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Abstract:In this paper we present some results on the weak solutions to a class of nonlinear
dispersive wave equations, named the general shallow water wave equation. We obtain a global

weak solution as a limit of viscous approximation under the assumption ug € H'(R).
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1 Introduction

In [1]-[3], Degasperis and Procesi firstly studied the following family of third order dispersive PDE conser-
vation laws

Ut + Colly + Ylaze — @ Utze = (C1U° + Coul + C3UULy) (1
where «, cg, c1, co and c3 are real constants and indices denote partial derivatives. When ¢; = —%,
cy = @, c3 = ¢ and replacing cy with k, and o with ¢ in the equation above, we obtain the following
equation

(u - 5uxw)t + kuw + Uy + YUgzr = g(ﬂuacuaca: + uux:m:)v YIS R7 t> 07 (2)

where u(x,t) stands for the fluid velocity in the x direction (or equivalently the height of the free surface
of water above a float bottom), & is a constant related to the critical shallow water wave speed, and «, f3,
¢ are dispersion parameters. It is necessary to point out that Eq.(1.2) is equivalent to Eq.(1.1) since when
ce=a’=ck=cp,a=—-2ciand B =1+ 2%, Eq.(1.2) turns out to be Eq.(1.1). To better understand the
common properties of the equation (1.1), we resort to study Eq.(1.2), which is convenient for us to research.
We call it the general shallow water wave equation.

There are at least three famous equations that satisfy the completely integrability condition within this
family: KdV equation (see [4]), Camassa-Holm equation (see [5][16]), and Degasperis-Procesi equation
(see [1]-[3]).Besides, Eq.(1.2) includes the b-family of equations (see [7]-[9]) and Fornberg-Whitham equa-
tion (see [10]) as special case but they are not completely integrable. The b-family of equations cannot be
completely integrable unless b = 2 or b = 3, i.e., there are only two equations satisfying the completely
integrability condition within the peakon b-family of equations: Camassa-Holm equation and Degasperis-
Procesi equation.

For ¢ = 0 in Eq.(1.2), we obtain the KdV equation

U + kg + auty + Yugg, =0
and for o = 3, 8 = 2, v = 0 in Eq.(1.2), we obtain the Camassa-Holm equation
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(U — eUgg )t + kg + Buty = €(2Uupliyy + Ulgyy)-
Both of them describe unidirectional shallow water waves. Moreover, all these equations have a bi-Hamiltonian
structure, they are completely integrable, they have infinitely many conserved quantities. From a mathemat-
ical point of view the Camassa-Holm equation is well studied, see [11] for an extensive list of references.
Inparticular, we recall that existence and uniqueness results for global weak solutions have been proved by
Coclite et al. [11], Constantin and Escher [12], and Xin and Zhang [13], see also Danchin [14] as well as
others.

The remainder of the paper is organized as follow:

In Section 2, we give the precise statements of the main results. Section 3 deals with the viscous approx-
imate solutions and the basic energy estimate on u_. The uniform one-sided supernorm estimate and the
local space-time higher integrability estimate on J,.u. besides the compactness of the viscous approximate
solution u_ are given in Section 4. In Section 5, we examine the asymptotic behavior of the solution u(t, =)
to Eq.(1.2).

Notation 1 We shall use the standard notation | - |, for the norm of the space LP(R), 1 < p < oo
, Le., i Pdz)'/P . The space L® = L*®(R) consists of all essentially bounded, Lebesgue
measurable functions with the standard norm

|floo = | flL> = %nf sup | f(x)].

m(e)=0gzeR\e
And we denote the norm in the Sobolev space H* = H*(R) by

A 171l = 111l = L+ 1627 £(0) P2
for s € R. Here f(&) is the Fourier transform of f(x).

2  Main results

Before giving the precise statements of the main results, we introduce the definition of a weak solution to
the Cauchy problem (1.2):

Definition 1 A continuous function uw = u(t, ) is said to be a global weak solution to the Cauchy problem
(1.2)if
(1) u(t,x) € C([0,00) x R) N L¥(R,, H*(R)) and

lull g (ry < lluoll g1 (r)s Yt > 0, 3)

(2)u(t, x) satisfies Eq.(1.2) in the sense of distributions and takes on the initial data pointwise.

