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Abstract:In this paper, we propose a feedback control for a class of bilinear systems. Based
on the Bellman-Gronwall inequality, the exponentially stable periodic solutions or limit cycles,
appearing as an ellipsoid in the phase plane, are guaranteed. Moreover, the frequency of oscilla-
tion and convergence rate can be correctly estimated for such bilinear control systems. Finally,
a numerical example is presented to exhibit the use of the main result.
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1 Introduction

Limit cycles are important physical phenomena, which often exists in nonlinear dynamical systems, such
as Duffing equation, Van der Pol equation have been of great interest for many years. The studies of their
properties such as magnitude, frequency and stability and the prediction of limit cycle are getting more
important; see e.g., [1–8] and the reference therein.

We often apply the features of limit cycle to the design of electronic oscillator. There are some tech-
niques to check the phenomenon of limit cycles, for example, harmonic balance techniques [9], Piecewise-
linearized methods [10], Poincare-Bendixson theorem, and Lyapunov-like approach [11]. The harmonic
balance method is not able to accurately predict the limit cycle. The Poincare-Bendixson theorem only
gives a necessary condition for guaranteeing the existence of limit cycles [12]. Limit cycle may not exist in
those systems satisfying the theorem.

In this paper, we propose a feedback control to a class of bilinear systems to generate the limit cycle with
two different amplitudes of oscillation at same time, appeared as an ellipsoid in the phase plane. Applying
the Bellman-Gronwall inequality, the exponentially stable limit cycle is guaranteed, and the frequency of
oscillation and convergence rate can be correctly estimated for such bilinear control systems.

2 Problem Formulation and Main Results

In this paper, we consider the following bilinear control system [13]:

𝑥̇(𝑡) = 𝐹𝑥(𝑡) + 𝑢(𝑡)𝑁𝑥(𝑡), ∀ 𝑡 ≥ 𝑡0 ≥ 0, (1)

𝑥 (𝑡0) =

[
𝑥10
𝑥20

]
, (2)
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where

𝑥(𝑡) =

[
𝑥1(𝑡)
𝑥2(𝑡)

]
∈ ℜ2, 𝑢(𝑡) ∈ ℜ, 𝐹 :=

[
𝑝 −𝜔0

𝜔0 𝑝

]
, 𝑁 :=

[ −1 0
0 −1

]
,

with 𝑝 > 0 and 𝑥 (𝑡0) ∕= 0. Particularly, the feedback control law is selected as

𝑢(𝑡) = 𝑠
[
(𝑙𝑥1(𝑡))

2 + (𝑚𝑥2(𝑡))
2
]
, 𝑤𝑖𝑡ℎ 𝑠, 𝑙,𝑚 > 0 (3)

Then, the closed-loop system is deduced as

𝑥1(𝑡) = −𝑠𝑥1(𝑡)
[
(𝑙𝑥1(𝑡))

2 + (𝑚𝑥2(𝑡))
2 − 𝑝

𝑠

]
− 𝜔0𝑥2(𝑡), ∀ 𝑡 ≥ 𝑡0, (4)

𝑥2(𝑡) = 𝜔0𝑥1(𝑡)− 𝑠𝑥2(𝑡)
[
(𝑙𝑥1(𝑡))

2 + (𝑚𝑥2(𝑡))
2 − 𝑝

𝑠

]
, ∀ 𝑡 ≥ 𝑡0, (5)

Apparently, 𝑥 (𝑡) = 0 is an equilibrium point of system Eq.(4) and Eq.(5) i.e., the solution of system
Eq.(4) and Eq.(5) is given by 𝑥 (𝑡) = 0 if 𝑥 (𝑡0) = 0. To avoid the static case of 𝑥 (𝑡) = 0, in the following,
we only examine system Eq.(1), Eq.(2) and Eq.(3) under the case of 𝑥 (𝑡0) ∕= 0.

Definition 1 The closed and bounded manifold 𝑣 (𝑥 (𝑡)) = 0, in the 𝑥1 − 𝑥2 plane, is said to be an expo-
nentially stable limit cycle if there exist two positive numbers 𝑘 and 𝜆 such that the manifold of 𝑣 (𝑥 (𝑡)) = 0
along the trajectories of system Eq.(4) and Eq.(5) satisfies the following inequality

∣𝑣(𝑥(𝑡))∣ ≤ 𝑘𝑒−𝜆(𝑡−𝑡0), ∀ 𝑡 ≥ 𝑡0, (6)

In this case, the positive number 𝜆 is called the guaranteed convergence rate.

Now, we demonstrate the main result for the existence of limit cycles of system Eq.(1), Eq.(2) and Eq.(3) as
follows.

