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Abstract: This paper investigates the boundary control of the viscous generalized Camassa-
Holm equation on [0, 1]. The existence of its solution is proved in a short time interval under
the boundary condition. Meanwhile, we prove the global exponential stability of the solution in
four different spaces, i.e. in L2, H',H? H3.
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1 Introduction

In [1], Camassa and Holm used Hamiltonian methods to derive a new completely integrable dispersive wave
equation for water waves by retaining two terms that are usually neglected in the small amplitude shallow
water limit

Ut + 2kUy — Uppt + 3UUL = 2UzpUpy + Ulgry, (1.1)

where u is the fluid velocity in the x direction (or equivalently the height of the water’s free surface above
a flat bottom), k is a constant related to the critical shallow water wave speed. They showed that for allk,
(1.1) is integrable, and fork = 0, (1.1) has traveling solutions of the formee 1<t After that, there has
been much research and observations about this equation. Zhengrong Liu and Tifei Qian et al [3] investigate
generalized Camassa-Holm (denote GCH) equation, or called modified Camassa-Holm (or denote mCH)
equation,

ug + 2kuy — Ugpr + oM Uy = 2UgUpy + Ullprg, (1.2)

where a > 0,k € R, m € Nand mis called the strength of the nonlinearity. They discussed the peakons and
their bifurcation in (1.2) and they introduced GCH equation from the mathematical point of view. In [2-4],
Lixin Tian et al studied its peakons and traveling wave solutions.

In the other hand, more people have paid attentions to boundary control of different equations. Byrnes
et al studied local stability of Burgers equation, Vanly et al further consummated this result, but still local.
Miroslav Kristic studied global stability of Burgers equation [5]. Biler Rassel and Zhang studied KdVB
equation under periodical boundary condition [6]-[8]. Liu and Kristic studied the stability of KdVB equation
in a limited area [9]. Wei-jiu Liu et al did some studies on K-S equation [10, 11]. Yiping Meng studied
boundary control of b-family equation [12]. In this paper, we study the existence of the boundary control of
the viscous generalized Camassa-Holm equation with the following boundary

Ut — Uggt — € (u - umm)mc + kug + (ug)x = 2UzUgy + Ulgze
u(z,0) = up (x) , (1.3)
w(0,t) =u(1,t) = uz (0,t) = uy (1,t) = ugy (0,1) = uge (1,¢) =0

where t > 0,2 € Q,Q = [0,1],u € H = L?(Q).
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We will discuss the global well-posedness of (1.3). It will be shown that for given T > 0,uq € H?, (1.3)
admits a unique solution v € C ((0,T), H? (0,1)) nC’ ((0,T), H? (0, 1)).

2 Main theorem

Denote A = —A, where A is the Laplace operator. Let v = u + Au. Denote bi-linear item B (u, v) = uvy
and C (u) = ku,. Eq.(1.3) can be denoted as

v + eAv + 2B (v,u) + B (u,0) + C (u) + (u3), — (32), =0

ug = u(z,0)
w(0,t) = u(1,t) = gz (0,8) = 0 : (2.1)
x(ovt)

Unaa(1,) = uz(1,1) =
where A is a self-adjoint positive operator with compact inverse.
Theorem 1 Withug € H 3 Eq.4 has a global solution
u e C((0,00),H*(0,1)) N C" ((0,00) , H*(0,1))
and satisfies the following L*, H', H?, H3 stability:

(D) lullZa+ull3n < (luol32 4ol 3 ) exp(—2eA1)t, Ay is a Poincare coefficient. (2.2)
(@) l[ullz + Il < (lluollzn + luol, ) exp(br —2eXa)t, (2.3)

where € € (ﬁ, +oo) and by is a nonnegative constant, \g is a Poincare coefficient.

(3) llullzr2+lulF < (JlwolFa + lwolfs ) exp (252 — 2200) . (24)

where € € (%, +00) and by is a nonnegative constant, \3 is a Poincare coefficient.

3 Proof of Theorem

First, we prove the global existence of the solution.

We use the Galerkin procedure to prove global existence.

