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Abstract: This paper aims at presenting a proof of the attractor for a class of viscous nonlinear
dispersive wave equations. In this paper, the global existence of solution to this equation in L?
under the periodical condition is studied. By using the time estimate of this equation, we get
the compact and bounded absorbing set and the existence of the global attractor for the viscous
nonlinear dispersive wave equation is prooved.
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1 Introduction

In [1], Degasperis and Procesi introduced the following family of third order dispersive PDE conservation
laws: wu; + Cotly + TUger — Utz = (c1u? + cou? + Utz ). Where o, 7, ¢, i = 0,1,2,3 are real
constants. In this paper, we will study a class of viscous nonlinear dispersive wave equations like this:

Up — Uggt + KUy + QUUE = Ulgpy + SUgUsps

where o > 0, k are constants.

With k£ = 0, a = 4, we find the Degasperis-Procesi equation: u; — Ugzzt + 4utly — 3UzpUpy — Ulpze = 0.
It is another completely integrable equation of this class. In paper [10], the dynamical behaviors of a
dispersive shallow water equation with viscous Degasperis-Procesi equation were investigated by Lixin
Tian and Jinling Fan.

For k = 1, = 1, it is Fornberg-Whitham equation: u; — gzt + Uy + UUy — FUpUzy — UUgzy = 0.
This equation is derived by B.Fornberg and G.B Whitham, where w is the fluid velovity in the x direction.
The equation was used to study the qualitative behaviors of wave-breaking. It is nonintegrable. In [11],
Fornberg and Whitham obtained a peaked solution of the form u(x,t) = Aexp {—% ‘w — % } }, where A is
an arbitrary constant. In [12-13], Jiangbo Zhou and Lixin Tian constructed two types of bounded traveling
wave solutions, which were called kink-like and antikink-like wave solutions.

Actually, because of viscosity and pulsation, there always exists energy dissipation while the physical
fluid is moving. Global attractor is a basic concept in the study of the asymptotic behavior of solutions for
the nonlinear evolution equations with various dissipation. Many papers have been devoted to the global
attractor research of these equations. For example: In paper [2], the global attractor and numerical simu-
lation of a forced weakly damped MKdV equation in H2(R) is proved by Wenxia Chen, Lixin Tian, and
Xiaoyan Deng. In [3], Lixin Tian, Ruihua Tian and Jinling Fan got the global attractor for the viscous
weakly damped forced Korteweg-de Vries equation in H*(R). In [4-5], Lixin Tian, Wenbin Zhang and De-
jun Peng proved the existence of the asymptotic smoothing and global attractor of a weakly damped, forced
viscous Korteweg-de Vries equation on the real line. In two-dimensional space, the attractor for the weakly
damped KdV equation in belt field was proved by Lixin Tian and Ruihua Tian [6].In [7-8], Danping Ding
and Lixin Tian investigated the dynamical behaviors of Camassa-Holm equation and got the existence of
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the global attractor of dissipative C-H equation in H?(R). In [9], Yiping Fu and Boling Guo studied one
dimensional viscous Camassa-Holm equation with a periodic boundary condition.In [14], Anna Gao and
Lixin Tian proved the existence of the global attractor of the viscous damped forced Ostrovsky equation in
L?*(R).

In this paper, we consider the viscous general shallow water wave equation in H?(12) as follows:

Up — Uzt + KUy + QUUL = Ulgry + BUgUpy + (U — Ugy ) g (1.1)

u(z,0) = up(z),t > 0,2 € 0,Q=1[0,L], ue H=L*Q) (1.2)

2 Main theorems

In this paper, we denote by (.,.) the L? inner product and by ||.|| the corresponding L? norm, ||| gm ) =
| D™ u|| 12(qy where D is the first-order operator. The inner product here is equivalent to the nature in-
ner product in H™ () when mes(Q) < 4oc. In the paper, we denote ||ull 2 = |ul, [|[Dull 2@ =
[ull, ID™ul| 120y = |D™ul, Denote A = — A, A is Laplace operator, v = u+ £ Au. In the case of periodic
boundary condition, Esq. (1.1) can be denoted as

dv

ot eAv + uvg + 3vug + (o — 4d)uuy + kugy =0 (2.1)

u(z,0) = ugp (2.2)

w(0,t) = u(L,t),u'(0,t) = u'(L, 1), u"(0,t) = u"(L, ), (2.3)

where A is a self-adjoint positive operator with compact inverse. The characteristic value of A is \;,0 <
A< A <o <A = 00, when j — o0, Aw; = Ajw;, where w; is the corresponding characteristic

vector of A.

