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Abstract: A system of coupled singularly perturbed initial value problems with a small pa-
rameter is considered. The solution to the system have boundary layers. The structure of these
layers is analyzed, and this leads to the construction of a piecewise-uniform Shishkin mesh.
On this mesh a hybrid finite difference scheme is proved to be almost second-order accurate,
uniformly in the small parameter. Numerical results supporting the theory are presented.
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1 Introduction

Singular perturbation problems arise in several branches of engineering and applied mathematics, including
fluid dynamics, quantum mechanics, elasticity, chemical reactor, gas porous electrodes theory, etc. The
presence of small parameter in these problems prevents us from obtaining satisfactory numerical solutions.
It is well-known fact that the solutions of singular perturbation problems have a multi-scale character. That
is, there is thin layer where the solution varies very rapidly, while away from the layer the solution behaves
regularly and varies slowly. For the past two decades an extensive research has been made on numerical
methods for the singularly perturbed differential equations, see [1,5-8] and the references therein. Robust
numerical techniques have been developed for singularly perturbed problems, but for system of equations
only few results are reported in the literature.
In this paper, we focus on a system of singularly perturbed initial value problem

cuy(z) + fi(w,ui,ug) =0, 0<az<l1, (1.1)
ey () + folz,ui,ug) =0, 0<z <1, (1.2)
u1(0) = A, wu2(0) =B, (1.3)

where the parameter € € (0, 1] is a small positive constant. We also assume that fi(x, u1, u2) and fa(z, u1, ug)
are sufficiently smooth functions satisfying certain regularity conditions. These conditions will be specified
whenever necessarily. Furthermore, we assume
0<p< oo —oo< O
ouy, Us—k
(0L, 011 O 0
8u1 8U2 ’ 8’&2 8u1

<0, k=1,2, in[0,1] x R?, (1.4)
>a>0, in[0,1] x R?. (1.5)

The solution u = (uq, uz) of problem (1.1)-(1.3) has boundary layers of width O(e|In¢e|) at z = 0.
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A few results for systems of singularly perturbed second-order linear differential equations are available
in the literature: Bellew and O’Riordan [3], Cen [5], Lin3 and Madden [10], Madden and Stynes [11],
Shishkin [12] and Xi al et [13]. In [2] Amiraliyev consider a singularly perturbed system with the leading
term of one equation multiplied by a small parameter.

This present study is devoted to a hybrid finite difference method for the coupled initial value equations
(1.1)-(1.3) on a Shishkin mesh. We first prove bounds for u(z) = (uj (), uz(z)) and its derivatives. These
bounds enable us to construct a piecewise-uniform Shishkin mesh on which we can prove that the scheme
is almost second-order convergent, in the discrete maximum norm, independently of singular perturbation
parameter €.

An outline of the paper is as follows. In the next section we state some important properties of the exact
solution. In section 3 we describe the hybrid finite difference scheme and introduce a Shishkin mesh. In
section 4 we analyze the convergence properties of the scheme. Finally the numerical results are presented
in section 5.

Notation 1 Throughout the paper, C will denote a generic positive constant (possibly subscripted) that is
independent of € and of the mesh. Note that C' is not necessarily the same at each occurrence. To simplify
the notation we set g; = g(v;) and g;_y /o = g((w;—1 + ;)/2) for any function g(x), while g denotes an
approximation of g(x) at x;. We also define

y() = (@), 2(2)), |y (@)] = max{|y1(2)], [y2(x)[}-
Proposition 1 Throughout the paper we shall assume that ¢ < CN ™1 as is generally the case in practice,
because otherwise we can solve the problem in the classical way.
2 Some analytical results
In this section, we first establish a maximum principle for the following problem. Then, using this principle,
a stability result for the same problem is derived. Further, we need to know the asymptotic behavior of the

exact solution for constructing layer-adapted meshes correctly.
We rewrite the nonlinear system (1.1)-(1.3) in the form

Liu = cuy () + ar(@)ur(x) + by (2)ug(z) = Fi(z), (2.1)
Lou = cuy(2) + ag(x)ug(x) + ba(z)uy (z) = Fo(z), (2.2)
where
ou(0) = 0 el (o). Do) = oo (o, ol (@), Fi = —ful,0.0)

&(z) = prug(z), 0<pr <1, mp=Apug(z), 0< Ay <1, k=1,2.

Lemma 1 (Maximum principle) Assume that L1y > 0, Loy > 0 for x € (0, 1] and y1(0) > 0,y2(0) > 0,

then y(z) > 0 forall x € [0, 1].

Proof. Let y1(p) = m[in} y1(z) and y2(q) = In[in] y2(z). Assume without loss of generality that y; (p) <
z€[0,1 z€l0,1

y2(q). If the lemma is not true. Then y; (p) < 0. Note that p # 0 and y, (p) = 0.