Let {¢; };.21 be an orthonormal basis of H consisting of eigenfunctions of the operator A. For m € N
define the discrete ansatz space by Hy, = {¢1,¢2, - , ¢m }, and Py, is the orthogonal projection from H to
H,,. Performing the Galerkin Procedure for Eq.(2.1), then (2.1) is the ordinary differential system,

Um,t + cAvy, + 2P, B (Uma um) + P, B (uma Um) + P,C (um> + (Ug)n):c - (%):p =0 (3.1)
U, (2,0) = PmUm,0 (z) ’ ‘

where v, = Up — Um gz. Since the nonlinear term is quadratic in u,,, then by the classical theory of
ordinary differential equation, the system (3.1) has a unique solution for a short interval of the time (0, 7},,).
Our purpose is to show the global existence of the solution under given boundary control.

Taking inner product in (3.1) to be u,, on{2, we have

1d

2dt (”“m”%" + ||“m”§fl> te (Humem + HAumHiQ) =0. (3.2)

By Poincare inequality and Young’s inequality, we can construct

d
= (lamll72 + ) + 2270 (JlumlF2 + lunllf ) <0,

where A1 is a Poincare coefficient. Then, we can get
w72 + lum |71 < (Hum(O)Hiz + Hum(O)qul> exp(—2eA1t) < [t (0) |72+ [um (0) |51 Ar1, (3.3)
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Vt € [0, T, where r; is positive constant.
Let r be a positive constant, integrating (3.2) in the interval[t, ¢ + r] C [0, T], we have

t+r 9 9 "
[ (lm OB + Aun (9)]2)ds < ™ G4
t
Taking inner product in (3.1) to be Au,, onf2, we obtain

34 (I3 + 1 Awnl32) + & (| Aunll3z + A3 ) + P (B (tm, vm) , Atin)

. (35)
2
+2Py, (B (v, ) s Atig) + Py (C () s Atgn) + ((u3,) 5 Atig) — (2524, At) = 0
By computing, we have
3 ! 3 Buz, 3 ! 3
((up)es Aum) =3 U (Unz) dz, ((T)mAum) ~ 9 (uma ) d
0 0
| Py (B (tmy Um) s Atign) 4+ 2P (B (Vmy Um) 5 At) + Py (C (U) 5 Aug,)|
< 3| P (B (tmy ) s Au)| + 2 | Py (B (A, ) 5 Atin)| + | Py (B (tmy Aty Atig,)| -
According to Agmon inequality when n = 1, then we have
5 1
| P (B (tmy tm) s )| < ol oo @ ltml 3 < Ct lftml| i [ Auml |7
1 5
[P (B (At wm) , Atm)| < N[tim | oo oy | AtmlIZ2 < Co llum | 7 - Auml 22
Lo () H L
1 5
| P (B (ttm, Atm) , Atim)| < N[tim | oo oy | Atm | Z2 < Cs llum | 7 - Auml 22
Lo () H L
1 2
o ton (2] <t | e Wt | e Nt s
1 1 1 1
< (Cu 13 il i1 )(Cs [l Al 52) s
< C4C5CE CF || Aum| 22 uml 72 < Cs | Aunl| 22 [l 71
11
where Cg = 0405062 072 andHumHLz < Cﬁ, HumHH1 < C7.
1 9 5 1
/0 ()| < el ooy Tt 2 < Co et s | A2
From above inequalities, we can obtain
3u
|Pm (B (U, V) s Atty) + 2Py (B (Vi ) 5 Atiy) + Py (C () Aug,) + ((u%l)x, Auy) —((T
3 } )
< (3C1 +3Cs + 5 C) [[um| f1 [l Auml| L2 + (202 + C5) [lum | 71 | Aum]| 2
1 1 9 9
< Cro llumllp I Auml 5 (llumlFn + I Aum22)
where C1¢p = max {301 +3Cs + %Cg, 2Cy + Cg}
Then, we have
1d 2 Au |12 Au |12 Au 12
5 g lumlly + [ Aumllz ) +e ([[Aumlz2 + || v
1 1 2 2 1 2 2
< Cuo llumllZs [ AumlZ: (JlumlFn + [ AumlF2 ) + 5 (lumlFn + 1 4umlZ2) . G6)

Applying Young’s inequality and Poincare inequality, we have

d 1
= (I + I Auml 22 ) + 2202 (Il + 1| Aumll32 ) < 2 (eAQ - 2) (el + 11 Aunmll3)
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02 2 2
8l At 2 (el + A 22)

2 2
+ (ol + w3 ) + 5o

2
2 2 2 2
% (lumlF + 1 4unl?2) < Cur (Nl + Auml72)

where C11 = is a constant,

C110
2(2eh2—1)
Ao is a Poincare coefficient and £ > max {ﬁ, %}

Lety = a3 + | Aunl 229 = Cur (a3 + | A 22). Then,
we can derive fttw y(s)ds <2, [T g (s)ds < Cnz forr>0.

e Jt
According to uniform Gronwall inequality, we have

T2 2
el + 4w 72 < (22) exp () Ars.

