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Abstract: The first-order second-degree equations satisfying the Fuchs theorem concerning
the absence of movable critical points, related with Painlevé equations, and one-parameter fam-
ilies of solutions which solve the first-order second-degree equations are investigated.
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1 Introduction

Painlevé equations, PI-PVI, which are second order first-degree equations v” = F'(v', v, z) where F is ra-
tional in v/, algebraic in v and locally analytic in z with the Painlevé property, which were first derived at
the beginning of the 20" century by Painlevé and his school [1]. A differential equation is said to have
Painlevé property if all solutions are single valued around all movable singularities. Movable means that the
position of the singularities varies as a function of the initial values. Painlevé equations may be regarded as
the nonlinear counterparts of some classical special functions. They also arise as reductions of solutions of
soliton equations solvable by the inverse scattering method (IST). Ablowitz, Ramani, and Segur [2] showed
that all the ordinary differential equations (ODE) obtained by the exact similarity transforms from a partial
differential equation (PDE) solvable by IST have the Painlevé property. The Painlevé property confirms the
integrability properties of a PDE. Wiess, Tabor and Carnevale [3] defined a Painlevé property for PDE that
does not refer to that for ODE’s. This method is commonly used to investigate the integrability of a given
PDE [4, 5]. Painlevé equations can also be obtained as the compatibility condition of the isomonodromy
deformation problem. Recently, there have been studies of integrable mappings and discrete systems, in-
cluding the discrete analogous of the Painlevé equations.

The Riccati equation is the only example for the first-order first-degree equation which has the Painlevé
property. By Fuchs theorem, the irreducible form of the first order algebraic differential equation of the
second-degree with Painlevé property is given as

(v")? = (A0 + Ayv + Ag)v' 4+ Byv* + B3v® + Byv? + By + By, (1)

where A;, j = 0,1,2 and By, j = 0,1,2,3,4 are functions of z and set of parameters denoted by « [6].
Higher order (n > 3) and second order higher-degree (k > 2) with Painlevé property were subject to the
articles [7-9].

Painlevé equations, PI-PVI, possess a rich internal structure. For example, for certain choice of the
parameters, PII-PVI admit one parameter families of solutions, rational, algebraic and expressible in terms
of the classical transcendental functions: Airy, Bessel, Weber-Hermite, Whitteker, hypergeometric functions
respectively. But, all the known one parameter families of solutions appear as the solutions of Riccati
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equations. In this article, we investigate the one parameter families of solutions of PII-PVI which solves the
first-order second-degree equation of the form (1). Let v(z) be a solution of one of the Painlevé equations

V" = P(v)? 4+ Pv' + Py, 2)

where Py, P, P> depend on v, z and set of parameters «. Differentiating equation (1), and using (2) to
replace v , and (1) to replace (v')?, one gets

®v' + W =0, (3)

where

b = (P1 — 2450 — Al)(AQ'UQ + Ajv + Ao) + P2(A2U2 + Av+ Ao)Q + 2Py — 4B4’03

— (3B3 + Al2)02 — (2B2 + All)’l) — <B1 + A6) + 2P2(B41)4 =+ B31)3 =+ BQU2 + Blv =+ Bo),
U = (B4U4 + Bgv?’ + B21)2 + Biv + BO)[PQ(AQ'UQ + Ajv + Ao) + 2P — 2450 — Al]

— Py(Agv? + Ajv + Ag) — (Bjot + B4 + Byv? + Biv + BY).

“)

One can determine the coefficients A;, 7 = 0,1,2 and By, j = 0,1,2,3,4 of (1) by setting ® = ¥ = 0.
Therefore, the Painlevé equation (2) admit one-parameter family of solutions characterized by equation (1)
if and only if ® = ¥ = 0. For the sake of the completeness, we will examine all possible cases, and hence,
we recover some of the well known one-parameter families of solutions as well as the new ones.

2 Painlevé II Equation

Let v be a solution of the PII equation

V" =20% + 20+ a. 5
In this case, equation (3) takes the form of
(630° + 920® + P10 + o)V’ + ¥50° + hyv? + ¥30® + hav® + 1o + Y = 0, (6)
where
¢3 =4(By + 343 - 1), ¢ = Al + 3B3 + 341 Ag,
¢1 :A/1+2B2+2A0A2+A%—2Z, ¢0:A6+31+AOA1—20¢,
5 = 2A2(B4 + 1), Py = Bfl + A1By +2A5Bs + 24, @)

V3 = By + A1 B3 + 2A2By + 2A0 + 2Aa, o = By + A1 By + 24381 + zA1 + aAy,
P = Bi 4+ A1By +2A5By 4+ zAg + aAy, Yy = 36 + A1 By + aAy.

