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Abstract: In this paper, We would like to consider the viscous dispersive Degasperis-Procesi
equation.we apply Kato’s theorem , study the local well-posedness problem of the Cauchy prob-
lem for the viscous dispersive Degasperis-Procesi equation. We are interested in the effect of the
weakly dispersive term to the viscous Degasperis-Procesi equation.
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1 Introduction

Recently, Holm and Staley [1] introduced the b-family PDEs that described the balance between convection
and stretching for small viscosity in the dynamics of one dimensional nonlinear wave in fluids

me + umg + buzm = emagy (1.1)

Here u = g * m, denotes u(z) = [~ g(z — y)m(y)dy. The convolution relates velocity u to momentum
density m by integration against the kernel g(x).

— |z
When Eq.(1.1) is restricted to the peakon case g(z) = e | ‘/Oé with length scale o and m = u — 0y,
it may be expressed solely in terms of the velocity u(z,t) as (see [1]).

U — P gy — e(Upy — Upgzr) + (b + Duuy = ag(bwvum + Ulgzy), (1.2)

where b, o are arbitrary real constants. Holm and Staley studied the effects of the balance parameter b
and kernel g(z) of solitary wave structures and investigated their interactions analytically for ¢ = 0 and
numerically for small viscosity ¢ # 0, of [1].

With € = 0 in Eq.(1.2), it becomes the usual b-family equation

Up — gy + (b+ Duu, = a2(buzum + Ulggy)- (1.3)

The Eq.(1.3) can be derived as the as the family of asymptotically equivalent shallow water wave equations
that emerge at quadratic order accuracy for any b = —1 by an appropriate Kodama transformation, of [2,3].
For the case b = —1, the corresponding Kodama transformation is singular and the asymptotic ordering is
violated, of [2,3].

Ifa =0,b=2ande = 0, then Eq.(1.2) becomes the well-known Korteweg-de Vries equation which
describes the unidirectional propagation of waves at the free surface of shallow water under the influence of
gravity, of [4-5]. Fora = 1, b = 2 and € = 0, Eq. (1.2) becomes the Camassa-Holm equation, modeling the
unidirectional propagation of shallow water waves over a flat bottom, the Cauchy problems of the Camassa-
Holm equation have been studied extensively. It has been shown that this equation is locally well-posed
[6-10] for the initial data uy € H*(R) with s > % Fora=1,b =2 and € # 0 in Eq.(1.2), it becomes

Ut — Ugat — E(Uxx - ua::ca:x) + Juug = 2ugug, + Uz, (14)
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which is the one-dimensional version of the three dimensional Navier-Stokes-alpha model for turbulence
[11,12], we call Eq. (1.4) the viscous Camassa-Holm equation.

Ifa=1,b=3ande = 0in Eq. (1.2), then we find the Degasperis-Procesi equation. The Degasperis-
Procesi equation can be regarded as a model for nonlinear shallow water waves dynamics and its asymptotic
accuracy is the same as for the Camassa-Holm shallow water equation. Recently, the problem of global
well-posednes for the Cauchy problem of the viscous Degasperis-Procesi equation is studied[13].

Ut — Ugxt — (uxm - u:mvxm) + dun, = 3uglpy + Ulggy. (15)
We would like to consider the viscous dispersive Degasperis-Procesi equation
Ut — Uyt — E(Upy — Upgrs) + 40ty + L(u) = 3Uplipy + Ulgyy (1.6)

where L(u) is a dispersive item, L can be a differential operator or a quasi-differential operator according
to different physical situations. We are interested in the effect of the weakly dispersive term to the viscous
Degasperis-Procesi equation.

In this letter, we are interested in well-posedness problem for the following equation

Ut — Ugat — 5(umz - ummmz) + duu, + ’)/(’LL - uxx)a: = Uy Uzy + Ulgry (17)

where &(Uzy — Uggre) 18 Viscous item, L(u) = v(u — Uz, ), is the weakly dispersive item and v > 0 is
constant. The optimal control problem for the Eq.(1.7) has been studied in [14].

