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Abstract: In this paper, we use the Minimax Theorem to investigate periodic solutions of n-
dimessions Systems of Duffing’Type , and give out some sufficient conditions of existence for
periodic solutions, the results generalizes and improves some known results.
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1 Introduction

Solution theory is one of the most important aspect in nonlinearity, which is widely applied in many natural

sciences such as chemistry, biology, mathematics, communication, and particularly in almost all branches

of physics like fluid dynamics, plasma physics, field theory, optics,and condensed matter physics.In order to

find some new exact solutions of nonlinear equations, a wealth of effective methods has been set up [14-17].
In this paper,we consider the following second-order systems:

a.e.t € 10,7,

{ ii(t) + Au(t) + VF(t, u(t) (1)

w(0) — w(T) = a(0) — a(T)

0,

where A is antisymmetry matric with || A ||< 25,7 > 0 and F : [0,7] x RY — R satisfies the following
assumption:

(H) F(t,x) is measurable in ¢ for each x € RY and continuously differentiable in z for a.e. t € [0,T], and
there exists a € C(RT, R"),b € L'(0,T; R*) such that

[E'(t, 2)| < a([z[)b(t), [VE (¢, 2)] < a(|2])b(?),

forall z € RN and ae. t € [0,7].

In the case A = 0, there are many solvability conditions for problem (1), [2]consider problem (1)with
coercivity condition; [3]consider problem (1) with periodicity condition; [4]consider problem (1)with the
convexity condition; [S]consider (1) with y—subadditive potential; [6]consider problem (1) with sublinear
nonlinearity:that is,there exist f,g € L'(0,T; RT) and a € [0,1) such that |[VF(t,x)| < f(t)|z|* + g(t)
forall z € RN and ae. t € [0, T]. [10]consider problem (1)with a potential which is the sum of a subconvex
function and a subquadratic function.

Recently, Tang [12]consider problem(1), where A = 0, when F'(¢, ) is subquadratic in Rabinowitz’s
sense, that is , there exists 0 < v < 2, M > 0 such that

(VE(@,x),x) < vF(t,x), 2)

forall z € RY || z |> M and ae. t € [0,T). In this paper, under the same condition in[12], we consider
problem (1) where A is antisymmetry matric with || A ||< 2%.
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2 Main results

we first recall a definition due to Wu-Tang [10]:A function G : RN — Ris called to be (A, pv)-subconvex,if
G(A(z +y)) < p(Gz) + GY)),
for some)\, ;1 > 0 and all 2,y € RV,

Theorem 1 Suppose that I satisfies assumption (H),(2),and the following conditons:
(i)F(t,.) is B-subadditive with 3 > 0 for a.e.t € [0, T],that is

F(t,z+y) < BF(t,z) + F(t,y)),

forall z,y € RV,
(ii) [y} F(t,z)dt — +o0 as |z| — oo,
then problem (1) has at least one solutions in Hilp

We shall prove more general results than Theorem 1.

Theorem 2 Suppose that F satisfies assumption (H),(2), and (ii). Assume that F(t,.) is (\, u)—subconvex
fora.e. t € [0,T], then problem (1) has at least one solution in H%

3 Proofs of Theorems

H}: = {w:[0,T] - RN |u is absolutely continous , u(0) = u(T) and @ € L*(0, T RN)}

is a Hilbert space with the norm defined by

T T 1
Jull = ( /0 u(t)|2dt + /O a(h)[2dn)?,

foru € Hi.
Foru € Hp, Leta = () [l u(t)dt and @ = u(t) — @
Then one has Sobolev inequality

T
lalls < 5

and Wirtinger inequality

T T2 T
/|ﬂ(t) |2dt§2/ | o [2dt.
0 4me Jo

Then we have

. _ N
[la(t) [l < [1a() 72 < (4 )l i) 1172,

for all w € H} (see proposition 1.3 in [1]).
Lemma 3 (/13]) Define the corresponding functional p on Hilp by:

T T T
o(u) = 3 /0 ]ﬂ(t)|2dt+% /0 (Au(t), u(t))dt — /0 F(t,u(t))dt.

It follows from (H) that ¢ is continuously differentiable. Moreover the solutions of problem (1) corre-
sponding to the critical points of .
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Lemma 4 ([12]) Suppose F(t, x) satisfies assumption(H) (2), then there exist
ap = maz|y<pa(| v |),

such that
|z |

F(t,z) < aob(t)((7)" +1),

forall z € RN and a.e.t € [0, T],where a(z),b(t)is the same as in the assumption (H).

Proof. For every | x |> M and a.e.t € [0, 7], let
y(s) = F(t, sz), Q(s) = y'(s) — —y(s)- 3)

Then by (2), we have
Q(s) = %[(VF(t, sx), sz) — yF(t,sx)] < 0. 4)

for all s > M
||

It follows from (3) that y(s) = F'(¢, sz) is a solution of first order linear ordinary differential equation

V() = Ty(9) +Q(s),

which implies that

F(t,sz) = s”(/s r7Q(r)dr + F(t,x)).