Theorem 1 With ug € H'(R),1 > 2, Esq.(2.1)-(2.3) have a global solution.

Theorem 2 With uy € HZ(R),Z > 2, let S(t) denotes the semi-group of the solution operator to Esq.
(2.1)-(2.3), i.e. S(t) : H*(Q2) — H?(Q),u(t) = S(t)ug. Then S (t)has absorbing set.

Theorem 3 With ug € HZ(R),Z > 2, the semi-group of the solution operator S (t) to Esq. (2.1)-(2.3) has
global attractor in H?(Q).

3 The proof of the theorems

In the proof of Theorem 1, we use the Galerkin procedure to prove the existence of global solution.
Let {¢; };’ilbe an orthonormal basis of H consisting of eigenfunctions of the operator A. The Galerkin
procedure for Esq. (2.1)-(2.3) is the ordinary differential system,
dv,

ra + eAvy, + U Vo, + 30 Vg, + (@ — 4)um Vuy, + kEVu, =0 (3.1a)

Um (0) = apmu(0) (3.1d)

where v, = U, + Auyy,. Since the nonlinear term is quadratic in u,,, then based on the classical theory of
ordinary differential equations, system (3.1) has a unique solution to a short interval of time. Our purpose is
to show that the solution of (3.1) remains finite for all positive times which imply that 7;,, = oc.

Lemma 1 Assume u,,(0) € H'(R),l > 2, and fix any € > 0. Then the following identity holds for any
t>0:
|— Al (£, )2 + (a4 1) VA (t, ) ]? 4 a |hm(t, )2
¢
+2¢ [ (|= A (7, )] + (@ + 1) [Vhp (1, )]* + a b (7, )P dr (3.2)

0
= [~ Ahun(0,)] + (@ + 1) [V (0, ) + @[ 0,.)
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Proof. Similar to [13],From Egs.(2.1),we have:

Ly + VIu2, + Vi, = —cAup, (t,2) € Ry x R
AJm+Jm—k:um+"‘ Lu2,, (t,z) € Ry xR
(hm = G1 * up,) um(O) = am(uo)

where
ahy, + Ahy, = um,
Multiplying (3.3) by h,, + Ah,, and integrating over R, we get

[ &ty (hn + Ahpy)dz — € [ — At (b + Ahyy)dz

R R

= — [ um Vi (hm + Ahp)da — [ V(b + Ahy,)d
R R

For the right side of this identity, using (3.4), we get

- /umVum(hm + Ahy,)dx — /VJm(hm + Ahy)dz =0
R R
For the left side of this identity, using (3.4), we get

[ Lty (ham, + Ahpy)dx — € [ — Aty (B + Ahyy)dz
R R
= %%g [ah?, + (a + 1)(Vhim)? + (—Ahp,)?] da+
f (@(Vhm)? + (a+ 1) (—=Ahy)? + (=VAhy)?)dz
Substituting (3.6) (3.7) into (3.5) yields

4 [ [ah2, + (@ +1)(Vhn)? + (— Ahy)?] dz+
257 (@(Vhm)? + (a+ 1)(=Ahp)? + (=V Ahy)?)dz = 0
R

Integrating this inequality over[0, t],we obtain(3.2). m

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

Lemma 2 Assume u,,,(0) € H/(R),l > 2, and fix any € > 0, then the following bounds for any t > 0:

[um (8)] < Ve [um (0)] < var|u(0)]

[um (B[] < \/Z!um(o)! < \/Z!u(())

Proof. similar to [13],we can easy get (3.8) and (3.9). m
Proof of theorem 1: From lemma 2 ,we can get

A
| + Jum||? < o u(0)|* + = \u( W< M2

We take the inner product of (3.1a) with wu,, in €2, we have

1d

2dt
Q

g
Q

25
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k’2
+ 2l [* + [ )

(3.8)

(3.9)

(3.10)

(3.11)
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where k3 is constant.we get inequalities from (3.11)

1d € 2 2, K3 2 242
+14 > A = 12
5 gl Num]®) - (luml* 4 [ Aun ) < 5 (uml® 4+ [Aun]?) + 32 (lumll® + Jum[*)? - (3.12)
t+r 2
k3 r2p 4y
[ U + A (s) s < irtns,, (3.13)

t
Now take the inner product of (3.1a) with Au,, in {2,we have:

L2 (| At * + ([ ®) + €(| Atirn|* + |V Au|?)

