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Abstract: This paper deals with equation −Δ𝑝𝑢(𝑥) + 𝜆∣𝑢(𝑥)∣𝑝−2 = 𝑓(𝑥, 𝑢(𝑥)) in bounded
smooth domain Ω ⊂ 𝑅𝑁 with Dirichlet boundary value condition. The existence results are
obtained by Browder Theorem and uniqueness of solution is also considered.
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1 Introduction

Consider the boundary value problem{ −Δ𝑝𝑢(𝑥) + 𝜆∣𝑢(𝑥)∣𝑝−2𝑢(𝑥) = 𝑓(𝑥, 𝑢(𝑥)) 𝑥 ∈ Ω
𝑢(𝑥) = 0 𝑥 ∈ ∂Ω

(1)

where Δ𝑝 is the p-Laplacian, Ω ∈ 𝐶0,1 be a bounded domain in 𝑅𝑁 . Let 𝑝 ≥ 2, 𝜆 > 0 and 𝑓 : Ω×𝑅 −→ 𝑅
be a caratheodory function which is decreasing with respect to the second variable, i.e.,

𝑓(𝑥, 𝑠1) ≥ 𝑓(𝑥, 𝑠2) 𝑓𝑜𝑟 𝑎.𝑎. 𝑥 ∈ Ω 𝑎𝑛𝑑𝑠1, 𝑠2 ∈ 𝑅, 𝑠1 ≤ 𝑠2 (2)

Assume, moreover, that there exists 𝑓0 ∈ 𝐿𝑝′(Ω), 𝑝′ = 𝑝
𝑝−1 and 𝑐 > 0 such that

∣𝑓(𝑥, 𝑠)∣ ≤ 𝑓0(𝑥) + 𝑐∣𝑠∣𝑝−1 (3)

We considered such problems with numerical methods in [2-5]

Definition 1 We say that 𝑢 ∈ 𝑊 1,𝑝
0 (Ω) is a weak solution to (1) if∫ ∣∇𝑢∣𝑝−2∇𝑢∇𝑣 + 𝜆

∫ ∣𝑢(𝑥)∣𝑝−2𝑢(𝑥)𝑣(𝑥) =
∫
𝑓(𝑥, 𝑢(𝑥)) 𝑣(𝑥)𝑑𝑥 for all 𝑣 ∈ 𝑊 1,𝑝

0 (Ω).

Definition 2 Let 𝐻 be a real Hilbert space. An operator 𝑇 : 𝐻 → 𝐻 satisfying

(𝑇 (𝑢)− 𝑇 (𝑣), 𝑢− 𝑣) ≥ 0 (4)

for any 𝑢, 𝑣 ∈ 𝐻 is called a monotone operator. An operator 𝑇 is called strictly monotone if for 𝑢 ∕= 𝑣 the
strict inequality holds in (4). An operator 𝑇 is called strongly monotone if there exists 𝑐 > 0 such that

(𝑇 (𝑢)− 𝑇 (𝑣), 𝑢− 𝑣) ≥ 𝑐 ∥ 𝑢− 𝑣 ∥2 for any 𝑢, 𝑣 ∈ 𝐻 .

Our main results concerning problem (1) is the following:

Theorem 3 Let Ω ∈ 𝐶0,1 be a bounded domain in 𝑅𝑁 and 𝑝 ≥ 2, 𝜆 > 0 and 𝑓 ∈ 𝐶𝐴𝑅(Ω×𝑅) satisfy (2)
and (3). Then problem (1) has a unique weak solution.
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2 Proof of theorem 3

We consider the Sobolev space 𝑊 1,𝑝
0 (Ω) with the norm (see [1])

∥ 𝑢 ∥= (

∫
∣∇𝑢(𝑥)∣𝑝𝑑𝑥) 1

𝑝 .

Let us recall the continuous embedding 𝑊 1,𝑝
0 (Ω) ↪→ 𝐿𝑝∗ where 𝑝∗ = 𝑁𝑝

𝑁−𝑝 and

the compact embedding
𝑊 1,𝑝

0 (Ω) ↪→↪→ 𝐿𝑞(Ω)

where 𝑞 ∈ [1, 𝑁𝑝
𝑁−𝑝).