Notation we denote by ” % ” the convolution. We write @ as the Fourier transform of « and also use (, )
to present the standard inner product in L?, for 1 < p < co. The norm in the Lebesgue space LP will be
written ||.||;, , while ||.||, , s > 0 will stand for the norm in the classical Sobolev space H*(R). If A is
unbounded operator, D(A) is defined as the domain of the operator A, [A, B] denotes the commuter of the
linear operators A, B. ||.||, is defined as the norm in Banach space X.

2 Local well-posedness

In this section, we apply Kato’s theory to establish local well-posedness for the Cauchy problem of (1.7).
For convenience, we state here Kato’s theorem in a form suitable for our purpose. Consider the abstract
quasi-linear evolution equation:

v V)V = v
(g +aw= .20 o

Let X and Y be Hilbert spaces such that Y is continuously and densely embedded in X, andlet @ : ¥ — X
be a topological isomorphism. Let L (Y, X) denote the space of all bounded linear operators from Y to X.
If X = Y, we denote this space by L(X). The linear operator A belongs to G(X, 1, ), where 3 is
a real number, —A generates is a Clp-semigroup such that He*SAH L(X) < €P%. We make the following

assumptions, where /11, po, i3 and 14 are constants depending only on max {|y||y , [|2]ly }
(i) A(y) € L(Y,X) fory € X with

I(A(y) —AGE)wllx <mlly=zlxllwly  yzweY

and A (y) € G (X, 1, 3) (i.e. A(Y) is quasi-m-accretive), uniformly on bounded sets in Y.
(i) QA (y) Q! = A(y) + B (y), where B (y) € L (X) is bounded, uniformly on bounded sets in Y.
Moreover,
I(B(y) = B(2)wlly <p2ly—zllyllwly  yzeYweX

(iii) f : Y — Y extends to a map from Y into Y, is bounded on bounded sets in Y, and satisfies

1f)—f@ly Swpslly—=zlly y,2z€Y,

If @) = f@)lx Smally—zlx  yz€Y.
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Theorem 2.1 (Kato, [15]). Assume that (i), (ii), and (iii) hold. Given vy € Y, there is a maximal T > 0
depending only on ||vo||y, and a unique solution v to (2.1) such that v = v (-,v9) € C([0,T);Y) N
C([0,T);X) . Moreover, the map vo — v (-,v9) is a continuous map from Y to C ([0,T);Y) N
o' ([0.7): X).

With m = u — u,,, we consider the Cauchy problem of Eq.(1.7)

{mt—emm—l—?)uxm—l—umx—f—’ymxzo, t>0, z €R, (2.2)

m(0,z) = up(x) — uozz(2), x € R.

Note that if p (z) := %e"m', z € R, then (1 — 82)_1 f=pxfforall f € L?(R), and p * m = u. Using
this identity, we can rewrite (2.2) as

Up + Uy — Elgy + Yty = —Ozp * (3u?) t>0,xeR, (23)
w(0,2) =uo(x) , x€R. '
Definition 2.2 Ifu € C([0,t), H*(R)) N C'([0,t), H*"'(R)) with s > 3 satisfies (2.3), then w is called
a strong solution to (2.3). If u is a strong solution on [0, T) for every T' > 0, then it is called global strong
solution to (2.3).

The local well-posedness of the Cauchy problem of (2.3) with initial data ug € H*(R), s > % can be
obtained by applying Kato’s theorem [19]. More precisely, we have the following well-posedness result.

Theorem 2.3 Givenug € H° (R), (s > %) there exists a maximal value T =T (v, ¢, 7y, €,u9) > 0, and a
unique solution u to (2.3), such that u = u (-,ug) € C ([0,T); H*)NC* ([0,T) ; H*"'(R)). Moreover, the

solution depends continuously on the initial data, i.e., the mapping uy — u (-, up) : H* — C ([0, T) ; H*)N
C' ([0,T); H"1(R)) is continuous.

To prove this theorem, we apply Theorem 2.1 with A(u) = (u+y—cuz)0y, f (u) = =0, (1 — 8:%)_1 (3u?

2
1
Y =HX=H"1Q=A= (1 — 8%)5, obviously, ) is an isomorphism of H*® onto H*~!. Thus, in
order to derive Theorem 2.3 from Theorem 2.1, we only need to verify that A(u) and f(u) satisfy the
conditions (i)-(iii). We introduce some useful lemmas.