Setting 15 = 0 yields Ay = 0 or By = —1. If A3 = 0, then one can not choose A;,j = 0,1 and By, k =
0,1,...,4s0 that ¢; = 0,5 = 0,1,2,3and ¢y = 0,k = 0,1,...,4. If By = —1,then ¢; = 0,5 = 0,1,2,3,

and Q/Jk = O, k = 0, 1, ,4 if and only if AQ = :‘:2,141 = O,AO = :|:Z’, Bg = Bl = 0, B2 = —Z,
By = —%22, and o = j:%. With these choices of A, By, equation (1) gives the well known equation
2’ = +£(20° + 2), (8)

which gives the one-parameter family of solutions of PII if & = £1/2, [10]. There is no first-order second-
degree equation related with PII.
3 Painlevé III Equation

Let v solve the third Painlevé equation PIII

1 1
v :f(v’)2—;v/+7v3+;(a02+ﬂ)+% )

Then equation (3) takes the following form:

(Pav* + P30° + hov? + 10 + do)v’ + 1ev° + P50 + PYavt + gv® + b +Prv+ by =0, (10)
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where

¢1=2y—2By— A3, ¢3=22— Al — By — A1 Ay — 14, ¢o=—(A4] + 14,
¢1 =22 4 By + AgAy — Ay — LAy, ¢y = AL+ 2By + 29,

Y6 = —As(Bi+7), s =—(By+ 2B+ A3Bs+ A1 + £ Ay),

Yy = AgBy — By — 2B3 — yAg — 2A; — A3 B, (11)
W3 = AoBs — By — 2By — A3 By — 2 Ay — 2 A,,

o = AgBy — B} — 2By — A3 By — 2 A} — 5 A,

U1 = AgB1 — By — 2By — 2Ag — 6A1, o = Ao(Bo — 9).

Setting 19 = ¥ = 0 gives
AO(BO — (5) =0, AQ(B4 + ’)/) =0. (12)

Thus, one should consider the following four cases separately:
Case 1. Ag = Ay = 0: If By = v, B3 =2, By =5 B =-% By = —5, and A; = 24 then,
¢; =0,7=0,1,....,4,and ¢, = 0, k = 1,2,...5, where K is arbitrary constant and a1 is a constant and

satisfies
v(a1 +1)=0, a(ag+1)=0, Blag—1)=0, d(ag —1)=0. (13)

Therefore, we have the following subcases: i.a? —1#0, a==7y=§=0 il.ay= -1, =6 =
0 and iii.a; =1, a=~v=0.

When o = = v = § = 0, the general solution of PIII is v(z;0,0,0,0) = c;2°* where c;, ¢y are
constants.

When a1 = —1, 8 =46 =0, (1) gives the following first-order second-degree equation for v
(20 +v)? = y220 + 2020° + (K + 1)v?. (14)
The transformations .
ad P —71/27:1)2 + wv, (15)

v = )
Y2 (w+1) +«

give one-to-one correspondence between solutions v of PIII, and solutions w(z) of the following Riccati
equation
22w —w? — 2w+ K =0. (16)

8 = 6 = 0 case for PIII was also considered in [10, 11].
When a; =1, a = v = 0, v satisfies the following first-order second-degree equation

(20 —v)? = (K + 1)v? — 2Bzv — 622 (17)
Equation (17) was also considered in [9], and the solution of PIII for o = v = 0 was first given in [10].

Case 2. Ay # 0, Ay # 0: Equation (12) gives By = —y and By = 0. Toset ¢; =0, j = 0,1,...,4 and
Y =0, k=1,2,...,5, one should choose

a2
By =120 — A3(2a1 +1)], By =—[4 + L A0As),

By = —1[28+ 2a1 40 — Ao), 1%
and A, = 2%, A% = —49, where a; = i—az —land «, B, 7, § satisfy
B2 4 a(—8)H? 4 242 (—5)H2 = 0. (19)
Then, equation (1) becomes
2+ 42207 + [ay V2 4 1o + (=6)V22 = 0. (20)

Equation (20) was given in the literature before, see for example [10].
Case 3. Ay # 0, Ay = 0: Equation (12) gives By = 4. One should choose By = , B3 = 22

z°
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By = —a%, B = —1[25 + 2a1 A — Ao, A% = —46, A1 = %, and o = O in order to get ¢; = 0, j =

z
0,..,4,and ¢ =0, k =1, ..., 5, where a; is a constant such that

’}/((11 + 1) =0, 208+ Ao(a1 — 1) =0. 2n

So, if 4 # 0, then 3 = —2(—6)"/2 and (1) gives the equation (20) with v = 0. If v = 0 then (1) gives the
equation (17) with K = —1 — %.
Case 4. Ag = 0, Ay # 0: Equation (12) gives By = —~, and if By = —§, B3 = %[204 — As(2a1 +1)],

2

By=-%,Bi=-22 A3 =4y, A1 =29 and B = 0, then ¢; = 0, j = 0,....4, ¢, = 0, k = 1,...,5,
where a; is a constant and satisfies

§(ay —1)=0, 2a— As(a;+1)=0. (22)
So, if § # 0, equation (1) gives the equation (20) for 5 = 0. If § = 0, then v solves the equation (14) with
K=2_1.
v

4 Painlevé IV Equation

Let v be a solution of the PIV equation

1 3 6
" /N2 3 2 2
= — + v’ +4 + 2 — + —. 2
v 2U(U) 2U U (Z a)v " ( 3)

Then equation (3) takes the form of
(pav” + ¢30° + Gav® + 10+ ¢0)v" + Y6v°® + P50° + Yav + Y30” + Pov® + 1o+ 1o =0,  (24)

where

¢4 = 3(1 - B4 - %A%), ¢3 =8z — A/2 - 233 - 2A1A2,

¢ =4(2% — ) — By — $A? — AgAy — A}, ¢1 = —A4), ¢o=3AL+ Bo+ 25,

P = —%A2(B4 + 1), Py = —(Bfl + %AIB4 + %Ang +4zA5 + %Al),

Y4 = 1AoBs — By — A1 By — 3A2By — 2(2% — a) Ay — 4241 — 3 Ao, (25)
¢3 = %AQBg — Bé - %AlBQ - %AgBl - 2(22 - Oé)Al - 4ZAO,

¢2 = %AOBQ — Bi — %AlBl — %AQBO — 2(22 — Oé)Ao — BAQ,

W1 = 5A0B1 — By — $A1By — BA1, o = 3A0(By — 28).

