2

𝛼

}
.

We study the following different possibilities
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(1) 𝛼 =
1

𝛾
, 𝛽 =

1

𝛼
and 𝛾 =

1

𝛽
. Then 𝛼 = 𝛽 = 𝛾 = 1 (a contradiction).

(2) 𝛼 =
1

𝛾
, 𝛽 =

1

𝛼
and 𝛾 =

𝐴2

𝛼
. Then 𝛼𝛾 = 𝐴2 = 1 (a contradiction).

(3) 𝛼 =
1

𝛾
, 𝛽 =

𝐴1

𝛾
and 𝛾 =

1

𝛽
. Then 𝛽𝛾 = 𝐴1 = 1 (a contradiction).

(4) 𝛼 =
1

𝛾
, 𝛽 =

𝐴1

𝛾
and 𝛾 =

𝐴2

𝛼
. Then 𝛼𝛾 = 𝐴2 = 1 (a contradiction).

(5) 𝛼 =
𝐴3

𝛽
, 𝛽 =

1

𝛼
and 𝛾 =

1

𝛽
. Then 𝛼𝛽 = 𝐴3 = 1 (a contradiction).

(6) 𝛼 =
𝐴3

𝛽
, 𝛽 =

1

𝛼
and 𝛾 =

𝐴2

𝛼
. Then 𝛼𝛽 = 𝐴3 = 1 (a contradiction).

(7) 𝛼 =
𝐴3

𝛽
, 𝛽 =

𝐴1

𝛾
and 𝛾 =

1

𝛽
. Then 𝛽𝛾 = 𝐴1 = 1 (a contradiction).

(8) 𝛼 =
𝐴3

𝛽
, 𝛽 =

𝐴1

𝛾
and 𝛾 =

𝐴2

𝛼
. Then 𝛼𝛽 = 𝐴3 , 𝛽𝛾 = 𝐴1 , 𝛼𝛾 = 𝐴2.

Then 𝛼 =

√
𝐴2𝐴3

𝐴1
, 𝛽 =

√
𝐴1𝐴3

𝐴2
, 𝛾 =

√
𝐴1𝐴2

𝐴3
.

Since

𝛾 = max

{
1

𝛽
,
𝐴2

𝛼

}
=

𝐴2

𝛼
,

it follows that
𝐴2

𝛼
>

1

𝛽
,

and so
𝐴1 > 1 (a contradiction).

From the previous computations we see that Eq.(1) has no periodic solution of period three.
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