Theorem 2 Suppose ug € H'(R). Then the Cauchy problem (1.2) has an admissible weak solution
u = u(t,x) in the sense of Definition 1. Furthermore, the weak solution u(t,z) satisfies the following
properties:

(1) (Oleinik type estimate) There exists a positive constant C' depending only on ||u || g1 (r) such that

dpult,z) < 1+ OVt >0, “4)

(2) P(t,z) € L(Ry,Wh*°(R)) and O,u(t,x) € L} (R4 X R) foranyp < 3; i.e., forany0 < T, M <

+o0, there exists a positive constant C; = Cy (T, M, p) such that

JE [ 0eu(t,z)P dedt < C1,¥p < 3, 5)
| <M

(3) Assume u(t, x) is of one sign, then u = u(t, x) approches zero pointwise as t — oo, ie.,

tilgrnoo lu(t,z)| = 0,Vz € R. (6)
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3 Viscous approximate solutions

In this section, supposing € = 1 in Eq.(1.2), we construct the approximate solution sequence u. = u.(t, )
as solutions to the viscous problem (3.1), i.e.,

Oste + UO0pUe — YO Ue + O P: = V@%ug,
= 5 [T erlemlegtu? 4 35(0,u0)? + (k + y)uc] (¢, y)dy, )
ue (0, ) = ugo(x).

The existence, uniqueness, and basic energy estimate on this approximatesolution sequence are given in
the following lemma:

Lemma 3 Lete > 0and u.g € H¥(R) for some k > 2. Then there exists a unique solution u. = u.(t,x) €
C(]0,00), H*(R)) to the Cauchy problem (3.1). Furthermore, u,. satisfies

HUE”Hl < HUEOHH1 Vt > 0, ()

Proof. For completeness, we outline the main idea of the proof, one can check the proof of Lemma 2.1
in [13] for more details. For the convenience of statement, we will omit the subscript ¢ in uc(t, ) in the
following proof.

First, applying Kato’s theorem (see [15]) one can obtain the local well-posedness result that for vy €
HF(R) (k > 2), there exists a positive constant 7" such that (3.1) has a unique solution u = u(t, x) €
C(0,T); H¥(R)) N L2([0, T); H¥*(R)).

Second, we prove that if 7" is the lifespan of the solution u(t, ) and T < +o0, i.e.,u € C([0,T); H*(R)),
and

i [fu(t, )| sy = +00,T < +oc, ©)
then
lim ([[u(t, )| poo () + [102u(t, )| oo () = +00. (10)

t—=T

In fact, it follows from the equation in (3.1) that

3t It )7 + v 10wl ) s

k
= l;)}{ [—0L (w0 u)Obu + (95 u)dbu — OLF L POLu(t, z)dx,

1D

by the Gagliardo-Nirenberg inequality one can conclude that there exists a positive constant C depending
only k and € such that
3 i 1t e < CClult, M oo + 105u(t, )| oo + 1) ult, )| -
Hence it follows from Gronwall’s inequality that (3.3) holds true if and only if (3.4) holds.
Now we show that (3.2) holds on [0, T") . In fact, it follows from the equation in (3.1) that

01 (0zu) + w0y (Opu) = vO2(Ogu) — O2P — (Opu)? + v02u
2 a—1,2 , 1-8 2 2 (12)
= v0;(0,u) — P+ “5u® + 55 (0u)* + (k + v)u + v0;u,
it follows that
()17 + 20 Jo 10sult, )7 dt =luolFp , Ve € [0,T) (13)
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and so

[ell g < Nluol[ g, ¥ € [0,T). (14)

Finally, the global existence solution follows from the a priori estimate and the standard continuation
argument, and (3.8) holds on [0, c0), so the proof of the lemma is completed. m

4 A priori estimates and precompactness
Let ug € H'(R) and u.(t, ) be the solution to (3.1) with uco(z) = je * up(x), where je is the standard
Friedrichs mollifier. The long-time existence of u. (¢, x) is guaranteed by Lemma 3; furthermore, it satisfies

(3.2). To obtain the compactness of this approximate solution sequence {uc(t, )} in L2 (Ry, H. (R)), a
priori estimates in addition to (3.2) are needed.

Proposition 4 ([13]) There exists a positive constant C depending only on ||ug|| ;1 such that

dpus(t,z) < 1 +C,Vt >0, x €R. (15)

Proposition 5 Let m = % with , k being positive integers and | > k. Assume that a, b and T
are arbitrarily given finite constants with a < b and T > 0. Then there exists a positive constant
C = C(a,b, T, m, |lug| ;1) independent of €, such that

b Iy |axue(t,$)|2+mdxdt <C. (16)

With the basic energy estimate in Section 3 and the uniform a priori estimates above, we are now ready
to obtain the necessary compactness of the viscous approximate solution u. (¢, z). We start with the weak
compactness in L> (R, H*(R)).

Proposition 6 There exist a subsequence {u.;(t,z), P:j(t,x)} of the sequence {uc(t,x), P.(t,z)} and
some functions {u(t,z), P(t,x)}, u € L°(Ry, H'(R)) and P € L*(R,, W1 °(R)), such that

Usj — U  as  jJ — 00, 17

uniformly on each compact subset of Ry x R, and

P;—»P in L (R, xR) (18)

loc

asj — 00,V1l < ¢ < +o0.