We define for 𝜆 ∈ 𝑅 operators 𝐽,𝐺, 𝐹 : 𝑊 1,𝑝
0 (Ω) → (𝑊 1,𝑝

0 (Ω))∗ by

< 𝐽(𝑢), 𝑣 >=
∫ ∣∇𝑢(𝑥)∣𝑝−2∇𝑢(𝑥)∇𝑣(𝑥)𝑑𝑥

< 𝐺(𝑢), 𝑣 >=
∫ ∣𝑢(𝑥)∣𝑝−2𝑢(𝑥)𝑣(𝑥)𝑑𝑥

< 𝐹 (𝑢), 𝑣 >=
∫
𝑓(𝑥, 𝑢(𝑥)) 𝑣(𝑥)𝑑𝑥

for all 𝑢, 𝑣 ∈ 𝑊 1,𝑝
0 (Ω). It follows from (4) that 𝐽,𝐺, 𝐹 are well defined.

Set 𝑇 := 𝐽 + 𝜆𝐺− 𝐹 . We say that 𝑢 is a weak solution of (1) if

< 𝑇𝑢, 𝑣 >=< 𝐽(𝑢), 𝑣 > +𝜆 < 𝐺(𝑢), 𝑣 > − < 𝐹 (𝑢), 𝑣 >= 0

holds for any 𝑣 ∈ 𝑊 1,𝑝
0 (Ω). Thus, to find a weak solution of (1) is equivalent to finding 𝑢 ∈ 𝑊 1,𝑝

0 (Ω) which
satisfies the operator equation 𝑇 (𝑢) = 0 ( see [6]). We have the following properties of 𝐽,𝐺, 𝐹 :

a) 𝐽,𝐺 and 𝐹 are bounded operators in the sense that they map bounded sets onto bounded sets. Indeed
∀𝑢 ∥ 𝑢 ∥

𝑊 1,𝑝
0 (Ω)

≤ 𝑀 we have:

∥𝐽(𝑢)∥
(𝑊 1,𝑝

0 (Ω))∗ = 𝑠𝑢𝑝∥𝑣∥≤1 ∣< 𝐽(𝑢), 𝑣 >∣

≤ 𝑠𝑢𝑝∥𝑣∥≤1(
∫ ∣ ∇𝑢 ∣(𝑝−1)𝑝′))

1
𝑝′ (

∫ ∣∇𝑣∣𝑝) 1
𝑝 ≤ ∥𝑢∥

𝑝
𝑝′ ≤ 𝑀

𝑝
𝑝′

∥𝐺(𝑢)∥
(𝑊 1,𝑝

0 (Ω))∗ = 𝑠𝑢𝑝∥𝑣∥≤1 ∣< 𝐺(𝑢), 𝑣 >∣

≤ 𝑠𝑢𝑝∥𝑣∥≤1(
∫ ∣ 𝑢 ∣(𝑝−1)𝑝′))

1
𝑝′ (

∫ ∣𝑣∣𝑝) 1
𝑝 ≤ 𝑐∥𝑢∥

𝑝
𝑝′ ≤ 𝑐𝑀

𝑝
𝑝′

∥𝐹 (𝑢)∥
(𝑊 1,𝑝

0 (Ω))∗ = 𝑠𝑢𝑝∥𝑣∥≤1 ∣< 𝐹 (𝑢), 𝑣 >∣≤ (
∫ ∣𝑓 ∣𝑝′) 1

𝑝′ (
∫ ∣𝑣∣𝑝) 1

𝑝 ≤ 𝑐𝑒𝑚𝑏 ∥ 𝑓 ∥𝑝′

where 𝑐𝑒𝑚𝑏 is the constant of the embedding of 𝑊 1,𝑝
0 (Ω) into 𝐿𝑝(Ω).

b) 𝐽,𝐺 and 𝐹 are continuous operators. If 𝑢𝑛 → 𝑢 in 𝑊 1,𝑝
0 (Ω) we have:

∥𝐽(𝑢𝑛)− 𝐽(𝑢)∥
(𝑊 1,𝑝

0 (Ω))∗ = 𝑠𝑢𝑝∥𝑣∥≤1 ∣< 𝐽(𝑢𝑛)− 𝐽(𝑢), 𝑣 >∣

= 𝑠𝑢𝑝∥𝑣∥≤1 ∣
∫
(∣∇𝑢𝑛∣𝑝−2∇𝑢𝑛 − ∣∇𝑢∣𝑝−2∇𝑢)∇𝑣𝑑𝑥 ∣

≤ 𝑠𝑢𝑝∥𝑣∥≤1(
∫ ∣ ∣∇𝑢𝑛∣𝑝−2∇𝑢𝑛 − ∣∇𝑢∣𝑝−2∇𝑢∣𝑝′ 𝑑𝑥 )

1
𝑝′ (

∫ ∣ ∇𝑣 ∣𝑝 𝑑𝑥) 1
𝑝

≤ 𝑐𝑒𝑚𝑏(
∫ ∣ ∣∇𝑢𝑛∣𝑝−2∇𝑢𝑛 − ∣∇𝑢∣𝑝−2∇𝑢 ∣𝑝′ 𝑑𝑥) 1

𝑝′ → 0

∥𝐺(𝑢𝑛)−𝐺(𝑢)∥
(𝑊 1,𝑝

0 (Ω))∗ ≤ (
∫ ∣ ∣𝑢𝑛∣𝑝−2𝑢𝑛 − ∣𝑢∣𝑝−2𝑢 ∣)𝑝′𝑑𝑥) 1

𝑝′ 𝑐𝑒𝑚𝑏 → 0
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∥𝐹 (𝑢𝑛)− 𝐹 (𝑢)∥
(𝑊 1,𝑝

0 (Ω))∗ ≤ 𝑠𝑢𝑝∥𝑣∥≤1(
∫
(𝑓(𝑥, 𝑢𝑛)− 𝑓(𝑥, 𝑢))𝑣𝑑𝑥

≤ 𝑐𝑒𝑚𝑏(
∫ ∣ (𝑓(𝑥, 𝑢𝑛)− 𝑓(𝑥, 𝑢) ∣𝑝′ 𝑑𝑥) 1

𝑝′ → 0.

c) Let 𝑝 ≥ 2, then for all 𝑥1, 𝑥2 ∈ 𝑅𝑁 we have the following inequality( see [8] )

∣𝑥2∣𝑝 ≥ ∣𝑥1∣𝑝 + 𝑝∣𝑥1∣𝑝−2𝑥1(𝑥2 − 𝑥1) +
∣𝑥2 − 𝑥1∣𝑝
2𝑝−1 − 1

(5)

< 𝐽(𝑢)− 𝐽(𝑣), 𝑢− 𝑣 >=
∫
(∣∇𝑢(𝑥)∣𝑝−2∇𝑢(𝑥)− ∣∇𝑣(𝑥)∣𝑝−2∇𝑣(𝑥))(∇𝑢(𝑥)−∇𝑣(𝑥))𝑑𝑥

=
∫ ∣∇𝑢(𝑥)∣𝑝−2∇𝑢(𝑥)(∇𝑣(𝑥)−∇𝑣(𝑥))𝑑𝑥

− ∫ ∣∇𝑣(𝑥)∣𝑝−2∇𝑣(𝑥)(∇𝑣(𝑥)−∇𝑣(𝑥))𝑑𝑥

= 𝐼1 + 𝐼2

by using (5), we have

𝐼1 + 𝐼2 ≥ 2

𝑝(2𝑝−1 − 1)

∫
∣∇𝑢−∇𝑣∣𝑝𝑑𝑥 = 𝑐∥𝑢− 𝑣∥𝑝

So
< 𝐽(𝑢)− 𝐽(𝑣), 𝑢− 𝑣 >≥ 𝑐∥𝑢− 𝑣∥𝑝 𝑓𝑜𝑟 𝑝 ≥ 2 (6)