Setting Yy = ¥ = 0 implies
A2(By+1) =0, Ag(Bo—28)=0. (26)
respectively. Therefore, there are four subcases: i. Ag = Az = 0;1ii. Ag = 0, As # 0;iii. Ag # 0, Az # 0,
and iv. Ag # 0, A2 = 0. For the first case, there are no choice of A; and By, such that ® = ¥ = 0. In the
second and third cases, one should choose Ay = 2¢, Ay = 4dez, Ag = 2(—28)Y/%,By = —1, B3 = —4z,
By = —4[2%2 4+ o+ €(—28)Y? + €], By = —4¢(—28)"/?2, By = 23, and
(=28)Y? + 2ea +2 =0, (27)
where ¢ = £1. Then v satisfies the following Riccati equation
v = e(v? + 220 — 200 — 2e). (28)
Equation (28) was also considered in [12, 13].

When Ay # 0, Ay = 0, one has to choose Ag = —4, Ay = 0, By = 1, B3 = 4z, By = 4(2°> — a),
By =0, By = —4, and 8 = —2. Therefore, one can state the following theorem
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Theorem 1 The Painlevé 1V equation admits a one-parameter family of solution characterized by
(v +2)% — vt —420% — 4(2% — a)v? =0, (29)

if and only if = —2.

(29) was also given in [14]. If f(z) = —22 + a and g(z) = —22z — a, where a® = 4aq, then (29) can be
written as

(V' +2)?=v*(v— f)(v—g). (30)

If a = 0, that is a = 0, then (29) reduces to the following Riccati equation
vV =ev(v+22) -2, ==l (31)

Equation (31) is nothing but equation (28) With a=0.
If a # 0, by using the transformation v = f w *9 [6], (30) can be transformed to the following Riccati
equation:

2w’ = e(fw? —g), e==%l. (32)
By introducing w = —2;?;/, T = 72Z\/§+“, (32) can be linearized.
5 Painlevé V Equation
If v solves the PV equation
3v—1 1 e Bluv—1)2 v  sv(v+1)
" AV / 2

= — - - —v(v—1 —_— + - _— 33
QU(v—l)(v) Zv+22v(v S 2 T T T 33

then equation (3) takes the form of
(650° +h4v* +d30° + P20 + 910+ 00" + 70" + 160’ +h50° + a0 +030° +hav® +hro+ahy = 0, (34)

where

¢5 = — 143, ¢y =3Bs+ 3543 -5 — AL — 14,
¢3—2B3+BQ+ 1A2+2A1A2+A0A2+A2 1A2—A/ A1+ [3(X+ﬁ+’}/2’+(52]
¢9 =281+ By + 1A2+2A0A1+A0A2+A, 1A1 A/ Ao [Oé+3ﬁ+’)/2*52]
¢1_3BO+3A2+65+A’ 1A0, g0 = — (4 +Bo+1A2)
¢7—**A2(B4+ 20), W= Ba(3As+ 34 — *)**AzB:er 5 (342 — Ay) — By,
Y5 = Bu(s A1+3A0+ )+B3( A2+1A1—*) 1 A58,

(3a+5+7z+6z) S(3A; — Ag)+B4 Bz,

o= B3y + 2 Ag + 2 )+32< Ay +14) — 2) = 1438, — LA.B, (35)
A1(3a+ﬂ+’yz+5z) (a+36+'yz 52) 3O‘A0+B3 Bj,
¢3—32( LA+ 340+ 2 )+B1(3A2+ TA - 2) - AzBo $AoBs
—f§(3a+ﬂ+’yz+6z) Z(a+3ﬁ+'yz 52) ZA + B, — By,
Yo =Bi(341+ 340+ 2) + Bo(3 A2+ A1 — 2) + %(a + 38+ vz — 622)
+Z%(A2—3A1)+Bi BO? ,
U1 = Bo(3 Ao+ $A1 + 2) — SAB1 + S (A1 — 340) + B), o = FAo(Bo — 25).
Setting 7 = g = 0 implies
2 2c
Ao(By — 7/8) =0, A2(By —l— ) 0. (36)

Therefore, one should consider the following four distinct cases.
Case 1. Ay # 0, As # 0: In this case, (36) implies By = —%A%, and By = —%A%. In order to get
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¢; = 0,5 = 0,5, one should choose Ay = _ZSQB, A% = i—‘;‘, then ¢;,j = 1,4 are identically zero, and
¢;=0,7=23if

1 d
222B1 + 2°By + 5ZQA% + 2224, A + zd—(zAl) —2a — 683 — 2yz 4+ 2022 =0, (37)
z

1 d
222B3 + 2° By + 522/11 + 2224, A5 — z%(z/h) + 60+ 20+ 272 + 2022 + 22 AgAs =0,  (38)

respectively. The equations ¢; = 0,j = 1,6, give By = —%AoAl and B3 = —%AlAg. Then, the equations
(37) and (38) give By = —1[(Ao + A1 + A2)? + A} + 24045 + 85], and

d
(A1) = g(AQ — Ao)(Ag + Ay + As) + 2. (39)