Theorem 2 For the feedback bilinear system Eq.(1), Eq.(2) and Eq.(3), all of phase trajectories tend to the
exponentially stable limit cycle 𝑣 (𝑥 (𝑡)) =

[
(𝑙𝑥1(𝑡))

2 + (𝑚𝑥2(𝑡))
2 − 𝑝

𝑠

]
= 0 in the 𝑥1 − 𝑥2 plane, with the

guaranteed convergence rate

𝜆 :=

⎧⎨⎩
∞, if (𝑙𝑥10)2 + (𝑚𝑥20)

2 = 𝑝
𝑠 ,

2𝑝, if (𝑙𝑥10)2 + (𝑚𝑥20)
2 > 𝑝

𝑠 ,
2𝑠[(𝑙𝑥10)

2 + (𝑚𝑥20)
2], if (𝑙𝑥10)2 + (𝑚𝑥20)

2 < 𝑝
𝑠 .

Furthermore, the states 𝑥1(𝑡) and 𝑥2(𝑡) exponentially follow, respectively, the trajectories 1
𝑙

√
𝑝
𝑠𝑐𝑜𝑠[𝜔0(𝑡−

𝑡0) + 𝑡𝑎𝑛−1(𝑥20
𝑥10

)] and 1
𝑚

√
𝑝
𝑠𝑠𝑖𝑛[𝜔0(𝑡 − 𝑡0) + 𝑡𝑎𝑛−1(𝑥20

𝑥10
)], in the time domain, with the guaranteed con-

vergence rate𝜆
2 .

Proof. Define a smooth ellipsoid manifold 𝑣 (𝑥 (𝑡)) = 0 and a continuous function 𝜃(𝑥(𝑡)) := 𝑡𝑎𝑛−1(𝑥2(𝑡)
𝑥1(𝑡)

)

with 𝑣 (𝑥 (𝑡)) = (𝑙𝑥1(𝑡))
2 + (𝑚𝑥2(𝑡))

2 − 𝑝
𝑠 . Then the time derivatives of 𝑣2 (𝑥 (𝑡)) and 𝜃(𝑥(𝑡)) along the

trajectories of system Eq. (4) and Eq. (5) are given by

𝑑𝑣2(𝑥(𝑡))

𝑑𝑡
= 2𝑣(𝑥(𝑡))[2𝑙2𝑥1(𝑡)𝑥̇1(𝑡) + 2𝑚2𝑥2(𝑡)𝑥̇2(𝑡)] = −4𝑠[(𝑙𝑥1(𝑡))

2 + (𝑚𝑥2(𝑡))
2]𝑣2(𝑥(𝑡)). (7)

𝑑𝜃(𝑥(𝑡))

𝑑𝑡
=

𝑥̇2(𝑡)𝑥1(𝑡)− 𝑥̇1(𝑡)𝑥2(𝑡)

𝑥21(𝑡) + 𝑥22(𝑡)
= 𝜔0,

which imply
𝜃(𝑥(𝑡)) = 𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

) (8)
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In the following, three cases are to be discussed about the trajectories of the feedback control system Eq. (4)
and Eq. (5).
Case 1: (𝑙𝑥1(𝑡0))2 + (𝑚𝑥2(𝑡0))

2 = 𝑝/𝑠 (or equivalently; 𝑣(𝑥(𝑡0)) = 0)
In this case, from Eq. (7), it can be obtained that 𝑑𝑣2(𝑥(𝑡))

𝑑𝑡 = 0 which implies

(𝑙𝑥1(𝑡))
2 + (𝑚𝑥2(𝑡))

2 = 𝑝/𝑠, ∀ 𝑡 ≥ 𝑡0. (9)

Hence, we deduce that

𝑥1(𝑡) =
1

𝑙

√
𝑝

𝑠
𝑐𝑜𝑠[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)], ∀ 𝑡 ≥ 𝑡0,

𝑥2(𝑡) =
1

𝑚

√
𝑝

𝑠
𝑠𝑖𝑛[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)], ∀ 𝑡 ≥ 𝑡0,

𝑣(𝑥(𝑡)) = 0, ∀ 𝑡 ≥ 𝑡0,

in view of Eq. (8) and Eq. (9).
Case 2: (𝑙𝑥1(𝑡0))2 + (𝑚𝑥2(𝑡0))

2 > 𝑝/𝑠 (or equivalently; 𝑣(𝑥(𝑡0)) > 0)
In this case, from Eq. (7), it can be obtained that 𝑣2 (𝑥 (𝑡)) is a strictly decreasing function of 𝑡 with

𝑣(𝑥(𝑡)) ≥ 0,∀ 𝑡 ≥ 𝑡0, and

𝑑𝑣2(𝑥(𝑡))

𝑑𝑡
= −4𝑠[(𝑙𝑥1(𝑡))

2 + (𝑚𝑥2(𝑡))
2]𝑣2(𝑥(𝑡)) = −4𝑠

𝑝

𝑠
𝑣2(𝑥(𝑡)) = −4𝑝𝑣2(𝑥(𝑡)), ∀ 𝑡 ≥ 𝑡0.

