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Box Dimensions of a Class of Self-conformal Sets
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Abstract: In this paper, we construct a class of self-conformal sets based on self-similar sets,
and obtain the formula for their box dimensions supported by "finite” type of self-similar sets.
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1 Introduction
Let {¢;}7_, be an iterated function system of contractive similitudes on R, defined by
¢i(r) = air +¢, 1<i<gq, )

and {qb;-}g:l be a contractive self-conformal IFS on R, defined by

gi);(x) =aix+ bt +c¢, 1<i<g, 2)
where forall i, 0 < a; < 1,0 < b; < 1,0 < a; + b; <1, ¢; € R. Let F be self-similar set (or attractor)
defined by the TFS {¢;}?_,, and F" be the self-conformal set defined by the IFS {¢;}? ;. It is well known

that if the contractive self-similar IFS {¢;}7_, satisfies the open set condition (OSC), then dimp(F) = s,
where s is the unique solution of
q
Z a; = 1.

i=1

It has been the subject of several studies[1-5]. However, in the absence of the OSC the images of F' under
the ¢; have overlaps and the above dimension formula fails in general. In this case it is much harder to
compute dimension of F’', Ngai and Wang[6,7] introduced the notion of finite type and described a scheme
for the computation of dimension when the finite type occurs. The scheme based on the notion of finite type
can be outlined as follows.

Let>>, ={1,2,....,q} and >°7 = U, 2_, be the set of all finite words in | _, where > is the set of
all words of length n, with Zg containing only the empty word {). For j € 3" let | j|= n denote the length
of j. Fori € Z;n and j € Z; let ije Z;”Jrn be the concatenation of i and j, and call i an initial segment of
ij.

Letj = (j17j27 T 7jm) S Z?’ then

¢j = ¢]1 ©---0 (?bjnﬂaj = ajl o .ajnL‘

Now let p = min{a;}. For all £ > 0 define
(2
A ={je ZZ la; < p¥ but a; > p* if i is a proper initial segment of j}.
Intuitively, all ¢; for j € Aj have comparable contraction ratios, which are in the order of ok
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LetV = Uj> Vi, Where Vo = {(1,0)} and Vi, = {(¢1, k) : i € Ay} for all integer & > 1. A directed
graph G is the constructed with V' as the set of vertices and j € ZZ as the directed edge connecting from
(01, k) to (¢35, k + 1) (this implies that i € Ay, (¢i,k) € Vi, and ij € Apqq, (d45,k + 1) € Viyq). The
vertex (¢j5, k + 1) is called an offspring of the vertex (¢;, k), and conversely, the vertex (¢, k) is called the
parent of the vertex (¢;5, & + 1). Thus each vertex in V, has at least one offspring in V1, and each vertex
in Vj1 has at least one parent in V. The reduced graph Gy, is obtained from G by first removing all but the
smallest (in the lexicographical order) directed edge going to a vertex. The set of the k-th order vertices of
the reduced graph Gy, is denoted by Vg 1, and Vg = Uy~ VR k-

Fix any nonempty bounded open set 2 C R which is invariant under {¢;}7_.i.e., UL, ¢:i(Q2) C Q.
Two vertices v,v € Vj( allowing v = v') are neighbors ( with respect to Q) if oy(2) N py () # D (Where
for v = (¢, k) € Vi we use the convenient notation ¢y := ¢;). The set of vertices

Q(v) = {Vv : Vv is a neighbor of v}

is called the neighborhood of v (with respect to §2). Two vertices v € V. and v e V,; are equivalent, denoted
by v~ V/, if, for 7 := ¢ o Py L. R = R, the following conditions are satisfied[7]:

() {py ;0 €QV)} ={r0¢y:ueQV)};

(i) foru € Q(v) and u’ € Q(v') such that ¢, = T © ¢u, and for any positive integer [ > 1, an index
i€, satisfies (du o ¢,k + 1) € Vi1 if and only if it satisfies (¢, o ¢, K +1)e Vi -

The IFS {¢;}{_, is said to be of finite type if there are finitely many distinct neighborhood types.

In this case we can define the incidence matrix S = [s;;] for IFS. Suppose that there are N neighborhood
types. Choose any vertex v has neighborhood type ¢. Its offspring in some reduced graph will have various
neighborhood types. The entry s;; denotes the number of offspring that have neighborhood type j.

Theorem 1 (See[6]) Let {¢;}7_, be an iterated function system defined as in (1). Suppose that the iterated

function system is of finite type with respect to a bounded invariant open set (), and let S be the correspond-

ing incidence matrix. Then the attractor F' of the iterated function system satisfies

log A

dimg(F) = dimp(F) = ,
u(F) B(F) = — o

where p = min{a; } and X\ = \(S) is the spectral radius of S.
7

In this paper, for the contractive self-conformal IFS {gzﬁ;}g:l, we define
A;C ={je E;* | a5 < p¥ but a; > p¥ if i is a proper initial segment of j},

where Z;* defined as 3 7. We denote Vy = {(1,0)} and V,, = {(¢;, k) : i € A, .} for all k > 1. This leads
to our main result.

Condition 2 For {gé;}g:l satisfies: let E, U be any subsets in R with diam(U) < K1p* and diam(E) < K.
Then there exists an M = M (K1, Ko) > 0, such that for all k > 0, §{v € VI;|U No¢,(E) # 0} < M.