With these choices 15 = 12 = 0 identically, and 14 = ¥3 = 0 if

2 4
(Ao + Ay + Ag)® + 85 (A1 + 242 — z) - %(Ao + A1+ Az) =0, (40)
3 2 4ry
(Ag+ A1 + Ag)° + 86 A1+2A0+; +7(A0+A1+A2):0, 41)

respectively.
By adding the above equations, one gets

(Ag + A1 + A9)[(Ag + Ay + A9)* +85] = 0. (42)
If Ag + Ay + As = 0, then equations (39), and (40) give v = 0 and §(Ay — Ay — %) = 0. Thus, if
=0,  8[2a)/* = (28" -1] =0, (43)
then v solves the following Riccati equation:
20" — (20) Y202 — [(=26)22 — (20)Y/2 + (—28)Y?)v + (—28)Y/2 = 0... (44)
If Ag + A1 + Ao # 0, then equations (42), and (40) give
(=26)!°[1 = (=28)"/% = (20)/7] =7, (45)

and the equations (39) and (41) are identically satisfied. Therefore, if o, 3,7y, and § satisfy the relation (45),
then PV has one-parameter family of solution which is given by the following Riccati equation:

2 — (20) Y202 — [(=20)Y22 — (20)V% 4+ (=28)YHv + (=28)Y2 =0... (46)

Equation (46) is the well known one-parameter family of solutions of PV [15].
Case 2. Ag = Ay = 0: In order to make ¢; =0, j =1,....,5and ¥, = 0, k = 1, ..., 6 one should choose
By = 2—3‘, By = _7225, and Ay, By, n = 1,2, 3 satisfy the following equations

1 1 6 2 2
2By 4 Byt ia2 Ay ta, 80 20 B sy 7)

2 z z z z

1 1 2 6 2
2Bl+B2+fA%+A’1+fA1——3——f—l+26:0, 48)

2 z z z z

1 2 4o
—BL+ Bs(=A; — = — A = 4
3+ 3(2 1 Z)JrZQ 1=0, (49)
1 2 1 2 3o B v

B, — B, + Bs(=A — Bo(=A1— ) —A{(—=+=+-—+0) = 50
53— By + 3(2 1+2)+ 2(2 1 Z) 1(22 +22+Z+) 0, (50)

2 2 a 38 v
— + = —9)

1 1
Bé—Bi+Bz(5A1+;>+Bl(§A1—;)+A1(;+ . =0, (51)
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1 2 453
By +Bi(=A1+>) - =S A =0. 2
1+ Bi(GAL+ )~ 541 =0 (52)
Adding the equations (49-52) gives
2
Al[B1+BQ+B3+;(a—5)—25}:O. (53)

Thus, two cases A; = 0 and A; # 0, should be considered separately.
Case 2.a. A; = 0: Solving equations (49-52), gives B; = %, J = 1,2,3, where K are constants, then
(47) and (48) give

vy=6=0, 2K3+ Ko +6a+28=0, 2K;+ K —2a—68=0. 54)

If one lets Ky = 2K, then equation (54) gives K3 = —(K +3a+ ), and K; = —(K —a — 303). Thus,
forv = § = 0, v(z) satisfies

2(1)? = 200" — (K + 3a 4 B)v® 4+ 2Kv? — (K — a — 36)v — 2. (55)

The transformation

W = (- Dot b - o1, wm o WTHH) 20

—~ : 56
2 2 22w — (W p+3)2—28 0

where (2u — 1)2 = 8q, give one-to-one correspondence between solutions v of (55) and solutions w of the
following equation
22w = w? + 2w+ K — 30+ 38— 1. (57)

The relation between PV with v = § = 0 and equation (57) was considered in [16].
Case 2.b. A; # 0: In this case, ® = U = 0 implies that o« + 3 = 0, v = (—26)'/? and v satisfies

20 = (20)Y%(v — 1)% + yz0. (58)

Equation (58) is the special case oo + 5 = 0 of the one-parameter family of PV, see equation (44).
Case 3. Ay = 0, A2 # 0: Equation (36) gives By = —22—3‘. Setting ¢5 = 0 and 96 = 0 give A3 = 8¢

22
Bs = —%AlAQ, and equations ¢; = 0,7 = 0, ..., 4 are satisfied if
By = 5[2%A] + 2A1 — 22 A1 Ay — 522 A% — 6 — 28 — 2vz — 2027, (59
By = —5[22A] + 24, — 122 A1 A5 — 4o — 48 — 2v2], By = —i—g,
and A; satisfies the following equations:
2L (2 A1) = L(2A1)[3240 + 3241 — 1] — 10(24; + As) — 28(A1 + Ay) 60)
—’7(32/12 + 2241 — 2) — 25Z(ZA1 + 2zA9 — 2) — %ZQA%(GAQ + Al),
22%(2141) = diZ(ZAl)[ngQ +zA1 — 2] — 60{(141 + Ag) — 45(141 + Ag) 61)

—v(32A2 + 2A1 — 4) + 202(2A; +2) + 22242(As + Ay),
2L (A1) = L(2A1) 3240 — S2A1 — 1] + 2041 — 28(A1 + Ao) + (2 A1 +2) + 122434, (62)

Solving equation (60) for ;l—;(zAl) and using in (61) and (62) give the equations for d%(ZAﬂ- Elimi-
nating d%(ZAﬂ between these equations, and using o = %ZQA% give

(A1 + A2)[(A1 + A2)* +88] = 0. (63)

Therefore, if A + Ay # 0, then equation (63) implies that (A; + A2)? + 85 = 0. Equations (60), (61),
and (62) are satisfied if (4; + As)(zAy —2) + 4y = 0, and 3 = 0. Thus, if v + (—26)/2[(2a)1/2 —1] = 0
and 8 = 0, v solves the following Riccati equation

20" = v[(2a)?0 4+ (=20)Y2z — (2a)Y/?)]. (64)
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Equation (64) is a special case, 5 = 0, of (46).
If Ay + Ay = 0 then equation (60), (61), (62) are satisfied if (Ay — %)(7 + 20z) = 0. Therefore, when
v = 0 = 0, first-order second-degree equation (1) reduces to the following Riccati equation

20 = (20)Y20(v — 1) + (=28)Y2(v — 1). (65)

Equation (65) is the particular case, K = o — 3, of equation (55).