Applying the Bellman-Gronwall inequality to the above differential inequality, one has

𝑣2(𝑥(𝑡)) ≤ 𝑣2(𝑥(𝑡0))𝑒𝑥𝑝[−4𝑝(𝑡− 𝑡0)],∀ 𝑡 ≥ 𝑡0,

this implies
∣𝑣(𝑥(𝑡))∣ ≤ ∣𝑣(𝑥(𝑡0))∣𝑒𝑥𝑝[−2𝑝(𝑡− 𝑡0)],∀ 𝑡 ≥ 𝑡0,

∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2 −
√

𝑝

𝑠
∣2
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2 −
√

𝑝

𝑠
∣ ∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2 +

√
𝑝

𝑠
∣

= ∣(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))
2 − 𝑝

𝑠
∣ = ∣𝑣(𝑥(𝑡))∣ ≤ ∣𝑣(𝑥(𝑡0))∣𝑒𝑥𝑝[−2𝑝(𝑡− 𝑡0)],∀ 𝑡 ≥ 𝑡0.

It yields

∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2 −
√

𝑝

𝑠
∣ ≤

√
∣𝑣(𝑥(𝑡0)∣𝑒𝑥𝑝[−𝑝(𝑡− 𝑡0)],∀ 𝑡 ≥ 𝑡0. (10)

Consequently, by Eq. (8) and Eq. (10), we deduce that

∣𝑙𝑥1(𝑡)−
√

𝑝

𝑠
𝑐𝑜𝑠[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)]

= ∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2𝑐𝑜𝑠[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(
𝑥20
𝑥10

)]−
√

𝑝

𝑠
𝑐𝑜𝑠[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)]∣

= ∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2 −
√

𝑝

𝑠
∣∣𝑐𝑜𝑠[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)]∣

≤ ∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2 −
√

𝑝

𝑠
∣

≤
√

∣𝑣(𝑥(𝑡0)∣𝑒𝑥𝑝[−𝑝(𝑡− 𝑡0)],∀ 𝑡 ≥ 𝑡0.

∣𝑥1(𝑡)− 1

𝑙

√
𝑝

𝑠
𝑐𝑜𝑠[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)]∣ ≤ 1

𝑙

√
∣𝑣(𝑥(𝑡0)∣𝑒𝑥𝑝[−𝑝(𝑡− 𝑡0)],∀ 𝑡 ≥ 𝑡0.
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∣𝑚𝑥2(𝑡)−
√

𝑝

𝑠
𝑠𝑖𝑛[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)]∣

= ∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2𝑠𝑖𝑛[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(
𝑥20
𝑥10

)]−
√

𝑝

𝑠
𝑠𝑖𝑛[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)]∣

= ∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2 −
√

𝑝

𝑠
∣∣𝑠𝑖𝑛[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)]

≤ ∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2 −
√

𝑝

𝑠
∣

≤
√

∣𝑣(𝑥(𝑡0)∣𝑒𝑥𝑝[−𝑝(𝑡− 𝑡0)],∀ 𝑡 ≥ 𝑡0.

∣𝑥2(𝑡)− 1

𝑚

√
𝑝

𝑠
𝑠𝑖𝑛[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)]∣ ≤ 1

𝑚

√
∣𝑣(𝑥(𝑡0)∣𝑒𝑥𝑝[−𝑝(𝑡− 𝑡0)],∀ 𝑡 ≥ 𝑡0.

Case 3: (𝑙𝑥1(𝑡0))2 + (𝑚𝑥2(𝑡0))
2 < 𝑝/𝑠 (or equivalently; 𝑣(𝑥(𝑡0)) < 0)

In this case, from Eq. (7), it can be obtained that 𝑣2 (𝑥 (𝑡)) is a strictly decreasing function of 𝑡 with
𝑣2(𝑥(𝑡)) ≥ 0,∀ 𝑡 ≥ 𝑡0, and

𝑑𝑣2(𝑥(𝑡))

𝑑𝑡
= −4𝑠[(𝑙𝑥1(𝑡))

2 + (𝑚𝑥2(𝑡))
2]𝑣2(𝑥(𝑡))

≤ −4𝑠[(𝑙𝑥10)
2 + (𝑚𝑥20)

2]𝑣2(𝑥(𝑡)),∀ 𝑡 ≥ 𝑡0.