2
= am fumummuma:mdx - 3amfumacumzxdx + Am fumum:va:m(_umxac>dx
Q Q Q

According to Agmon inequality when n=1, we have ||¢[/; < ¢ ||<,0HL/22(Q) HW”IE(Q)’ where ¢ is a
constant which only depends on €2 .We get:

amafumumxummdx + 3amfumxummd:c + amfumumxm( Uz ) AT

SEM(\Aum\ + lluml*) + s HumH | At (| At | i [y

where ¢4 = max [c3 + 6¢2, 10, ¢ = )\ . Based on Young inequality, we have
o (Al + lum|*) + (| At + |V At )
< M (|Atm|* + [[um 1) + €5 [t | At | (|Atm]* + [um|®) (3.14)

From Poincare inequality [Atu,|* > A1 [[um ||, [V At |* > A1 |Aum|? and (3.14) we get

%(\Aum\z + Juml®) < 265 [[uml| [Aum] (| Aum|* + uml|?) < e5(| A |* + [fumn|*)? (3.15)
Through inequality (3.13)and Gronwall’s inequality, we have

[Atf* + um|[* < 2 exp(esrz) S ot >t +7, (3.16)
where 7, r9 ¢5 are nonnegative constants. Integrating (3.14) over the interval [t, ¢ + r], we have:

t+r
2
. / (1At () + 9 At (5) P)ds < (Xars + 03) 4y 2y (3.17)
t

Take the inner product of (3.1a) with A2u,, in £ to obtain

L4 (| Aum[* + 1V Aug|?) + (| A%u|* + |V Aur )

= QG [ UmUmazeUmazeedT — @m (20 + 1) [ UnUmaty,ppe,dT+
Q Q

(3 - Q)am fumzumxzumxxzxdx
Q

through young inequality, we have

2
(| At | + |V At [*) + (| A% |* + |V Aty | ) (3.18)

1d
24t
< eh(|Aum|® + |V Au[*) + c6 [[tm]| [Atm] (| Aum|* + [V Aupn|?)

According to Poincare inequality and Young inequality, we have

d
(At + 1V At ) < 2 (il + | At )| At + |V At )
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From (3.13),(3.17), we get:

t+r t+r
% / (him ()P + | At (9)P)ds < L, / (1At + 19 A )5 < 2
t t

Through Gronwall’s inequality we have: |Au,,|* + |V Aun,|* < T exp 42 = rs, t>tg. (3.19)
Integrating (3.9) over [t, ¢ + r|, we have

t+r

e / (| A% () + |V At (5)]2)ds < (ehirs + 067”237"5)7« s 2. (3.20)
t

Take the inner product of (3.1a) with A3w,, in € to obtain:

|V Auy,|* + |A%u m! <2 (3.21)

Now we get |um |, [|[um]| , |Aum |, |V Auny,| and |A2um’ which are bounded, i.e.vy,, |y, | and | Avy, are

bounded. Then we get dum/dt, dvm/dt which are also bounded. Through Aubin’s compactness theorem, we
conclude that there is a subsequence ., so that u), — w, v/, — v. Let us replace u/ by u Now
we prove that u, v satisfy Eq. (2.1).

m?m mvm

t
(U (t),w —|—5f Um(8), amAw)ds + f U (8)Uma(8), amw)ds + 3f(vm(s)umx(s),amw)ds
to to to
t

+(a — 4)tf (U (8)Umg (8), amw)ds + k [ (amw, mz)ds = (vm(to),w)

to
similar to [13],we know for all w € D(A), we have

(v(t),w —l—sf ), Aw) ds—i—f vz (s ),w)ds—i—?}ft(v(s)uz(s),w)ds

to to to

+(a—4)j(u(s)ux( ), w ds—i—kf w, ug)ds = (v(tg),w)

Above all, we can conclude that the global solution to Esq. (2.1)-(2.3) exists.
Proof of Theorem 2. We take the inner product of (2.1) with u in €.

dv
(E’ u) + e(Av, u) + (wvz, u) + a(vug, u) + (o — 4) (uug, u) + k(ug, u) =0
(%,u) + e(Av,u) + (uvg, u) + a(vug, u) + (o — 4) (uug, u) + k(ug, u)
2 p) 2 2
= g (lul® + ) + (el + | Au?) = [ wstosde = 0 (3.22)
Similar to the proof to Lemma 1,we know: |u|? + ||u||* < M, 2 TS (3.23)

From (3.23) we can see that |u(z,t)| and ||u(z,t)|| are uniformly bounded. In the other words, the
semi-group of the solution operator S (t) is uniformly bounded in L?(£2) and H'(£2)

€ k2
IVull oo ) | VullF2(q) < 5(”“”2 + |Auf?) + 2*2(\\“\? + |uf?)?