If v and § are not both zero, then one has Ay = % and hence o = % Thus, we have By = —Z%,
B3 = z%, By = —%(2522 +2vz4+28+1),B; = Z%(’yz +203). Then, for &« = 1/2 and v, ¢ not both zero,
v solves the following first-order second-degree equation

(20 —v(v — 1)]* +2(62% + vz + B)v? — 2(yz + 28)v + 28 = 0. (66)

If one lets f(z) = bz + a, and g(z) = cz + a, where a® = 23, a(b+ c) = 27, bc = 24, then (66) takes
the following form
[0 —v(v = 1)]* = =(fv — a)(gv — a). (67)
If a = 0, that is, if 8 = « = 0, then equation (67) is reduced to the following Riccati equation
20 = v(v —1) + (=26)?20. (68)

Equation (68) is the special case, 3 =~ =0and o = % of (46).
If b = c, that is, if 2 = 439, then equation (67) is reduced to the following Riccati equation

20 = (v —1) 4 [(=20)"22 4+ (=28)?v — (=28)"/2. (69)

Equation (69) is the special case, a = %, of (46).
If B # 0, and v2 — 435 # 0, then the solution of equation (66) is given by v = a(w+1) , where w(z)

L . fuwity
solves the following Riccati equation:
220" = e(fw? + g), €= =+l (70)
(70) can be transformed to the following linear equation by the transformation w = —2%/:
1
(2" +azy + 19(2) *(2)y = 0. (71)
If b # 0, the change of variable z = —x transforms equation (71) to the equation
1 1 a?(z — 1)(cz — b)
j — —— )y =0. 72
4 (x—l x)y+ 4ba? Y (712)

If b = 0, that is § = 0, then the change of variable z = éxQ transforms equation (71) to the Bessel
equation
22+ zy + (2% + a®)y = 0. (73)
Case 4. Ay # 0, Ay = 0: In this case, equation (36) gives By = i—? Setting ¢o = 0 and ¢; = 0 implies
that A2 = —i—?, and B = —%AoAl. The conditions ¢; = 0 for j = 1,..., 5 are satisfied if

By = *Z%[zQA’l + zA1 + 22 Ag Ay + 122A2 — 20— 68 — 2vz + 2627, (74)
By = 5[22A] + 2A1 + 12%A —da — 48 — 2v2], By= %%,
and; =0, j=2,...,6if,
2L (A1) = — L (2A1)[32A0 + 3241 + 1] + 2a(A1 + Ag) + 108(24; + Ag) 5)
+7(32A0 4 2241 +2) — 202(2A1 + 2240 + 2) — $22A2(640 + A1),
2: 8 (241) = — L (2A41)[3240 + 2A1 + 2] + da(A1 + Ag) + 65(A1 + Ao) 76

+7(3240 + 2A1 +4) 4+ 262(2A1 — 2) + 122 A3 (Ao + A1),
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2L (A1) = L(2A1)[52A1 — L2 Ao — 1] + 20(Ag + A1) — 2BA1 — (241 — 2) + 1224340, (77)

Solving equation (75) for (zAl) and using in (76) and (77) give the first order differential equations for
A;. Eliminating -4 (A1) between these equations and using 3 = ? 22 A2 gives

(A1 + Ap)[(A1 + Ap)? +85] = 0. (78)

If A1 + Ag # 0, then one obtains (A; + Ag)? + 85 = 0. The equations (76) and (77) are satisfied if
o = 0and (z4g + 2)(Ag 4+ A;) = 4v. Thus, when v = (—206)/2[1 — (—B)'/?], v satisfies the following
Riccati equation

2’ = [(=20)22 + (=28)%v — (—2B)"/2. (79)

This is the special case, o = 0, of equation (46).

If Ay + Ay = 0, equations(75), (76), (77) are satisfied only if (zAg + 2)(y — 20z) = 0. Therefore, if
zAg + 2 # 0, then one should have v = § = 0, and v satisfies (65).

If zAg+2=0,then § = —3 and first-order second-degree equation (1) gives

(20" = (0 = DI = 200" = 2(yz + 20)0° - 252" — 7z — a)o”. ®0)

The Lie-point discrete symmetry o = 1, & = —f3,5 = —a,7 = —v,6 = 6 of PV [10] transforms
Y

v’ = _
solutions v(z; «, —%, 7, d) of (80) to solutions ¥(z; %, 5,7, 9) of equation (66).