Lemma 2.4 ([15]) Let s,t be real numbers such that —s < t < s. Then

, 1
I£glly < cllflls gl if s>,

. 1
179llse-z < clfllslglly, if s <3,

1
2

where c is a positive constant depending on s and t.
Lemma 2.5 ([16]) Let f € H®, s > 3. Then
I N M Ay < e lfl, bl <s— 1,
where My is the operator of multiplication by f, and c is a constant depending only on vy and t.

Lemma 2.6 ([17]) Let X and Y be two Banach spaces and Y be continuously and densely embedded in
X. Let — A be the infinitesimal generator of the Co-semigroup T'(t) on X and let S be an isomorphism from
Y onto X. Then'Y is — A-admissible if and only if —A; = —SAS™! is the infinitesimal generator of the
Co-semigroup Ty (t) = ST (t) S~ on X. Moreover, if Y is — A-admissible , then the part of —A in'Y is
the infinitesimal generator of the restriction of T(t) to Y.

Lemma 2.7 The operator A(u) = (u+ v — eug )0y, withu € H% s > % belongs to G (LQ, 1, B).

IJNS homepage:http://www.nonlinearscience.org.uk/

),



226 International Journal of Nonlinear Science,Vol.8(2009),No.2,pp. 223-228

Proof. Since L? is a Hilbert space, we have A (u) € G (LQ, 1, B) for some real number f if and only if the
following conditions hold:

@) (A (u) m,m)o > —B|ml|3

(b) The range of A + A is all of X, for some (or all) A > S.

We first prove (a). Since u € H®,s > 3, u, uy, Uy, belong to L. Note that [Jug |« < ||ul, and

||U:E:):HLoo < ||U||8 Thus

(A(u)m,m)o = (u0zm, m)o + v(Oxm, m)o — £(uz0pym, m)o
= —%(uzm,m)g — 5(uzzm, m)o
< (3 uall oo + 5 lwall o) Il
2
< cllull;[lmllg
Setting 5 = c||u|,, we obtain (A (u) m,m), > —f ||mH(2)
Next, we prove (b). Because A(u) is a closed operator and satisfies (a), (Al + A) has closed range in
L? for all A > j3. Therefore, it suffices to show that (A\I + A) has dense range in L? for all A > f3.
Giveu € H®, s > %, and m € L2, we have the generalized Leibnitz formula

Or(u+ v —cug)m = (ugp — egy)m + (u + 7 — ey )Opm.

Since u,, Uz, € L, we have

D(A) = D((u+ v — euy)0y) = {m € L? (u+ v — cuy)0ym € L?}
={z€L? —0,(u+v—euy)z € L?}
=D(((u+7 —eug)9z)") = D(A")

Assume that the range of (A + AI) is not all of L2 Then there exists z € L2 z # 0 such that
(M + A)m, z), = 0 for all m € D(A). Since H' C D (A), D(A) is dense in L?. Hence it follows that
z € D (A*)and Az + A* = 0in L?. Since D (A) = D (A*), multiplying by z and integrating by parts, we
obtain

0= (M +A%) z,2) = (A2,2) + (2. 42) > (A= B) |0}, VA > A

and thus z = 0, which contradicts our assumption z # 0.This completes the proof of Lemma 2.7. m
Lemma 2.8 The operator A(u) = (u+ 7y — €uy)0y, withu € H®, s > 3, belongs to G (H*™1, 1, B).

Proof. Since H*~! is a Hilbert space, we have A (u) € G (H s=1 1, ﬁ) for some real number f3 if and only
if the following conditions hold:
2
(a) (A (U) m7m)s—1 > _/8 HmHs—l
(b) —A(u) is the infinitesimal generator of a Cy-semigroup on H*~!, for some (or al)\ > 3.
We first prove (a). Since u € H*,s > 3, u, u, and u, belong to L>. Note that ||ug||; < ||ull,,
[tiaz || oo < |Jull; and (A*~1ydym, A*'m) = 0, then we have

(A(w)m,m),_; = (A (udym), /\S_Im)0 + (A* Y (—eup0,m), A5~ tm)g
= ([/\S*I,u] Oxm, /\Silm) — % (um A"t /\Silm)
-l—([AS_l, —5ux} Opm, A5~tm)y — %(—6umA5_1m, As7tm)g
< 1A A2 gy A0 g + Tl e |4l
2 2
+ AT —eua] A2y I m g+ el s (|45

