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Abstract: In this paper, we investigate the convergence of a sequence of approximate solu-
tions for a nonlinear mixed boundary value problem and prove that it is possible to construct
two sequences of approximate solutions converging to the extremal solution with rate of order k.
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1 Introduction

The problem of existence of solutions of various differential equations has received a great deal of attention
during the last few years. For example, Ni and Lin [1,2] studied Duffing and Riccati differential equations
and obtained the existence of almost periodic solutions; Dong, Fan and Li [3,4] obtained the existence of
mild solutions to nonlocal neutral functional differential, integrodifferential equations and nonlocal Cauchy
problem. It is well known [5,6] that the method of quasilinearization has been employed to obtain the
existence of approximate solutions to nonlinear differential problems. Recently in [7], this quasilinearization
method has been extended widely to a variety of initial-value and boundary-value problems for different
types of differential equations. In this paper, we study the following second order periodic boundary value
problem (PBVP)

2" = f(t,2',x), 2(0) = a, 2'(0) = 2/(2m), (1.1)

where f € C(J x R x R,R), J = [0, 27|, and construct sequences of approximate solutions that converge
rapidly to the extremal solutions of (1.1) by using the quasilinearization method with rate of convergence of
order k > 2.

The result in this paper is inspired by Lakshmikantham and Vatsala [5], Lakshmikantham and Rama
Mohana Rao [6], Cabada and Nieto [8]. In Ref. [6], Lakshmikantham and Rama Mohana Rao discussed a
PBVP for nonlinear integro-differential equation. Here we establish an integro-differential inequality as a
comparison principle, then show that the problem (1.1) has extremal solutions which can be approximated
via monotone sequences with rate of convergence of order k.

2 Preliminary Results

In this section, we present some known results relative to the existence of extremal solutions for the problem
(1.1) lying between a pair of lower and upper solutions.
We see that the problem (1.1) is equivalent to the following integro-differential equation

u' = f(tv u, Tu)v U(O) = U(Qﬂ—)v (2.1
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where Tu = a + fg u(s) ds. Then, we will consider the problem (2.1).
Assume that the following hypotheses hold: (Hy) «, 3 € C*(J, R), such that a(t) < B(¢),

o < ft,a,Ta), a(0) < a(2m),

and
8> f(t,8,TB), B(0) > B(2m);

(Hy) f(t,x,y) is nonincreasing in x, y and
whenever x > y, M > 0 and N > 0 are constants such that 2V me2Mm < .

Lemma 2.1 (see [6]) Let m € C*(J, R) be such that
m' < —Mm — NTm, m(0) =m(2r),

where M > 0, N > 0. Then, m(t) < 0for 0 < t < 27 provided one of the conditions hold (a) 2N (e*M™—
1) < M; or (b) 2rn[M + (2m)N] < 1.

Theorem 2.1 (see [6]) Assume that there exist o < 3 lower and upper solutions respectively for the prob-

lem (2.1) and (Hy) and (Hy) hold. Then, there exist two monotone sequences {c,(t)} and {3, (t)} with

ap = aand By = [ such that im oy, (t) = p(t) and lim B, (t) = r(t) uniformly on J, and p and r are
n—o0 n—oo

minimal and maximal solutions of PBVP (2.1) respectively, satisfying a(t) < p(t) < r(t) < B(t) on J.

3 Main Result

As we have seen in Section 2, the extremal solutions of problem (2.1) are approximated, via the monotone
method, by two sequences starting at the lower solution and upper solution.

Consider the Banach space C'(J) with the usual supremum norm ||.||o.. We recall the following defini-
tions. For a given sequence {x,,} C C(J), we say that {x,, } converges to x with order of convergence &, if
{x,} converges to x in C(J) and there exist mg € N and A > 0 such that ||, 11 — /oo < ||Zm — 2%, for
all m > my.