Integrating (3.6) in the interval [¢, ¢ + 7], we can get

Ciorars +C'107“2 T3

2e 2

t+r
e [ (1wl + [ Aun ) s < + A 67)
t

Taking inner product in (3.1) to be A%, on €, we have

38 (IAunllZe + [ Aunlzn ) +& ([ Aunllin + [ 4%un]72) + P (B (s vm)  A%um)
+2Py, (B (0 ), A2 ) + Py (C () s A%n) + (U3,) 2y A%Um) — (22, A2u,) = 0

By computing, we have

1 1
3 2 2 2 2
((up,)zy A%up,) = —3(/ 2Um Uy, o Um, g T+ U U zzUm zzedT) = 15/ U U, Usy, 32:AT,
0 0

3uZ,. L 15 [t 5
(( 5 )z; A um) = 3(_ U,z Um,zax + umum,mzum,zxxdx) = um,xum,xxdx-
0 0

According to Agmon inequality when n = 1, then we have

’Pm (B (tm, Um) 7A2Um)’ < ||Um,x”Loo(Q) HAum”%?

1 1
< Cua [|uml|Z [|Aun |22 (| Atm |72 + || Auml[710),
2 3 3 2 2
|Pm (B (Aum, um) aAQUm)‘ < ”um,wHLoo(Q) HAumHHl < (i3 HumHip HAUmsz (|’AumHL2+HAumHH1)a

1 1
| Pn (B (tm, Atim) , A | < Nttmal| o ) | At [ < Cua | i [ Auml| 7 (| At |72+ | Aw 7)),

1
2
| ot ) < Wl ol e

1 1 1 1 5 5
< (Cus lum|| 22 lwmll 1) (Cre | Aum | F [[Awm | 7o) (| Aum |72 + (| Avm 1)

1 1 1 1
< Ot lluml|Fy | Aum| 22 (| Aum 72 + | A |1 ) whereCry = C15C16C3 C7

1
2
/ um,mummd:ﬁ
0

From above inequalities, we can obtain

2 1 1 2 2
|20y [Aumllze < Cis llumll g [[Auml 72 ([Auml|72 + (| Aum|[ 7).

< ||um,z

‘Pm (B (U, V) ,AZum) + 2P, (B (U, Um,) ,A2um) + P, (C (um) ,A2um)
F(()s A2u) = (2522, A%
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15 1 1
< (3C12 + 2013 + +Cuy + Cr5 + 15C17 + 3018) | 2 | AU |1 25 (| At |72 + || Atts||772)

1 1 9 9
< Crg lumllpn [ AumllZ ([ Aumllzz + | At [ 71)-

Then, we have

2 2 2 2
34 (w22 + [ Aum3 ) + (I Awnl i + [[A%un]72)

< C1g Nl 1wl (Il AwnlZe + | Al ) +3 (IAuwnlF + || 420172 )
Applying Young’s inequality and Poincare inequality, we can obtain
L) A2 + | A2 ) < A At |72 + || Aum]|7
g Aumllze + [Aum[[in ) < Coo lluml| g [ Aumll 2 ([ Aumlz2 + | Aumllg ) 3.9)
where Cyy = % is constant, £ > max {i, %} and )3 is a Poincare coefficient. We know that
t+r C t+r Conr
Coo [l gy [ At 2 ds < 52, [ (Il + 1| vl ) ds < =22 (3.10)
t
Next, by uniform Growall inequality, it follows that
A2 + [ Aul3s < () exp C2072) s 3.11)
L 2 = \er 2 )=
We integrate (3.8) in the interval[t, ¢ + |, and have
1\ [t 9 SIE Crorsry | Cigra | 15
<g - 2) /t (1w s + (| A% |7, ) ds < =520 4+ =208 4 2 A, (3.12)
11
where € > max {ﬁ’ 5}.
Taking the inner productof (3.1) to with A3u,, in €, we can get
2
[ At |31 + || A%t 2 < 77 (3.13)

from the method discussed above and uniform Gronwall lemma similarly.