6 Painlevé VI Equation

If v solves the sixth Painlevé equation, PVI

R L (G P S G
+(711);>{ + 5 + e + 2,

then the equation (3) takes the form

(p6v° + @507 + Pav® + P30 + Pov? + Prv + Po )V’

82
+ 308 + P7v” + YevS + 505 + hgvt + h3v® 4+ Pov? + Prv + 1y =0, (82)
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where

66 = 22z — Bi— 343, 65 =2(2+ 1)Ba+ (2 + 1)A3 — 5 — 4y - &4,

61 = As — S (A - A9) + 1A2 + AgAg + (2+1)A1Ay — 3243+ By + (2 + 1)Bs
= 32By + (2 + 1)A) — A + tgpla(z® +42 + 1) + Bz + (62 +9) (2 — 1)),
63 = (A1 — 49) — =3 (AO — Ay) + 24041 — 2241 4y
+2By — 2:B3 + (2 + DA; — Ay — 24y — A0+ B)(z +1) + (v +0) (= — 1],
¢2 = ﬁ(/lo Al) + iQ(Z I%AQ + 3A2 (Z + 1)A0A1 — ZA0A2 — %ZA% + 3Bo — (Z + 1)Bl
— 2By — zAL + (z + 1) A + z(z—l) slaz + B2 +4z+ 1)+ (yz +6)(2 — 1)],
b1 = —[2(2+ 1) Bo + (2 + 1) A3 + 225D 1 24 + 2540,
¢o = z[By + 3 A3 + %L
Yy = —5A2[By + Zz(ﬁiﬁl)g],
Pr = B4[(Z + )A2 + 1A1 2;(222711))] 1A233 + mp(z + 1)A2 - Al] - Bz/p
Vs = Ba[3(Ao — 242) + 25 + L] + Bs[(z + 1) Aa + $ 41 — 220 — L4585 + (2 + 1) B]
— By + o 2z + DAL = Ao] — mipla(z? + 42+ 1) + Bz + (52 +7) (2 — 1)),
s = Ba[3(Ao — 24a) + 2 + 2;(2;*11))] + Bo[(z+1)Ap + $ 41 — 2220 — 145,
— Bul3z A1 + (2 + D) Ao + Z5] + 5 Ao — piqpla(z? + 42+ 1) + B2+
(62 +7)(z = D]+ 2285 [(a + B)(z + 1) + (v +6)(z = )] + (= + 1)B; — 2B} — By,
¥a = Balj (4o — 240) + iy + BB+ Bl + 1) e + 31 — S — 3 e
— B3[32A1 + (2 + 1) A + = 1)} + 32A0By — 2(3731)2[04(% +4z4+ 1)+ pz+ (2 +7v)(z — 1)]
+ %K%ﬂ)@ﬁ 1)+ (v +0)(z —1)]
— gplaz +B(2° + 42+ 1) +yz(2 = 1) +8(2 — )] + (2 + 1) By — 2B} — By,
¢3 = Bl[ (AQ — ZAQ) (z 1) + Z((QZZ 11))] + Bo[(z + 1)A2 + %Al - 2;(2;__11))] + %ZAoBg
— BalgzA1 + (2 + 1) Ao + 2] + Q(i(fj)? As + 25 [(a+ B) (= + 1) + (v +8)(= = 1)]
— ihpelaz + B(22 + 42 + 1) + (2 + 8)(2 = V)] + (2 + 1)B] — 2By — By,
Wy = Bo[3(Ao — 24s) + 25 + L2510 - BildzAi + (2 + 1) Ao + (Z55) + $240Ba + (2 + 1) B
— 2B+ B2z + 1)A; — 245] — =22 oz + B(22 + 4z + 1) + (v2 + 8) (2 — 1)),
1T o [2( ) 2(z—1) gl
1/}1 = ﬁ[Q(z + 1)A0 — ZAl] + %ZAQBl — BO[(Z + 1)A() + %ZAl -+ (22%1)] — ZBE),

Yo = 5 A0[Bo — %]

)

(83)
Setting 1g = 19 = 0 implies
243 2c
Ag| Bp———= | =0 Ay | Bs+ —— | =0. 84
()0 (B gty &
To solve these equations one may distinguish between the followmg four cases:
Case 1. Ay # 0, Az # 0: Equation (84) gives By = 2%y, Bo = oqp. If Az = 2% 1) Ay = 2%,

B3 = —1A1A;, and By = —1 A1 A then, ¢ = ¢ = 11 = b7 = 0, where a3 = 2 and ad = —23. Then

¢1 = ¢5 = O identically, and ¢; = 0,/ = 2,3,4if A} = 2§?jj{;>, and

By = 22|V + aoh — v = B)2° + (20X + ao\ + aop — p+ 2a0az — ag — a — B+ = §)z
+ 1?2 4+ pag +1) +ag — B+ 9],

(85)
where A and p are constants such that A + u + ag + a2 = 0, AN(ag —ap— 1) = as —a—  — v — 9,
and p(ag —ag—1) = ap—a—-pF+vy+9d. Tosetp; = 0, j = 2,...,6, A and p should satisty
(A +ag —1)[(A+ap)? —29] =0, and (p + az)[(1 + a2)? — 27] = 0. The above five conditions on ), and

1 are satisfied if
(20)1/2 = (—28)/2 — (2)1/2 — (1 - 26)/2 = 1. (86)
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Therefore, if o, 3, y, and ¢ satisfy the condition (86), then v satisfies the following Riccati equation:
2(z = ' = (20) %07 = [((=28)"2 + (21)"%)z + 20)? = (29) o + (=28)%2. (87

This is the well known one parameter family of solutions of PVI [10, 17, 18].
Case 2. Ay = Ay = 0: In order to set ¢; = 0, j = 0, ..., 6, one should choose