N |

/ Ul Uz dT| <
Q
Where k3, k4 are constants. We get inequalities from (3.22)

1d € k2
5= (lul* + ll®) + e([ull® + [Aul?) < §(HUI|2 + [Auf?) + 2*2(||U||2 + [uf?)? (3.24)
t+r
Integrating (3.24) over the interval [t, ¢ + ] , we get: [ ([lu(z, S + |Au(z, s)|*)ds < p (3.25)
t
Let B(0, p) be an open ball in L?(2) and H'(), its radius is p. By simple computing, we know that
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s(t)ug € B(0, p) for all t > to. We will obtain the uniform estimate of Eq. (2.1)-(2.3) in H2(£2) as follow.

We take the inner product of (2.1) with Au in € to obtain
%%(Hu\ﬁ + | Aul®) + (| Aul® + |[VAu)?) = (20 + 1) fuuxumdx + (a— fuxu LAz — [ wuggugeede

Q
(3.26)
Similar to the proof of Lemma 1, we have

oz/uuxumdm—l— (—3)/uxu§$dm—I—/uumm(—um)da}

Q Q Q

< eh(|Aul® + [[ull®) + ert Jull [Au] (|Aul® + Jul*)

2
where ¢19 = max [cg + 2(a — 3)cs, c7(2a+ 1)), ¢11 = 4051)?1.

Based on Young inequality and Poincare inequality, we have
d 2 2 2 2 2 2
(1Al + [lull®) < 2eq [Jul [Au] (|Aul” + [[ull®) < en ([ Aul” + [|ul*)*.

From Gronwall’s inequality we have |Au|® + ||ju]|® < Mexp(crim), t > to + r, Where r,71,¢1
are nonnegative constants. Let p;—(1/7)exp(c1171), and then ]Au]Q < p1 is the attracting set of S(t) in
H?2(1). This completes the proof of Theorem 2.

Proof of Theorem 3. We only need to prove that S (t) is a compact operator, thus we can prove the existence
of the global attractor. Take the inner product of (2.2) with A Aw in € to obtain

(B0 $2AAu) + e(Av, 2AAu) + (uvg, t2AAU) + 3(vug, t2AAu)

+(or — 4) (wtg, 2AAU) + k(ug, 2AAu) = 0 (3.27)

From Agmon’s inequality and Ponincare inequality, we have
%di(|tAu| + |tVAu| ) = 2t(|Aul? + |V Aul?) + e(|tV Aul* + [tAAu|?)
< exo Jul] 2 | Aul "2 (tAuf + 9 AuP)

where ¢1 are constants. From Poincare inequality, we get [tV Au|* > A [tAu|? , [tAAu|* > A\ [tV Aul?.
From the above inequality and (3.27), we get

9

4 ([tAu® + [tV Aul®) + 2¢(|tV Aul? + [tAAul?)

, 3.28
< 2eX; (|tAul® + [tV Aul®) + crs ||ul| |Au| (JtAu)? + [tV Aul?) + c1a(|Aul® + |V Aul?) (3:28)
where 13 = S2 | ¢1y = 16/ y . We have
13 = 325, C14 YE
1d c11
5 dt(!AUI +[ull®) + e(|Aul* + [V Aul?) < exi(|Aul? + ul?) + 7(|AUI2 + [|ul|*)?
Integrating above inequality over [t, ¢ + ], we have
t+r
2 2 11 2 P1 A
/OM@@\HV%@$H®SWM+2m)+€ az(M, p1.6). (3.29)
t
We denote (3.28) as follows:
L ([tAu® + [tV Aul?) < ers ||u] |Au|(]tAu| + [tV Au?) + cra(|Aul?® + |V Aul?) (3.30)
t+r

f s([[u(z, s)|| [Au(z, s)|)ds < c15 f (luz, )[” + [Au(z, 5)]*)ds < c15p = az(p,e)

+
[ (IsAu(z, s)|> + |sV Au(z, s)|*)ds < (t + r)%as 2 oy
t
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, . A
By Gronwall’s inequality we have: |[tAu|? + [tV Aul> < (%4 + ciqaz) exp(az) = E?(\i,p, e, t).
From the above discussion, we finally get |V Au| < M Because the injection of H3((2) into
H?(R) is compact, we can say that S (t) is equality continuous. From Ascoli-Arzela’s theorem, we know

that S (t) is a compact operator. So S (t) has the global attractor in H 2(Q)
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