Now, we have obtain that||w,, || ; 2,||wm || g1,|| Atm ]| ;2. HAumHHlandHAzum HLQare bounded. Then||vy,|| 2,
|vm || g1 and|| Avy, || ;2 are bounded. Hence we can conclude that ||y, ¢|| ;> and |[vy, ¢|| ;- are bounded. By
Aubin’s Compactness Theorem, we conclude that there is a subsequenceu,,,, such thatu,, — u, or equiva-
lently v/, — v. Let us replace u,,, and v/, by u,, andv,,. Now we prove u, v satisfy equation (2.1).

Let w € D (A). We know ||w||; > is bounded from the above discussion. From ordinary differential
equations (3.1), we get

(v () ,w)+6/0 (Avp, () ,me)ds+2/0 (B (v (8) ytum (8)) , pmw) ds+/0 (B (um (8),vm (8)) , pmw) ds

t to 3 t B
-l-/o (C(um),me)ds+/0 ((up,) s Prw)ds 2/0 (U U, T, Prw)ds = (v, (0),w) .

Now, itis clear that lim |pjw—w|=0, lim |p,Aw — Aw|=0,and so
m—>—+oo m——+0oo
(Avm (), w) = (Av (1) ,w),

fg (Avp, (8), Ppw)ds — fOT (Av (s) ,w)ds,asm — 400,

/0 (C(um (), Phw)ds — /0 (C(u(s)),w)ds
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<

/ (C (um (8)), Prpw —w) ds| + / (C (um (s)) = C(u(s)),w)ds
0 0

< Jo Nl g | P = |2 ds + [ llwm = ull g1 o]l 2ds =0 as m — oo,

<1 412 4 1)

/(B(vm(s),um(s)),me)ds—/ (B (v(s),u(s)),w)ds
0 0

where
1 = | [ (B (0 5) st (9) P =) ds| < [ 1B 01 (5) st )] [P = lds = 0
10 = /0 (B ((s), tim (5) — u(5)) ,w) ds| < /0 10 ()12 1t () = (8)l] 1 loll ol = O,
16— / (B (v () = 0 (s) st () ) ds| < / om (5) = 0 (5)ll 12 2t ()21 loll ol — O

as m — +oo.
According to above discussion and Lebesgue Control Convergence Theorem, we have

lim (B (U (8) yum (8)) , Prw)ds = /0 (B(v(s),u(s)),w)ds.

m—r0o0 0

Similarly,‘ JE(B (tm (5),vm (5)) , Paw) ds — [1(B (u(s), v (s)) ,w) ds‘ <1+ 1+ 1,

where If(f) — 0, Lg»?) — O,Iq(ff) — 0asn — oco.

According to above discussion and Lebesgue Control Convergence Theorem, we have

lim (B (tm (8) ,0m (5)) , Prw)ds = /0 (B(u(s),v(s)),w)ds.

m—o0 0

We can also get

/ot((ugl)x,PmW)ds_/Ot((u?’)x,w)ds < /Ot((u%)x,me—w)dS + /Ot((ui’n)x— (u%)z, w)ds

< Jo 1l 1P = wll g2 ds + [y [Jud, = ]| o Il padls
< s 1P =l s + 2 [t = )02, + s+ 62) | 1 2 ds = 0, as m = +oc,

| (Gt Pusids— [ (Guhrhas

<

| (Gt Pas—wias| +| [ (Gude = Gudhnds

< fot | %U%HHI | Prw — wl| 2 ds + f(f H%(um —u)(um + u)HH1 |wl 2 ds — 0, as m — +oo.
Finally, for allw € D (A), we can conclude

t t t t
/0 (ve (1) ,w)ds + 5/0 (Av (s),w)ds + 2/0 (B(v(s),u(s)),w)ds+ /0 (B(u(s),v(s)),w)ds

2

Above all, we can conclude that the existence of global solution to Eq.(2.1).
Uniqueness of the solution is an immediate consequence.(see [13])
Second, we will prove the global exponential stability of the solution.

t 3 — t §U2 w S t uls w S = (v w
+/0 (), w)ds /O« Jorw)d +/0 (C (u(5)),w)ds = (1(0),w). (3.14)
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We take the inner product of (2.1) with w in (0, 1) to obtain,

1 d
537 (IullZe + lullf ) += (lullf + 11 AulEz) = 0 (3.15)

By Poincare inequality, we have ||u||§{1 >\ ||u||%2 , ”AUH%Q >\ ||u||§{1,
d 2 2 926\ 2 2\ <
g \lullzz +llull ) +2eds ([lullzz + flullfg ) <0,

d
o (el + Nl ) < =2eha (el + ulF ) -

Thus we get (2.2)
)32 + lull5n < (lw(0)[[32 + |u(0)[|51) exp (—2eA1) t, where A; is a Poincare coefficient.
Now, take the inner product of (2.1) with Au in (0, 1) to obtain,

1d

55 (lullfn + 4ul2) + (I1Aul7 + | AulF) + (B (u.v) , Au) +2 (B (v,u), Au)

’LL2
(O (), Au) + (1) Au) — (P ), Au) = 0.

