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Abstract: This paper deals with equation —Apu(x) + A|u(z)[P~2 = f(x,u(x)) in bounded
smooth domain  C RY with Dirichlet boundary value condition. The existence results are
obtained by Browder Theorem and uniqueness of solution is also considered.
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1 Introduction

Consider the boundary value problem

{ —Apu(x) + AMu(z) P 2u(z) = f(x,u(z)) z €

u(z) = 0 €00 M

where A, is the p-Laplacian, Q € C%! be a bounded domain in RN . Letp>2,A>0and f: QxR — R
be a caratheodory function which is decreasing with respect to the second variable, i.e.,

f(x,s1) > f(z,82) foraa.x€Q andsy,ss € R, s1 < s9 2)

Assume, moreover, that there exists fo € L¥ (Q), p/ = % and ¢ > 0 such that

|f (@, 8)| < fola) +c|s[~! (3)
We considered such problems with numerical methods in [2-5]
Definition 1 We say that u € VVO1 P(Q) is a weak solution to (1) if
[ |VuP=2VuVo + X [ Ju(z)P2u(z)v(z) = [ flz,u(@) v(z)de  forallv e WyP(Q).
Definition 2 Let H be a real Hilbert space. An operatorT' : H — H satisfying
(T'(u) =T(v),u—v) 20 )

for any u,v € H is called a monotone operator. An operator T is called strictly monotone if for u # v the
strict inequality holds in (4). An operator T is called strongly monotone if there exists ¢ > 0 such that
(T(u) —T(v),u—v)>cl|lu—v|? foranyu,ve H.

Our main results concerning problem (1) is the following:

Theorem 3 Let Q € C%! be a bounded domain in RN andp > 2, A\ > 0 and f € CAR(Q x R) satisfy (2)
and (3). Then problem (1) has a unique weak solution.
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2 Proof of theorem 3

We consider the Sobolev space I/VO1 P(Q)) with the norm (see [1])
1
lul= ([ [Vua)pd)?.

Let us recall the continuous embedding VVO1 P(Q) < LP"  where p* = NN—_’; and

the compact embedding
Wy () —— LI(Q)

where ¢ € | ,NN—Z)).

We define for A € R operators J, G, F : Wy P(Q) — (W, ())* by

< J(u),v >= [|Vu(x)[P~2Vu(z)Vo(z)dz
< G(u),v >= [|u(x)|P~?u(x)v(x)dz
< F(u),v >= [ f(z,u(x)) v(z)dz
forall u,v € VVO1 P(Q). Tt follows from (4) that J, G, F are well defined.
Set T := J + AG — F. We say that u is a weak solution of (1) if
< Tu,v >=< J(u),v >+ < G(u),v > — < F(u),v >=0

holds for any v € W, (). Thus, to find a weak solution of (1) is equivalent to finding u € W,*(2) which
satisfies the operator equation 7'(u) = 0 ( see [6]). We have the following properties of J, G, F":

a) J,G and F are bounded operators in the sense that they map bounded sets onto bounded sets. Indeed
YVu || HWLP(Q)S M we have:
0

17|y = bt |< (), >]

Jun

L 1 P P
< supjy<i ([ | Vo [E7IP) ([ [VolP)r < [lull?” < MY

1G @)l gy = supjoi<t [< Glu), v >|

=

1
< suppoj<a(f | u | @927 ([ ofp)s < clul|# < eM¥

1

1 1
1)l iy = b < Fw)w >I< ([T (PP < comp | £ 1l
where ¢ is the constant of the embedding of WO1 P(Q) into LP(Q).

b) J, G and F are continuous operators. If u,, — u in ng P(Q2) we have:

1 (un) = T (W)l or e = suppol<a [< T (un) = J(u),v >|

= sup|y<t | [([VunlP~*Vuy, — [VuP=?Vu)Vodz |

1

< supj<1([ | [Vun[P"2Vuy, — [VulP=2Vul? dz )7 (| Vo [P da)v

==

< Cemb(f ’ ‘Vun‘p72vun IVU‘p QVU ‘p dl’) — 0

,_.

G (un) — G(U)H(WOLP(Q)) f | |un [P~ 2“ — JulP™ %u ’)p dz)?" cemp — 0
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1 (un) = F(u)ll S supjo<a (S (f (2, un) = fz,u))vde

1
I

< Cemb(f | (f(xaun) - f(l‘ u) |p dl‘) — 0.

c)Letp > 2, then for all z1, 29 € RY we have the following inequality( see [8] )

— P
|zo|P > |z1|P 4 plzi|P 22y (22 — 21) + m (5)
< J(u) = J(),u—v>= [(|Vu(z)[P~2Vu(z) — |Vo(z)[P72Vv(z))(Vu(z) — Vo(z))dx
= [|Vu(z)[P~2Vu(z)(Vo(z) — Vo(z))dx
— [ |Vo(z)[P~2Vu(x)(Vo(z) — Vo(z))dx
=L+ 1
by using (5), we have
2
L +13 > = — / |Vu — VolPde = c||lu —v||P
So
< Ju) = JWw),u—v>>cl|lu—v||P for p>2 (6)
< G(u) = Gv),u—v >= [|u(@)P~?u(@)(u(z) — v(z)) — [v(@) P~ *v(z)(v(z) — u(z))dz
=13+ 14
2
I3+ 1y > m”u —vf?
then
<Gu)—-Gw),u—v>>0 7
also

< F(v) - F(u),u—v>= / (F(,0) — Fa,w)) (u— v)

Since f is decreasing with respect to the second variable, we have

/ () — Fla,u)(u— ) >0,

consequently
< F(v) = F(u),u —v >>0. (8)

(6), (7), (8) imply that
<Tu—Tv,u—v>2cllu—vl?, ©)

so T is strongly monotone. ( see e.g., [9])
d) Indeed T being strongly monotone implies

< Tu,u >><T0,u > +c|ul/?
on the other hand

<T0,u>=<J0,u>4+A< G0, u>—< FO,u >

= — [ f(z,0)udz > —([ f(z,00")7 ([ [ul?)

> —Mcemp|ull

RS
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then
< Tu,u >> clfull’ — Meemy|ull-
So
<T(u),u >
m —F)FF =
Jull=oo |l ||

hence T' is coercive. The existence and uniqueness of weak solution for problem (1) follows from following
theorem. Thus Theorem 3 is proved.

Theorem 4 ((Browder) [7]) : Let X be a reflexive real Banach space.Moreover let T : X — X* be an
operator satisfying the conditions

i) T is bounded.
ii) T is demicontinuous, i.e., T' maps strongly convergent sequence in X to weakly convergent sequences in
X*
i) T is coercive, i.e.,
<T(u),u >
im ————— =
[ B

iv) T is monotone on the space X, i.e., for all u,v € X we have
<Tu)—Tw),u—v>>0 (10)

then the equation T'(w) = f* has at least one solution u € X for every f* € X*.(If moreover, the inequality
(10) is strict for all u,v € X, u # v), then the equation (10) has precisely one solution uw € X for every
freX™

The uniqueness of solution, is also a direct consequence of (9). Suppose that u, v be solutions of problem
(1) such that u # v we have :

0=<Tu—-Tv,u—v>>cllu—v||P >0

therefore u = v.
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