Next, we show the stronger convergence result, i.e.,

Opue = Opu in L (R4 X R) (19)

as e — 0T, which will guarantee that u(¢, z) is a desired weak solution. First, we state a slight variation of
the basic result of the theory of Young measures [16-18].
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Lemma 7 Let u; () be the Young measure associated with {q-(t, z)} = {0yuc(t, x)}.Then for any con-
tinuous function f = f(X) with f(A) = o(|A]") and dxf(\) = o(|A\|"™ 1) as |A\| = oo and r < 2, and for
any 1 € L5(R) with 1 + L =1, we have

lim, [ f(ge(t,2)y(w)de = [ @y (z)de (20)

e—0t

uniformly in each compact subset of R, where

/
T

éff Ndi.z(A) € C([0,00), Ly (R)) @

loc

with v’ € (r,2). Moreover, for all T > 0, we have

lim fOT J 9(ge)pdzdt = fo fg )edxdt, (22)
E—)0+ R
and
ANe Ll (Ri x Rx R, dt ®dz ® du (M), (23)

foralll < 3, where g = g(t,x, \) is a continuous function satisfying g(\) = o(|\|") as || = oo for some
<3, and ¢ = glt,2) € L™(0,7) x Ry with § + L < 1.

We furthermore give the following lemma.

Lemma 8 Let u; ,(\) be the Young measure given in Lemma 7. Then

ut,ac()‘> = 5q(t,a:)(/\)7 (24)

foralmost all (t,x) € Ry X R

Proof. The strategy of the proof of this lemma is quite routine, one can see [13] for the explicit proof and
we omit it here. ®

5 Proof of the theorem

With all the preparations given in the previous section, we are now in a position to prove the main re-
sults, i.e., Theorem 2. Let (u, P)(t,z) be the limit of the viscous approximate solutions (u., P.)(t, ) as
¢ — 0TIt then follows from Lemma 3, Propositions 4 and 6 that u € C([0,00) x R) N L>®(Ry, H*(R)),
P c L®(Ry,WY®(R)) and (2.1)-(2.2) hold. Taking ¢ — 07 in (3.1), on can see from Proposition 6 that
(u, P)(t,x) will be an admissible weak solution provided that

qe = Opue — q = Ozu in leoc(R+ X R)’ (25)

as ¢ — 07. However, (5.1) is now a simple consequence of Lemma 8 and Lemma 7. In fact, it follows
(4.6)-(4.7) and Lemma 8 that there exists a subsequence of {u.(t, )}, still denoted by itself, such that

(R—‘m P2

loc

e = Optte =+ q=0,u in L7

loc

(R)) Vp1 < oo, p2 <2. (26)

This together with Proposition 5 implies

e = Opte = q = 0zu in (R+ xR) Vp<3 27

loc
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by a simple interpolation, which gives (5.1) immediately.
Furthermore, it follows from (5.3) that
Oue L} (Ry xR), Yp<3,
hence the local space-time higher integrability estimate, i.e., (2.3) holds.
To finish the proof, it remains to investigate the asymptotic behavior of the solution u(t,x). By our
assumption that u (¢, x) is of one sign, we will consider the nonnegative solution only. The other case is
similar. Let u(¢,z) > 0 be an admissible weak solution to Eq.(1.2) with ¢ = 1. Then for any ¢ € R,

integrate Eq.(1.2) over [0, t] X (—oo, x] to get

[f ult,y)dy + 3 fg u?(s,x)ds — *yfot u(s,x)ds + fot P(s,z)ds = [*__ uo(y)dy. (28)

Then we have

) my + 3 1G22y = 7 IuG ) Ly + IPCO I ary < luollagy - 29)

On the other hand, from the standard estimate on convolution one can get
102 P(t)ll 2 < Co luollZp.
which shows that
Oyu € L®(R,, L*(R)).
Hence, there exists a subset N € R with meas(N) = 0 such that 0,u € L*°(R,) forall x € R\N. It
follows from this and (5.5) that

lim |u(t,z)|]=0 for x €& R\N. (30)

t——+o00

For any x € N, there is a sequence {x;} € R\N, such that z; — x as j — +o0. Since
ut, )| < |u(t, z5)| + |u(t, ©) — ult, ;)|
< Ju(t, z;)| + Co |z — 4 ’
we conclude that

lim |u(t,z)|=0 for x €& N. 31

t—+00

Then (2.4) follows from (5.6) and (5.7). This completes the proof of the Theorem 2.
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