By computing, we have
(C(u),Au) =0,

()2, Au)| = '3 /O ' Cususde

2 2 2
< 3 ullf2 ullg |4ulle < ar (Jlulf +[14ul2)

2 2
< 3 Jull 2 Nl 1wl 2 < az (Il + 4wl

3u2 1
(o) =3 [ s

|(B (u,v), Au) + 2 (B (v, u) , Au)|
=13(B (u,u), Au) + (B (Au,u) , Au) + (B (u, Au) , Au) |,

(B (), Aw)| < | [l | Aul 2 < as (Jlull7 + Aul32)
(B (Au,w), Aw)| < [l o 1 AulFe < ag (JlulF + 1 Aul?)

(B (u, Au), Au)| < as || Aul} < a5 (Jlull} + | Aul )
So we have

1d
575 (Iullfn + 4ulz2) < (a1 + a2 + ag + as + a5 — exa) (|lulf + [ Aull}z )

lull3 + 1 A4ulZe < (Ju(O) 30 + [ Au(0)]2:) exp2 (a1 +az + a3 + a4 + a5 — o) ¢

(3.16)
A (IOl + Au(0)]132 ) exp(br — 2eA2)t,

where ¢ € (2%, +oo) and b is a nonnegative constant, s is a Poincare coefficient.

Then we get (2.3).
Take the inner product of (2.1) with A2w in (0, 1) to obtain

1d
577 (IAullle + 1 Aulf ) + e (IlAulfy + [[4%]]7, ) + (B (u,v), A%0) + 2 (B (v,u) , A%)
2 3 2 3u? 2
+(C (), A%0) + (), A%u) = (55-)2, Au) = O,

(C (u) ,AQu) =0,
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1
‘((uS)x,AQU)‘ = ‘15/ ugu’, dx
0

< 15 [[ull oo () N1t | oo ([ AUl 72
7 3 3 3 2 2 3 3 2 2
< 15(ag [Jull 72 llull f) (a7 [[ull 7 [Aull 22) ([ Aull72 + | AullFn) < as [lull 1 [[Aull 72 (JAwl|72 + ([ Aull7)
3u? 15 [1
((—)x,AQU) = / uxugxd:z:
2 2 Jo

|(B (u,v), A%u) + 2 (B (v,u), A%u)| = |3(B(u,u), A%u) + (B(u, Au), A*u) + (B(Au, u), A*u)

15 2 1 1 2 2
< — ull ooy AUl 72 < ag (|ull f1 [[Aull 7 ([[Aull 7z + || Aul/ 7)),
2 Q)

)

2 3 3 2 2
(B (w.0) . 4%u)] < sl g Al < aro s Al 2 (1 Auls + 4wl
2 1 1 2 2
(B (Au,u), Au)| < J[te oo |AulFr < ann (Jull 3 [|Au] 2 (HAUHL2 + ”AuHHl) ;

1 1
(B (u, Au) , A%0)| < Jluall o [ AulF < anz Jull 1 Aull7 (11 Aul?e + 11 Aul )

By (3.16), we get ||ul| ;1 < a1, || Aul| ;1 < a1a.
From above inequalities, we have

1
j 3 3 2 2
< (as + a9 + 3aro + any + a1z) [ul o 4w, (1| Au]?: + | Au)?n) 7

2 2 2 2
& (I4ulZe + | Aul) + e (lAuly + [ 4%5.)
(
5 03 2 2 ) A 2 2
< (as +ag + 3awo + ant + arz)adzaf, (| Aulfs + 1Al ) 2 by (14wl e + | Aulfy)

where by is a nonnegative constant.
By Poincare inequality, we have

d
= (Il4ul + | Aul ) < (262 = 200) (1Al + Auln)

AulEa + [ Aulfn < (AuO)]F: + [ 4u(O)]F: ) exp (2 — 227a)

where € € (%, +00) and by is a nonnegative constant, A3 is a Poincare coefficient.
We get (2.4) of the theorem. The proof of Theorem is completed.
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