By = 22(321)27 By = _(zzﬁl)m A = %7
By =—(2+1)Bs — A7 + A} + %Al - ﬁ[a(z2 +2z4+1)+Bz+v(z—1)+dz(z — 1)],

Z2 zZ—
B = 2By — $(z + DA — SEE A + 2mla+8)(z + 1) + (7 +0)(z - 1)),

(83)
where a1 is a constant. with these choices ¥; = 17y = 0 identically, and g = 0, if Bj satisfies the following
equation:

d

1 2
—[2%(= = 1)’ By] - Jaiz(= — 1)°Bs - ;[al(z +1) -2 =0. (89)

Therefore, there are three distinct subcases: i. aj(a; — 2) # 0; ii. ag = 0, and iii. a; = 2. If
ai(a; — 2) # 0, then one can not choose B3 and a; so that ¢; = 0,5 = 2, 3,4, 5.

If a; = 0, then equation (89) gives B3 = Z—;‘gﬁ;’g , where b3 is a constant, and ¢; = 0,5 = 2,3,4,5

only if b3 = 2(v + /), and @ = § = 0. Therefore, if « = § = 0, one-parameter family of solutions of PVI
are given by
(2 —1)2(v)? = 2(v — 2)*[(v + B)v — A]. (90)

If v+ B = 0, then equation (90) reduces to the linear equation
2z = ' = —(=28)"2(v - 2), o1

which is a special case, « = 6 = 0 and 7 + 8 = 0, of the equation (87).
If v + 8 # 0, then the transformation

1 u/ 2
v=———{22(z—-1)—+n(z—1)+mz|*+ 5}, (92)
e 6){ [2(z = 1) +n(z— 1) I”+ 58}
where 2m(m — 1) = v and 2n(n — 1) = —f, transform equation (90) to the hypergeometric equation
zZz—Du" +2n+m+1)z—2n+ D' + (n+m)(n+m—1)u=0. (93)

b3z—4

If a; = 2, then equation (89) gives B3 = ﬁ, where b3 is a constant, and v; = 0,7 = 2,3,4,5

z
onlyifb3 =2anda = =0, vy = - = % Therefore, with these values of the parameters, PVI has
one-parameter family of solutions given by

(z = 1)%(20) —v)* = 2zv(v — 1)2. (94)

The transformation v = 2z[(z — 1) % + %]z transforms equation (94) into the hypergeometric equation

2(z =" + (1 +V2)2u' + %u = 0. (95)

Case 3. Ay # 0, Ay = 0: (84), and ¢g = ¢ = 0 give By = X, A§ = =4 and By = 2%

respectively. Then, one can obtain By = —%AoAl, and

By = Z%AO - (Z;;)AOAl — AL - A - 1A+ 722(2271)2 [z + B(z2+ 2+ 1)
+yz(z—=1)+d(z —1)],
z 22 zZ—
By = 3 AoA1 — s Ao + G AL + DA - 2 (a4 B)(z 4 1) + (v +0)(z - 1),
(96)
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by solving ¥ = 0,¢; = 0, j = 2, 3 respectively. Then, ¢1 = ¢ = 5 = 17 = g = 0 identically and
¢4 = 0 gives
2(z— 1A+ (2 —1)A; — Ay = 0. 97)

If one lets Ag = Zafol), where a% = —83. Then equation (97) implies that A; = % — %, where a;

is a constant. The equation ¥ = 0 now gives
(a1 — 2)[ad + 2apa1 +4a; —8(y+ 0 — )] =0, (ag+a1)[ad + 2apa; +4a; — 8(y+ 5 +a)] = 0. (98)

So, there are four distinct cases: i. a1 = 2, ag+a1 # 0, ii.ay # 2, ag+ a1 = 0, iii. a; #
2, ag + aq 7& 0,and iv. a1 =2, ag+a; = 0. Ifag = 2, a9 + a1 7& 0 and a; 7& 2, a0+a =0,
then one can not choose By, k = 0,...,4 such that ¢»; = 0,5 = 2,3,4,5. When a; # 2, ag + a1 # 0,
Yj=0,7=2,...,5onlyif o« =0 = 0,7+ B = 0, and then v satisfies (91).

Ifa1:2, a0:—2,then/8:_%’ BOZ B1:Land

=1
EEVEE =

B2:;@gﬁpaz+?ﬂ@—ﬂj+2ﬂz—ﬂ—%2—z+ﬂ,
By:;éﬁﬂﬂ—Qy—%ﬂsz—QMz+DL

99)
Then v; = 0, j = 2, ..., 5 identically. Hence, we have the following theorem
Theorem 2 The Painlevé VI equation admits a one-parameter family of solution characterized by
2[(z— 1" — (v —1)]* = v {200 — [(2a + )z +2a — NJu+ 2722 + 20+ X —47) 2 + 27 — A}, (100)
where A\ = 2y + 26 — 1, if and only if § = f%.