Applying the Bellman-Gronwall inequality to the above differential inequality, one has

𝑣2(𝑥(𝑡)) ≤ 𝑣2(𝑥(𝑡0))𝑒𝑥𝑝[−4𝑠((𝑙𝑥10)
2 + (𝑚𝑥20)

2)(𝑡− 𝑡0)],∀ 𝑡 ≥ 𝑡0,

which implies

∣𝑣(𝑥(𝑡))∣ ≤ ∣𝑣(𝑥(𝑡0))∣𝑒𝑥𝑝[−2𝑠((𝑙𝑥10)
2 + (𝑚𝑥20)

2)(𝑡− 𝑡0)],∀ 𝑡 ≥ 𝑡0,

√
(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2 −

√
𝑝

𝑠
∣2 ≤

√
(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2 −

√
𝑝

𝑠
∣∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2 +

√
𝑝

𝑠
∣

= ∣(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))
2 − 𝑝

𝑠
∣ = ∣𝑣(𝑥(𝑡))∣ ≤ ∣𝑣(𝑥(𝑡0)∣𝑒𝑥𝑝[−2𝑠((𝑙𝑥10)

2 + (𝑚𝑥20)
2)(𝑡− 𝑡0)],∀ 𝑡 ≥ 𝑡0.

It yields

∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2 −
√

𝑝

𝑠
∣ ≤

√
∣𝑣(𝑥(𝑡0)∣𝑒𝑥𝑝[−𝑠((𝑙𝑥10)

2 + (𝑚𝑥20)
2)(𝑡− 𝑡0)],∀ 𝑡 ≥ 𝑡0. (11)

Consequently, by Eq. (8) and Eq. (11), we deduce that

∣𝑙𝑥1(𝑡)−
√

𝑝

𝑠
𝑐𝑜𝑠[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)]∣

= ∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2𝑐𝑜𝑠[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(
𝑥20
𝑥10

)]−
√

𝑝

𝑠
𝑐𝑜𝑠[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)]∣

= ∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2 −
√

𝑝

𝑠
∣∣𝑐𝑜𝑠[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)]∣

≤ ∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2 −
√

𝑝

𝑠
∣

≤
√

∣𝑣(𝑥(𝑡0)∣𝑒𝑥𝑝[−𝑠((𝑙𝑥10)
2 + (𝑚𝑥20)

2)(𝑡− 𝑡0)],∀ 𝑡 ≥ 𝑡0,
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∣𝑥1(𝑡)− 1

𝑙

√
𝑝

𝑠
𝑐𝑜𝑠[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)]∣

≤ 1

𝑙

√
∣𝑣(𝑥(𝑡0)∣𝑒𝑥𝑝[−𝑠((𝑙𝑥10)

2 + (𝑚𝑥20)
2)(𝑡− 𝑡0)],∀ 𝑡 ≥ 𝑡0,

∣𝑚𝑥2(𝑡)−
√

𝑝

𝑠
𝑠𝑖𝑛[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)]∣

= ∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2𝑠𝑖𝑛[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(
𝑥20
𝑥10

)]−
√

𝑝

𝑠
𝑠𝑖𝑛[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)]∣

= ∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2 −
√

𝑝

𝑠
∣∣𝑠𝑖𝑛[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)]∣

≤ ∣
√

(𝑙𝑥1(𝑡))2 + (𝑚𝑥2(𝑡))2 −
√

𝑝

𝑠
∣

≤
√

∣𝑣(𝑥(𝑡0)∣𝑒𝑥𝑝[−𝑠((𝑙𝑥10)
2 + (𝑚𝑥20)

2)(𝑡− 𝑡0)],∀ 𝑡 ≥ 𝑡0,

∣𝑥2(𝑡)− 1

𝑚

√
𝑝

𝑠
𝑠𝑖𝑛[𝜔0(𝑡− 𝑡0) + 𝑡𝑎𝑛−1(

𝑥20
𝑥10

)]∣

≤ 1

𝑚

√
∣𝑣(𝑥(𝑡0)∣𝑒𝑥𝑝[−𝑠((𝑙𝑥10)

2 + (𝑚𝑥20)
2)(𝑡− 𝑡0)],∀ 𝑡 ≥ 𝑡0.

Remark 3 Apparently, by Theorem 2, the bilinear feedback systems Eqs. (1), (2) and (3) can be described

as two nonlinear oscillators with the frequency 𝜔0 and different amplitudes 1
𝑙

√
𝑝
𝑠 and 1

𝑚

√
𝑝
𝑠 , respectively.