Theorem 3.1 Suppose that there exist o < 3 lower and upper solutions respectively for the problem (2.1)
and for some k > 1, %, % exist for every i = 0,1,... k, and are continuous on Q = {(t,u,) : t €
Jya(t) <u < [B(t)}. Assume that

k k

STiMil|B - aliSt < M, S iN|IT(B - a)llist < N, 3.1)
i—1 i—1

where M; > 0 and N; > 0 are constants with

o'f ,
95 > (i) M;
B (t,u, Tu) > —(i!) M;,

o'f
O(Tu)!

foralli € {1,... k} and (t,u,Tu) € Q. Here, M > 0 and N > 0 are constants in Lemma 2.1. Moreover,
assume that there exist Py > 0 and ()1 > 0 such that
of of

%(t,u,Tu) < Py, ﬁ(t,u,Tu) < Q1, (t,u) €. (3.3)

(t,u, Tu) > —(i!)N; (3.2)

Then, there exists a monotone sequence {~,,} with g = «, which converges uniformly to the minimal
solution ~y of (2.1) in [a, (], and the convergence is of order k.
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Proof. First, we note that condition (3.2) implies that

of af

—(t,u,Tu) > —-M;, —(t,u,Tu) > —N

au( y Uy u)— 1, 8Tu( y Uy ’LL)_ 1,
with 0 < M; < M, 0 < N; < N. Thus, Theorem 2.1 implies that problem (2.1) has extremal solutions in
the sector [« 3]. Let v be the minimal solution.

To construct the sequence {v,,}, let a(t) < v < u < B(t),t € J. We note that

flt,u, Tu) = Iji; g;{.(t, v, Tv) (u ; o) + gzlli(t,x, TX)(u;!v)k o
" kg a(aTli)i (t,0, T”)T(uu_ Ly a(eﬁ)k (t:x, TX)T(uk_!U)k’ |
where x(t) € [v, u]. We define the following auxiliary function
g(t,u, Tu;v,Tv) = ]:Z_:; SZZ (t,v,Tv) l :'U)Z — Mi(u —v)* 3s
+ kg a(?rii)z (t, v, TU)T(“Z,!_ o) _ N T (u — v)F. o
As a consequence, using (3.2), we obtain that
g(t,u, Tu;v, Tv) < f(t,u,Tu), t € J, v,ucd (3.6)
Now, let 79 = «, and consider the following boundary value problem
(1) = g(t,u(t), Tu(®)20(0), Tro(0), ¢ €, 4
u(0) = u(2m).

We see that o and ~y are lower and upper solutions for (3.7), respectively. Fort € J and a(t) < x <y <
v(t), we have that

g(t,x, Tx;a, Tar) — g(t,y, Ty; o, Tx)

k-1 g o N (= )i
= ng{{;(t,ajT@)<( ) . (y ) >—Mk<(m—a)k—(y—a)k)
k-1 i o) o)
+ Zé 8(?1;1;)’ (t,Oé,Ta) <T( ) - T(y ) > N, (T((L‘ _ a)k —T(y—a)k)
k=1 5i i1 - ' - |
— - p){ & GrtaTa)(5 5 @ =)y - aF) < Mo - ) ly - o)}

k— i i— ) . .
+T(x — y){ Zzll a((;{t)l (t,a,Ta) (% ]Z: T(x — o)~ T(y — a)J)

— Ny T (2 — )T (y — a)j}

> (o =) 3 Mi( 06y ) = Tt =) 5 (5, 705 - o)

> -M(x—y)— NT(x —vy).

Thus, Theorem 2.1 shows that problem (3.7) has extremal solutions in [, 7]. Let v1 € [, ] be the maximal
solution of the mentioned problem.

Now, suppose we have constructed 79 = @ < 71 < ... < ¥ < 7, with 7y, the maximal solution in
[Ym—1, 7] of the problem

(3.8)
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In this case, by (3.6) we also have that y and +,,, are upper and lower solution respectively for the following
problem
u'(t) = g(t,u(t), Tu(t); ym(t), Tym(t)), t € J,

w(0) = u(27). (3.9)

As in problem (3.7), we have that (¢, x, T'x; v, Ty, ) satisfies condition (H1) for some M > 0, N > 0
such that Lemma 2.1 is verified. Thus, using again Theorem 2.1, we conclude that problem (3.9) has
extremal solutions in [y,,,7]. Let v,,+1 be the maximal one. Hence, the constructed sequence {~,,} is
nondecreasing and bounded in C''(.J). In consequence, it converges uniformly in C'(.J) to some continuous
function ¢ (t) € [, 7).