Equation (100) can be linearized as follows: If « = A = 0, then equation (100) can be reduced to the
following linear equation:

2(z =)' = —[(29)%(z = 1) — z]v — 2. (101)
This is a special case, « = 0, and § = —%, of equation (87). If & = 0 and A # 0, then the solution of
equation (100) is given by
1
v = —X[(z — l)w2 —29(z—1) = A, (102)

where w satisfies the following Riccati equation
22(2 — D' = —€[(z — Dw? = 2y(z = 1) = ], e==£1. (103)

2e(zy'+ny)

The transformation w = , where 4n? = 1 — 26, transform equation (103) into the hypergeo-

metric equation:

1
22—y " +2n+1)(z - 1)y — Z)\y =0 (104)
If « # 0, then equation (100) can be written as
2 / 2 _ 2
2°[(z = 1)v" = (v = 1))* = v*(av — f)(av — g), (105)

where f(2) =b(z — 1) +a,g(z) = c(z — 1) +a,a® =2a, bc=2y, a(b+c)=2a+ )\ Ifb=c, that
is, if 2(20)Y/2(27y)'/2 = 20 + 2y + 20 — 1, then equation (105) is reduced to following Riccati equation

2(z — )0 = (20)%0% = [(29)%(z = 1) — 2 4 (20)V?]v — 2. (106)

(106) is the special case, 8 = —%, of equation (87).
If (2a)'/2(27)Y/2 # 2a 4 27 + 26 — 1, then the solution of equation (100) is given by

fw® —g
- a(w? —1)’ (107
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where w solves the following Riccati equation

22(z — Dw' = e(fw? —g), e==%1. (108)
The transformation ,
2 —1
we 2 FEZ DYy e, (109)
f Y
where 4n? = (b — a)(c — a), 4m? = a?, transforms equation (108) into the following linear equation
y// — _[2nz+1 + 2:17—',11 _ sz;)Jra]y/
—m[b@cf +8nm — ab — ac)z — (b — a)(2a® + 8nm — ab — ac) — 4m(b — a) + 4anly.
(110)

Equation (110) is known as Huen’s equation [19].
Case 4. Ay = 0, Ay # 0: In this case, equation (84), and ¢ = ¢9 = 0 give By = —Zg(zifw, A3 =
%, By = —% respectively. Solving the equations 7 = 0, and ¢; = 0, j = 3,4 give B3 =
—%AQAl, and

By=—{3A4s(22 + 2+ 1) + (s + 1) Ag Ay — A — T2y + S42 - 4
+ m[ﬂz +79(z = 1) +6z(2 — 1)]},

22 42s— (111)
By = —4{(z + DA, + S50 Ay — 2414y + Ag — S2(z + 1) A3
B+ D+ (v +0)(z - 1)
Then, ¢o = 0, yields
2(z = 1)A] + (2 —1)A; — 245 = 0. (112)

and ¢5 = ¢1 = Yo = g = ¥y = 0 identically. Let Ay = (;‘%1) where a3 = 8a, then equation (112)
a2z

implies that Ay = %1 = EE where a; is a constant. The equation 12 = 0 now gives

a1[a§+2a2a1—4a1—4a2+8(7+5—ﬂ)] = 0, (a2+a1—2)[a%—l—?agal—4a1—4a2+8(’y+5+,3)] = 0. (113)

So, there are four subcases to be considered: i. a; # 0, as + a1 # 2; ii. a1 = 0, ag # 2; iii. a1 #
0, a1 =2—a9; and iv.a; =0, ag = 2. If a; = 2 — a9, a; # 0, then one can not choose By, k =0,...,4
sothatt; = 0,5 = 2,...,5. Whena; = 0,a2 # 2,¢; = 0,j = 2,...,5onlyif a+6 = (2a)"/2,y = 3 = 0.
In this case, v satisfies the following Riccati equation

2(z — ' = (2a)Y%0(v — 1), (114)

which is the special case, v = 8 = 0, of the equation (87).
When a; # 0, as + a1 —2 # 0,thenvy; = 0,5 =2,...,50nly if 5 = 0 and
(2a)'/2 — (27)Y/2 — (1 — 26)%/2 — 1 = 0. Then v satisfies the following Riccati equation:

2(z — 1) = (20)Y%0% = [(29)?(z — 1) + (20)Y?]v. (115)
Equation (115) is the special case, 5 = 0, of (87).

If a1 =0, a2:2,then0nehasa=%,34:ﬁﬁfﬂ:%’
. — 2
By = noqplBt G421 -2 e t) (116)
1
BT = ——|(2 20 —1 -1 2 1)|.
1= @2 -1 426G+ )

Now, the equations v; = 0, j = 3,4, 5,6 are satisfied identically. Thus, PVI admits a one-parameter
family of solution characterized by

[2(z— 10 —v(w =12 +2\2+ (7 + 8- Nz —v? = 22[( A+ v+ B)z+ -y = ANv+282% =0, (117)

where A = § — % if and only if o = % The Lie point-discrete symmetry v = % a=-8 8=

—a, y=7, 0 = 0, z = % of PVI [20] transforms solutions v (z; %, B,7,6) of equation (117) into solutions
u(z; @, —%, 7, 9) of equation (100).
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7 Conclusion

It is well known that for certain choice of parameters the Painlevé equations, PII-PVI, admit one parameter
family of solutions, rational, algebraic and expressible in terms of the classical transcendental functions
such as Airy, Bessel, Weber-Hermite, Whitteker, hypergeometric functions respectively. All these known
one parameter family of solutions satisfy the Riccati equations. In this article, we investigated the first-order
second-degree equations satisfying the Fuchs theorem concerning the absence of movable singular points
except the poles, related with the Painlevé equations PII-PVI. By using these first-order second-degree
equations, one parameter family of solutions of PII-PVI are also obtained. For the sake of completeness, we
examine all possible cases, and hence some of the well known results as well as the new ones are obtained.
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