< 𝐺(𝑢)−𝐺(𝑣), 𝑢− 𝑣 >=
∫ ∣𝑢(𝑥)∣𝑝−2𝑢(𝑥)(𝑢(𝑥)− 𝑣(𝑥))− ∣𝑣(𝑥)∣𝑝−2𝑣(𝑥)(𝑣(𝑥)− 𝑢(𝑥))𝑑𝑥

= 𝐼3 + 𝐼4

𝐼3 + 𝐼4 ≥ 2

𝑝(2𝑝−1 − 1)
∥𝑢− 𝑣∥𝑝

then
< 𝐺(𝑢)−𝐺(𝑣), 𝑢− 𝑣 >≥ 0 (7)

also
< 𝐹 (𝑣)− 𝐹 (𝑢), 𝑢− 𝑣 >=

∫
(𝑓(𝑥, 𝑣)− 𝑓(𝑥, 𝑢))(𝑢− 𝑣)

Since 𝑓 is decreasing with respect to the second variable, we have∫
(𝑓(𝑥, 𝑣)− 𝑓(𝑥, 𝑢))(𝑢− 𝑣) ≥ 0,

consequently
< 𝐹 (𝑣)− 𝐹 (𝑢), 𝑢− 𝑣 >≥ 0. (8)

(6), (7), (8) imply that
< 𝑇𝑢− 𝑇𝑣, 𝑢− 𝑣 >≥ 𝑐∥𝑢− 𝑣∥𝑝, (9)

so 𝑇 is strongly monotone. ( see e.g., [9])
d) Indeed 𝑇 being strongly monotone implies

< 𝑇𝑢, 𝑢 >≥< 𝑇0, 𝑢 > +𝑐∥𝑢∥𝑝

on the other hand

< 𝑇0, 𝑢 >=< 𝐽0, 𝑢 > +𝜆 < 𝐺0, 𝑢 > − < 𝐹0, 𝑢 >

= − ∫
𝑓(𝑥, 0)𝑢𝑑𝑥 ≥ −(

∫
𝑓(𝑥, 0)𝑝

′
)

1
𝑝′ (

∫ ∣𝑢∣𝑝) 1
𝑝

≥ −𝑀𝑐𝑒𝑚𝑏∥𝑢∥
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then
< 𝑇𝑢, 𝑢 >≥ 𝑐∥𝑢∥𝑝 −𝑀𝑐𝑒𝑚𝑏∥𝑢∥.

So

lim
∥𝑢∥→∞

< 𝑇 (𝑢), 𝑢 >

∥ 𝑢 ∥ = ∞

hence 𝑇 is coercive. The existence and uniqueness of weak solution for problem (1) follows from following
theorem. Thus Theorem 3 is proved.

Theorem 4 ((Browder) [7]) : Let 𝑋 be a reflexive real Banach space.Moreover let 𝑇 : 𝑋 → 𝑋∗ be an
operator satisfying the conditions
i) 𝑇 is bounded.

ii) 𝑇 is demicontinuous, i.e., 𝑇 maps strongly convergent sequence in 𝑋 to weakly convergent sequences in
𝑋∗.

iii) 𝑇 is coercive, i.e.,

lim
∥𝑢∥→∞

< 𝑇 (𝑢), 𝑢 >

∥ 𝑢 ∥ = ∞

iv) 𝑇 is monotone on the space 𝑋 , i.e., for all 𝑢, 𝑣 ∈ 𝑋 we have

< 𝑇 (𝑢)− 𝑇 (𝑣), 𝑢− 𝑣 >≥ 0 (10)

then the equation 𝑇 (𝑢) = 𝑓∗ has at least one solution 𝑢 ∈ 𝑋 for every 𝑓∗ ∈ 𝑋∗.(If moreover, the inequality
(10) is strict for all 𝑢, 𝑣 ∈ 𝑋, 𝑢 ∕= 𝑣), then the equation (10) has precisely one solution 𝑢 ∈ 𝑋 for every
𝑓∗ ∈ 𝑋∗.

The uniqueness of solution, is also a direct consequence of (9). Suppose that 𝑢, 𝑣 be solutions of problem
(1) such that 𝑢 ∕= 𝑣 we have :

0 =< 𝑇𝑢− 𝑇𝑣, 𝑢− 𝑣 >≥ 𝑐∥𝑢− 𝑣∥𝑝 ≥ 0

therefore 𝑢 = 𝑣.
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