1

for s > M
||

Moreover, by assumption (H) and (4), we have

apb(t) > F(t, m) > (

forall |  |> M and a.e. t € [0, T],which implies that

k2

F(t,z) < aob(t)((7 )" +1),

forall | x |> M and a.e. t € [0,T].

Lemma 5 Under conditions (H),(2),(ii) and F(t,.) is (A, u)—subconvex for a.e.t € [0,T)], the functional
o satisfies condition (C), that is {u,,} has a convergent subsequence in H* where {p(uy,)} is bounded and
1" (un) || (14 [ wn ||) = 0 as n — oo

Proof. Let {u,} be a sequence in H} such that {((uy,)} is bounded and || ¢’ (uy,) || (1+ || up ||) — 0 as
n — 0o. Then there exists a constant C'; such that

| o(un) 1< CL 1 ¢ (un) || (14 [] un []) < C1. )

for all n € N. In a way similar to the proof of Proposition 4.1 in [1],we only need to prove that {u,} is
bounded. By assumption (H) and (2), we have

—h(t)+ (VF(t,x),x) < yF(t,x), (6)

forall z € RY and a.e. t € [0, 7], where h(t) = (2 + M)b(t)ag > 0. ag is the same as in Lemma 4.
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It follows from(5)(6), that

3¢ 166" (um) | (1 || wn [1) = 200 (un)

(@,<un))(un) — 2¢(up)

T T T
J 2dt — un y Un - y Un y Un
/0 (1) Pt /O (Aiin (1), un (1)) dt /0 (VF(t, un(t)), un ()t

(A\VANAYS

T T T
- Up, 2dt — Up (1), Un y Un
/0| () 2t /O(A ) (t))dt+2/0 Pt (1)) dt
T T
_ 2/0 F(t,un(t))dt—/o (VE(t (1)), 0 (1))t
T T
> (2_@/0 F(t,un(t))dt—/o h(t)dt,
for all n € N, which implies that

T
/ F(t,uy)dt < Cs. (7N
0
for all n € N, and some constant Cs. By (5) and (7) we have

Ch

v

o(un)

T T 4
= 5 Vi Pare g [ o o= [ F e

_ 1 T 25, L ! % ” —

= 5[ Vo Pae— [ i) un)a - o
T

> GU=g AN [ i) Par-

for all n € N. Hence we have .
/ | i () [2dt < Cs.
0

for all n € N and some constant C's.
It follows from Sobolev’inequality that

[l an(t) [l < Ci- ®)

for all n € N and some constant Cy. From (A, 11)-subconvex of F(t,.), we obtain

F(t, Mu(t) —a(t)) < p(F (¢ u(t) + F(E, —a(t))),

that is
F(t,u(t)) > —F(t,\u(t)) — F(t,—u(t)). )

By (7)(8)(9), we have
1 T T
C > / Ftun)dt>u / F(t, Na())dt — / F(t, —a(t))dt
0 0
T
> / Pt a(0))dt — masicc,al| = ) [ blo)ds,
0

for all n € N, which implies that {, } is bounded. Thus {u,, }is bounded. Hence ¢ satisfies condition (C).
[
Proof of Theorem 2:
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Proof. Let I} = {u € H} | @ = 0}. Then H} = H}@ H} and dimH} = N < +oco. As shown in[9], a
deformation lemma can be proved with the weaker condition (C) replacing the usual (PS) condition, and it
turns out that the Saddle Point Theorem holds true under condition (C). By the Saddle Point Theorem, we
only need to prove
(1) p(u) = +oo as || u ||— oo in H}, which implies that infueh;%go(u) > —oo and
(2) p(u) — —ocoas || u || oo in Hk.

For all uw € H} and || u ||— 0o, by Lemma 4, We have

T T T
o(u) = % /0 () \Zdt+% /0 (Au(t), a(t))dt — /O Pt ult))dt
r |u |

T vy T
> =g lal [ rae Par= [ ap( di—a [ bieya

T T T
= SU=g Al [ i Par = g [ bl rde—ao [ b

2V 2r MY
1 T 4 2
> 5(1 o | A H)WH w |l = Csll w2 — Cs,

for some constant C's and Cg, which implies that
o(u) = +oo.

Because v < 2and || A ||[< 25, forall u € H} and || u || oo, by (ii) we have

T
o(u) = —/ F(t,u)dt - —o0.
0
Then there exists £ > 0, such that

sup p(u) < inf o(u),
ueSgp uEH%w

where Sg = {u | u € H}, | u |= R}. It follows from the Saddle Point Theorem that the conclusion holds.
n
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