By standard arguments, it is easy to see that 1 is a solution of (2.1). Since ~y is the minimal solution of
(2.1)in [, 8] and 7, < 7, it is clear that ) = .

Now, we prove that the convergence is indeed of order k. First, note that, for all m > 1,¢ € J.

v o= f(ty, TY)

k—1 az — Y 7 ak — Y k
j;(t 'YmaT'Ym) (7 .’7 ) + ];(t XmaTXm)w
O 6 l! 8

k!
o'f T(y = ym)’ o f
+ Z ( ) (t 'VmaT'Vm) il + B(Tu)k (t7XmaTXm)

T(7 B "Ym)k
k! ’

where X, € [Ym,7]- Let pmy1(t) = ¥(t) — Ym+1(t). In consequence,
o'f
0 Out
akf pk
8 Ak (t, Xm> TXm) (k") + M (Ym+1 — 'Ym)k

+Zi

Pt (£) = i

Pl — (Ymt1 — vm)i>

=7 (& ym, Tym) ( i

)

(t77m7T7)< (Ym+1 — ))

O(Tu)! i!
akf Tp k .
+ W(t s Xm> T'Xm) < X > + NeT (Y41 — Ym)
k-1 az’f . .
= Pm+1 Z ou = (& m, T Vi) Z p T (Ymt1 = Ym)?
k:
a chc(t vaTXm) (p]gl> + Mk(’Ym-i—l - ’Ym)k
k=1 if 1icl .
+ TP+ El 5o & ms Tvm) | ZOTpm T(Ym+1 = Ym)’
=

o f Tpp,
+ ﬂ(tv Xms T'Xm) <l<:'> + NieT (Yimg1 — Ym)*

The continuity of and ( ) =+ in () implies that there exist A > 0, By > 0 such that

okf
ou Ik

k
(b, Tu) < KAy, 8(8 L (tu, Tu) < KBy, (tu) € Q.

Tu)k
Therefore, we have that
D1 (t) = Pon()pmi1 (t) = Qun () Tpms1 (t) < Crpj, () + DiTph, (), t € J,

where Cy, = A, + My, > 0, D). = By, + N > 0, and

%w=%:$@%m¢%@>1§ﬂ“owW=%wﬂ,
k=l 8lf i—1 ]
Qm(t) = 2 5.7 (6 am (), Tm (1)) Z Tpi ()T (ys1 — vm)](t)> :
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Since 7, converges uniformly to v in .J, condition (3.3) implies that there exist my € N and P > 0,
Q@ > 0,suchthat P, (t) < —P <0, Qn(t) <—-Q <0, forall m > mg,and t € J. Then, there exists a
continuous function o, < 0 on J such that

D1 (8) + Ppms1 () + QTPm1(t) = Cuply(t) + om(t) + DxTwy,(8) + Tom(t), t € J,

Pm+1 (O) = Pm+1 (27T)§
or equivalently

2 2

pnia(t) = | Gl P) [Ckpfn(t)—i-am(t)} ds+ | Glt.5,Q) Dok () + Tom(t)] ds.

Here, G is the Green function associated to the linear boundary-value problem
' + Pu+ QTu=o(t) +To(t), u(0)=u(2n).

Using Lemma 2.1, we have that G on J x J is positive, since the solution of problem (2.1) is given by

2w 2m
u(t) = G(t,s,P)o(s)ds + G(t,s,Q)To(s)ds.
0 0
Using ) ,
g 1 T 1
G(t,s,P)ds = —, G(t,s,Q)ds = —.
ospas-5 [ otsas= 5

we conclude that, for every ¢t € J and m > my,

0 <y(t) = ymra(t) < Gomaxph (1) + ZTpk, (1)

teJ
C D
< rilea}pfn(t) + g2 l"ileaprfn(t).
Hence, c
D
17 = Ymt1lloo < Ally — fymH];O, forall m > mg and \ = ?k + ak > 0.

The proof is complete. m
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