Theorem 3 Let {¢;}.,{¢;}]_, be iterated function systems defined as (1), (2). Suppose that {¢;}L_, is
of finite type with respect to a bounded invariant open set ). {(b;}g:l satisfies Condition 2 and \V,;\ = V|-
Then the self-conformal set F’ ' satisfies
/ log A
dimp(F') = —82
—logp
where p = min{a;}, S be the corresponding incidence matrix for {¢;}i_,, and X = \(S) is the spectral
(2

radius of S.

Corollary 4 If {¢;}?_, and {qb;-}gzl are both of no complete overlap, we will obtain

. / log A
dimp(F') = —ligp'

where p = min{a;} and A = \(S) is the spectral radius of S.
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2 The proof of the results

Lemma 5 Let |¢;(Q2)| denote the diameter of ¢;(2), then there exists a positive real number P > 1 such
that for any i € ZZ’

!

(Q
L@l
|3 (€]
where Q) is a bounded invariant open set of {¢;}7_, and {(;5 S
Proof. Let
c 1
fn) = 1;[1 L+ ABQ]
where

A—1n<1?<xq{a} B = max{az+b}<1

Obviously, 0 < f(n) < 1,(n=1,2,---) and {f(n)} is monotone decreasing. So we have

o
1
0<o<1, wh = _
<o , where o E1+AB’|Q\

Let

n
“lig >0
itz

{g(n)} is also monotone decreasing. Note that

i 1 = 2
2.1;[11+i12_£[11+1

There exists a positive integer N large enough, we have

8

—cosh( ) > 0.

l\')

:2

H 1+ABZ\Q| I;IV ;2'

By (3), we have

= 1
H T >0,s00 > 0.
i:N1+”T2

Thus we can put

P:[§]+1.

For any positive integer number k, and any i € ¥¥, we have

()] _
61(9)]

I

J=1

a‘lj H 1
Qi; + sz ’¢21 o ¢2j71 (Q)| 114+ Hj_‘qsil 0--- ¢ij71 (Q)|

From the definition of {¢;}?_,, we can obtain that

e 1 J(Q
L . le@l
L1 AR i)
Therefore )
9;()] R
1< < P, foranyie X7. 3)
i ()] 7
]
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Lemma 6 Let {¢;}] ,, {qb;}?zl be iterated function systems defined as (1), (2). Suppose that {¢;}]_, is
of finite type with respect to a bounded invariant open set ). {(Z);}le satisfies Condition 2. Then the
self-conformal set I ' satisfies

L log V| , o log [V, |
1 f 27k < F)< F) <l 217kl
lkrggg —klogp — dimp(F") < dimp(F7) < linjip —klogp

Proof. By Lemma 5, let N (cPp") be the minimal number of balls of radius ¢Pp* needed to cover F'. Then
for any ¢y, ¢y > 0 there exist positive constants K (cy,c2) and K~ (c1, ¢2) such that

K~ (c1,¢2)N(c1 PpF) < N(eaPp®) < KT (e1,¢0)N(e1 PpP).

serve that F' = | ). ., &i(F') = s &y (F"), and there exists a ¢y > 0 such that each ¢y (F') can be
Ob hat F’ iea’ @i F vey F d th 0 such th h F b
k k

covered by a ball of radius ¢ Pp*. So we have
Vil = N(eoPp").

Now let By, - -+, By(s) be balls of radius § > 0 that cover F'. We may uniquely write § = ¢Pp” for some

k and p < ¢ < 1. By Condition 2, the cardinality of {v € V;|B; N ¢, (F') # (0} is bounded by some fixed
M > 0forall 1 < j < N(J). Therefore [V| < M N(§). On other hand,

V.| = N(coPp*) > K~ (¢,co)N(cPpF) = K~ (¢, co)N(6). “4)

Therefore , ,
] M ]
o i inf C8WWl/M) L log [V

) / .. logN(9)
d F)=1 f———= :
imp(F ) = limin = AR Tog(cPpb) hsoe —klog p

5—»0 —logd
Similarly, applying (4) we obtain

o log N(8) _ . log([Vil /K~ (¢,c0)) . log [V,
dimg(F ) = limsup ————= < limsu = limsup ——.
5(F) 6a0p —logd T joeo —log(chk) k%oop —klogp
So ,
.. . log |V, | ) o ] log \V,;|
1 f——Ff <d F)<d F)<l1 —_—
fe —klogp — imp(F) < dimp(F) < 1km_>S£p —klogp
]
Proof of Theorem 3.

Proof. We can evaluate |V| using the incidence matrix S of the finite type IFS {¢;}_; with respect to Q.
Byl[6]
‘Vk| = 6?5 k§ )

where ¢ = [1,1,...,1]T and e; = [1,0, ..., 0] are vectors in R"Y. Then
kli_)II;O(e{Skg)l/k =\
Now let € > 0 be arbitrary. Then there exists K large enough, for all £ > K,
(A —e)f <el'She < (N4 2)k.

Using the fact that | V| = ef S*¢, V,;] = |Vk|, and applying Lemma 6, we get

log(\ — 1 e 1 log(A
7og( e) < lim inf 7og|Vk| < dimp(F ) < dimp(F' ) < limsup 08 V| < o8( +€).
—logp k—oo —klogp koo —klogp —logp
Letting € — 0 yields
/ log A
dimp(F') = 82
—logp
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|
Proof of Corollary 4.
Proof. When {¢; 3:1,{¢;}g:1 are also of no complete overlap, it is easy to obtain
Vil = Vi,

) o

dimp(F') = —282

—logp
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