Liy(p) = ey(p) + a1()yi(p) + bi(p)y2(p)
= (a1(p) + b1(p))y1(p) + b1(p)(y2(p) — y1(p)) <O,

which contradicts the hypotheses of the lemma.
An immediate consequence is the following stability result. m
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Lemma 2 (Stability result) If y (z) is a smooth vector function, then

ly(2)|| < Cmax{|y1(0)|, |y2(0)[, max |L1y|, max |Loy|} for x € [0,1].
z€[0,1] z€[0,1]

Now we give bounds on the derivatives of the exact solution y (x) for problem (1.1)-(1.3). These bounds will
be used later in the analysis of the uniform convergence of the finite difference approximations defined in
section 3.

Lemma 3 Suppose the conditions (1.4) and (1.5) are satisfied. Then the solution u(x) of problem (1.1)-(1.3)
satisfies

)] < e, k=123
Proof. From the equations (1.1) and (1.2) it follows that

luy (0)] < e £1(0, A, B)| < Ce™,
|uy(0)] < e f2(0, A, B)| < Ce™L.

Hence, [|[u’(0)|| < Ce™, so the inequality is proved with k = 1. If k > 1, the result is obtained by induction
and repeated differentiations of equations (1.1) and (1.2). m

Lemma 4 Suppose the conditions (1.4) and (1.5) are satisfied. Then the solution u(x) of problem (1.1)-(1.3)
satisfies

[u® (2)]| < C(1+e*e /%), 0<z<1, k=0,1,2,3.
Proof. The proof is by induction. From Lemma 2 the inequality holds for £ = 0. Assume that
[u™ (z)|| < C(1+e™e %) for all m < k.
Differentiating both sides of (2.1) and (2.2) k times, respectively. Setting z(z) = u*) (), we have

(z)

Ezll () + a1(z)z1(x) + bi(x)z2(z) = g1(x),
92(),

e29(z) + ag(x)22(x) + ba(x) 2 (2)

where g(x) depends on u(z),a(x),b(z),f(z) and their derivatives of order up to and including k — 1.
Hence we can easily obtain

lg(z)]] < C(1 4 F+tem®/e) for 2 €[0,1].
From Lemma 3, we have
|l2(0)]| < C=™*.
Consider the barrier function ¢(z) = (¢1(x), ¢2(x)), where
pi(x) = C(A+eFemo2/e) =12

Applying the maximum principle we can get the desired results. m

3 Mesh and scheme

We shall consider a hybrid difference scheme on a piecewise-uniform Shishkin mesh. Let /V, our discreti-
sation parameter, be an even positive integer. Let o denote a mesh transition parameter defined by

1 2
o= rnin{§7 o In N}.
a
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Divide each of the subintervals [0, ¢] and [0, 1] into N/2 equidistant subintervals. For our analysis we
assume that o = 2o~ 'eIn N, since otherwise N~ is exponentially small compared with ¢.

The mesh width of each subinterval in [0, o] is h. We use the notation H for the width in [o, 1]. These
mesh widths satisfy

4
h=—-eN'InN, N 1!'<H<2N L
(6%

On the piecewise-uniform Shishkin mesh we propose the following hybrid finite difference scheme for
approximating problem (1.1)-(1.3):

™u; =0, U;=0 for i=1,2,---,N, (3.1)
Uio=A4, Uo=B, (3.2)
where
Ug,i—Uk,i— Uii-14+U1; Usi1+Us; .
TNU- — g2k Tzik, 1 +fk;($z‘—1/2a 1, 12+ 1, ’ 2, 12+ 2, )’ 7 = 1’2’... ,N/Z,
e €%i_h7ﬁi_1+fk($i,U1,i,U2,i), i=N/24+1,---,N,

for k=1,2.

4 Analysis of the method

To investigate the convergence of the method, note that the error functions z = U — u are the solutions of
the discrete problem

Zki — 2k Uri-1+ U1 Usi1+ Uy

i1 '
h; +fk($1,1/2, 9 ’ 2 )
/ Ui — Uk i—1 ,
—fe(@im1y2, U112, u2i-1/2) = €(Up ;10 — T)v 1 <i<N/2, 4.1)
(]
Zli — Zki—1
5% + fr(@i, Uri, Uyi) — fr(xi, u1, uz;)
1
— e(u),; — W) N/2<i<N, k=1,2 4.2)
i
21,0 = 22,0 = 0. (4.3)
For 1 < i < N/2, we use Taylor expansion for f about z;_{ /2 to obtain
Zhi — Zki—1 G Zhi—1 T 2k + by Z3—ki—1 1 23—k, ~ Ry, (4.4)
h; 2 2
where
J— 8 _—
g, = wak(fﬁiq/gaék,uﬁk,i)’ br,i = D Te(miz1/2, Sk Mki)
’ Uk — Uk,i—1 Ukyi—1 + Uk
Ry = e(uy, i—1/2 — — ) + agi(Upio1/2 — — )
’ hz 2
U3—fi—1 T U3—F,i
+bk,i(Uuz—gi—1/2 — : 5 “), 4.5)
k=1,2, & ;,n-intermediate values.
For N/2 < i < N, we also use Taylor expansion for f; about x; to obtain
Rk — Rki—1
% +agizk; + brizz—ki = Ry, (4.6)
1
where
ki = wak(iﬁiasz,i’nk,i)a br,i = F. Te(iy §kis ki)
' Uk — Uk,i—1
Ry = e(uy; — ————), 4.7)

hi
k=1,2, & i, Nk -intermediate values.
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Lemma 5 The error functions zy,, k = 1,2, satisfy the following inequalities
1Zkllo0 < Cl[Rilloo + [[Rzlloo),
where || - || oo denote the discrete maximum norm:

[w]oe = max |uw;.
0<i<N

Proof. Applying the discrete maximum principle for the difference operator

Z1,i—21,i—1 21,i—11%21,i .
IN. e +ai; 5 , 1<i<N/2,
L e AL 4y iz, N/2<i<N

to equation (4.4) and (4.6) with £ = 1, we can obtain

22,i—1 + 22,4
(Rl i b2 K

<a ! ) )
max S < a7 Rl + 11 clal “3)

121 lloe <

Using the discrete maximum principle for the difference operator

LN 8221hz221+alz2112+z217 1§i§N/2,
294 = .
2 e ezmhﬁ + a2i22., N/2<i<N

to Eq.(4.4) and (4.6) with k£ = 2, we also can obtain

Z1i-1+ 214
R _b [t A
1<I<N ( i P20 2

- b
Iz2lloe < )| < a7 IRslloo + 12 ool 21 o (4.9)

From Eq.(4.8) and (4.9) we can get the following stability bounds
[2ell < C|Rilloo + [ R2lloc), & =1,2,

where we have used the assumption (1.4) and (1.5). m
Next lemma gives the truncation error estimate.

Lemma 6 The truncation errors R; and Rs of the difference scheme satisfy
|R1]loc < CN2I0®N, |Rallec < CN2In?N.

Proof. From explicit expression (4.5) for Ry, ;, we use Taylor expansion for u;, and u;f about x; to obtain

! Uk,i — Uk,i—1 Uk i—1 + Uk
[Bril < elug,; 19— Zhiizf + ’ak,i(uk,iqp - %)I
3€ Ti "
< \uk( ) (z — z51) da:+0 Iuk o) (z — xi_q)dz
< C/ 1+ 87267(11/5)(% —xi_1)dz (4.10)

for1 <1i < N/2, k = 1,2, where we have used Lemma 4. To bound the right-hand side of (4.10) we use
the inequality

/Cdy(x)(x — )P Vg < {/ (2)/Pdz P

which holds true for any positive monotonically decreasing function y(z) on [c, d] and for arbitrary p € N;
see [4]. Then we have

Rl < O @ ete B = ofh - Loty

= C{hi - 2 o/ () (1 — /212 < ON2In? N (4.11)
«
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for1 <i< N/2, k=1,2.
From explicit expression (4.7) for Ry, ;, we also use Taylor expansion for u about x; to obtain

’ Uk 4 Uk 5—1 3e ”
Rl < emz—ih 22T [
Ti—1

Ti—1

1
< C/ (e + e Le™ /%) dx < C(eh; —Ee_o‘x/a T

_ = faxz/z-:_ —azi_1/e
Clehs O[( e )

< C(eN7'+ le‘“v’”w/‘z/f) < CN™? (4.12)
[0

for N/2 < i < N, k = 1,2, where we have used Assumption 1.
Combining (4.10)-(4.12) we complete the proof. m
From the two previous lemmas we immediately obtain the main results.

Theorem 1 Let u = (uq,us) be the solution of problem (1.1)-(1.3) and U = (U, Us) be the solution of
finite difference scheme (3.1)-(3.2) on the Shishkin mesh. Then we have the following error estimate

lup(z;) — Upil <ON"2In®N  for i=0,1,---,N, k=1,2.

S Numerical experiments

In this section we verify experimentally the theoretical results obtained in the preceding section. Errors and
convergence rates for the hybrid finite difference scheme are presented for the following test problem.

Example 1 Consider the problem

1
euy (z) + 2uy (z) — 567“1(’”) —up=2>—-1, 0<z<l,

2(x)+2uz—cosu1() e’, 0<z<1,
u1(0) =0, uz(0) = 0.

For our experiments we take € = 1078 and 1075, respectively, which are sufficiently small choices to bring
out the singularly perturbed nature of the problem. The numerical solution is obtained by using iterative
process. The exact solution of the test problem is not available. Therefore, we use the double mesh principle
to estimate the errors and compute the experiment rates of convergence in our computed solution. We
measure the accuracy in the discrete maximum norm

eN:maX{HUfV,i 121”OO’HU21 U221H00}

the convergence rate

€N

= 10g2(627N)-

The numerical results are clear illustrations of the convergence estimate of Theorem 1. They indicate that
the theoretical results are fairly sharp.
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Table 1: The hybrid finite difference scheme for Example

e=10""% e=10"°

N error rate error rate
32 | 1.9263¢-2 1.552 | 1.9263e-2 1.552
64 | 6.5700e-3 1.600 | 6.5700e-3  1.600
128 | 2.1675e-3  1.615 | 2.1675¢-3  1.615
256 | 7.0764e-4  1.665 | 7.0764e-4  1.665
512 | 2.2319e-4  1.696 | 2.2319¢-4  1.696
1024 | 6.8865¢-5 - | 6.8865¢-5 -
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