2
< cllulls imll-y
By Lemma 2.5 with v = 0,¢ = s — 2. Setting § = c||u|,, we obtain (A (u) m,m),_; > —f3 ||m|]§_1

as claimed.
Next, we prove (b). Let S = A1, and note that S is an isomorphism of H*~! onto L? and that 5~}

is continuously and densely embedded in L? since s > % Define

Ay (u)=SAw) St =ATTAW) A5, By (u) = Ay (u) — A(u)
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Letm € L? andu € H®, s > % Then we have

| Br(w)ymlly = || [A*71 uds] AY5ml|, + || [AS, —euqgda] AL SmH
[[A°t ] A2 SHL L?) ﬂ 1o mHo+ [[A°71 —eus] AQ SHL(L?) HA‘lf’zmHo

< cull HmHo-

A

By Lemma 2.5 with v = 0,¢ = s — 2. Hence By (u) € L (L?).

Note that A1 (u) = A (u)+ By (u) and A (u) € G (L%, 1, 3), by a perturbation theorem for semigroups,
we obtain A; (u) € G (L?1,5). Applying Lemma 2.6 with Y = H* ', X = L% and S = A*!, we
conclude that H*~! is A-admissible. Hence —A(u) is the infinitesimal generator of a Cp-semigroup on
H*~1. This completes the proof of Lemma 2.8. m

Lemma 2.9 The operator A(u) = (u+ v — €uy)0y, withu € H®,s > 3, then A(u) € L (H®,H*7").
Moreover,
(A () —AG)wll oy <pllu =zl llwlly, v zweH? (2.4)

Proof. Let u, z,w € H®, s > % Note that H*~! is a Banach algebra. Then we have

I(A (w) = A(2) wllyy < ellu =zl [[(we = 20l [Oewlls—y
< cllu=2l[y_y fJu = 2| [[wlly
< flu =zl g flwll -

This let y; = ¢||(u — z)||,. Taking z = 0 in the above inequality, we obtain A (u) € L (H*, H*"'). This
completes the proof of Lemma 2.9. m

Lemma 2.10 B(u) = [A™}, (u+ v — cuy)d;] A™1 € L(H®™Y) foru € H®,s > 3. Moreover
(B (u) = B (2)) wlly_y < p2flu— 2 Jwly_y,  w,zeH, weH

Proof. We have
(B (u) — B(2) w|,_; < HAS_1 AL (u— 2 — eug + £25) Op] A1 wHO
< HAS*1 A, (u— 2 —e(ug — 2))] A8 (2) HASJOQJUJHO
< pz |y = 2|l Jwll,—y
where we applied Lemma 2.5 with v = 1 — s, = s — 1. Taking z = 0 in the above inequality, we
obtainB (u) € L (H*~!). This completes the proof of Lemma 2.10. m

I

Lemma 2.11 Let f (u) = —0, (1 - 82) (2u ), then it is bounded on bounded sets in H*®, and satisfies

@l fy) =l <psly ==l v,z€H,
O W) = Fllsor <pally—2lley, v,z H

Proof. Let y, z€ H? s> 3 , and note that H*~! is a Banach algebra. Then we have

107l = |00 (1-08) (3 (67— =)
<Cll(y —Z)(y+2)||s_1
<Clly -zl lly + =l

< C(llylls +llzlls) lly = =l -
This proves (a). Taking z = 0 in the above inequality, we obtain that f is bounded on bounded sets in

H*.
Next, we prove (b). Lety,z € H®,s > 2, and note that H°~! is a Banach algebra. Then we have
1
17 @) = £l = -0 =) G2 -22)|
<Oy —2) (¥ + 2)lls—2
<Clly— 2l lly +2ll,-y

< C(lylly—r +l2llo—1) lly = 2lls—y -
where we applied Lemma 2.4 with v = 1 — s,¢ = s — 1. This completes the proof of Lemma 2.11. m

Proof of Theorem 2.3. The result follows by combining Theorem 2.1 and Lemmas 2.8-2.11.
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