These types of oscillations are generally independent of the initial condition, and are not influenced by
parameter variation.

3 An Illustrative example

Consider the feedback bilinear system

𝑥̇(𝑡) =

[
𝑥̇1(𝑡)
𝑥̇2(𝑡)

]
=

[
3 −2
2 3

]
𝑥(𝑡) + 𝑢(𝑡)

[ −1 0
0 −1

]
𝑥(𝑡),∀ 𝑡 ≥ 0, (12)

with the control law 𝑢(𝑡) = 0.3[(3𝑥1(𝑡))
2 + (𝑥2(𝑡))

2] and 𝑥(0) = [1 − 1]𝑇 .
By Theorem 2, we conclude that the phase trajectories of system Eq. (12) tend to the exponentially

stable limit cycle 𝑣(𝑥(𝑡)) = (3𝑥1(𝑡))
2 + (𝑥2(𝑡))

2 − 10 = 0 in the 𝑥1 − 𝑥2 plane, with the guaranteed
convergence rate 𝜆 = 6. As well, the states 𝑥1(𝑡) and 𝑥2(𝑡) exponentially track, respectively, the trajectories√

10
3 𝑐𝑜𝑠[2𝑡 − 𝜋

4 ] and
√
10𝑠𝑖𝑛[2𝑡 − 𝜋

4 ] in the time domain, with the guaranteed convergence rate 𝜆
2 = 3.

The state trajectories of the feedback-controlled system are depicted in Fig.1. and Fig.2. Meantime, by
Theorem 2 with the control law 𝑢(𝑡) = 5[(3𝑥1(𝑡))

2 + (𝑥2(𝑡))
2] and 𝑥(0) = [−2, 2]𝑇 , we conclude that the

phase trajectories of system Eq. (12) tend to the exponentially stable limit cycle 𝑣(𝑥(𝑡)) = (3𝑥1(𝑡))
2 +

(𝑥2(𝑡))
2 − 3

5 = 0 in the 𝑥1 − 𝑥2 plane, with the guaranteed convergence rate 𝜆 = 6. As well, the states

𝑥1(𝑡) and 𝑥2(𝑡) exponentially track, respectively, the trajectories 1
3

√
3
5𝑐𝑜𝑠[2𝑡 +

3𝜋
4 ] and

√
3
5𝑠𝑖𝑛[2𝑡 +

3𝜋
4 ]

in the time domain, with the guaranteed convergence rate 𝜆
2 = 3. The state trajectories of the feedback-

controlled system are depicted in Fig.3. and Fig.4. Meanwhile, by Theorem 2 with the control law 𝑢(𝑡) =
0.1[(3𝑥1(𝑡))

2 + (𝑥2(𝑡))
2] and 𝑥(0) = [1,−1]𝑇 , we conclude that the phase trajectories of system Eq. (12)

tend to the exponentially stable limit cycle 𝑣(𝑥(𝑡)) = (3𝑥1(𝑡))
2 + (𝑥2(𝑡))

2 − 30 = 0 in the 𝑥1 − 𝑥2
plane, with the guaranteed convergence rate 𝜆 = 6. As well, the states 𝑥1(𝑡) and 𝑥2(𝑡) exponentially track,
respectively, the trajectories

√
30
3 𝑐𝑜𝑠[2𝑡− 𝜋

4 ] and
√
30𝑠𝑖𝑛[2𝑡− 𝜋

4 ], in the time domain, with the guaranteed
convergence rate 𝜆

2 = 3. The state trajectories of the feedback-controlled system are depicted in Fig.5. and
Fig.6.
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Fig1:Typical phase trajectory of the feedback-controlled Fig2:Time trajectories of 𝑥1(𝑡) and 𝑥2(𝑡)(case 1)
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Fig. 3 Typical phase trajectory of the feedback-controlled Fig. 4 Time trajectories of 𝑥1(𝑡) and 𝑥2(𝑡)(case 2)
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Fig. 5 Typical phase trajectory of the feedback-controlled Fig. 6 Time trajectories of 𝑥1(𝑡) and 𝑥2(𝑡)(case 3)
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4 Conclusions

In this paper, we propose a feedback control for a class of bilinear systems to generate the limit cycle,
appeared as an ellipsoid in the phase plane. Applying the Bellman-Gronwall inequality, it’s shown that the
exponentially stable limit cycle is guaranteed, and the frequency of oscillation and convergence rate can be
correctly estimated for such bilinear control systems. A numerical example is offered to exhibit the use of
the main result.
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