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Abstract: This paper studies the problem of weak ergodic theorem for asymptotically non-
expansive type mappings of general semigroups in real reflexive Banach spaces with Frechet
differential norm by a new method. Furthermore , we obtain the weak ergodic theorem for the
almost orbits of asymptotically nonexpansive type semigroups without almost asymptotically
isometric.
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1 Introduction

In 1975, Baillon[1] proved the first nonlinear ergodic theorem for nonexpensive mappings in the framework
of a Hilbert space: let 7" be a nonexpensive mapping of C' into itself and suppose that the set F' (T") of all
fixed points of 7" is nonempty. Then the cesaro means

n—1
1 .
Sy (z) = - E T'x
=0

converges weakly as n — oo to a fixed point of T for each x € C. Similarly results were also obtained in
uniformly convex Banach space with Frechet differential norm[8,9]. The analogous results were given for
nonexpensive semigroups|2,3,4,6,7,10]. Li and Ma[5] proved the weak ergodic theorem for commutative
asymptotically almost nonexpensive type semigroups in reflexive Banach space. In our paper, we study
weak ergodic theorems of general asymptotically nonexpensive type semigroups in reflexive Banach space.

2 Preliminaries

Throughout this paper, we assume that X is a real reflexive Banach space and G is a general semigroup with
unit element. Let C' be a nonempty closed convex subset of X. Let X* be dual space of X. Then the value
of * € X* atx € X will be denoted by (z, z*), and the normalized duality mapping will be defined by

J(2) = {o" € X", (@,2") = o> = a"]”}

We say that X is (F') if the norm of X is Frechet differential, i.e. for each x € X\ {0}, %in% W&M

exists uniformly in y € B,, where B, = {z € X, ||z| < r}, r > 0. Itis easy to see that X is (F) if and

2 2
llz+ty|” ||
2t

only if for any B, and z € X, %in% = (y,J (x)), uniformly in y € B,.

Let m (G) be the Banach space of all bounded real-valued functions on G with the supremum norm.
Then for each s € G and f € m (G), we define rs f and I f in m (G) by (rsf) (t) = f (ts) and (Isf) (t) =
f (st) for all t € G respectively.
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Let D be a subspace of m (G) including constant functions and D* be dual space of it. Then the
value of € D* at f € D will be denoted by 1 (f) = [ f (¢ )or u(t)(f(t)). pis called a mean
on D if ||u|| = u (1) = 1. Further, a mean x on D is left 1nvar1ant if p(lsf) = p(f) foralls € G
and f € D. For s € G, similarly, we can define right invariant mean. A mean p is invariant if g is
right and left invariant. Since X is reflexive, there exists unique Uu e X such that for all p € D* and
z* € X* (uy,z*) = [(u(t),z*)du(t). We denote (¢ or [u(t)du(t) by u,. Specially, if
u(t) = T (t) z, we denote u,, by T),x.

Throughout this paper, we assume that m (G) has invariant mean. Let S = {T'(¢) ;¢ € G} be a semi-
group of nonlinear mappings on C, i.e. T (ts)xz =T (t) T (s) z forall t,s € G and z € C. Then S is said
to be
(Dnonexpansive if | T (t)x — T (t) y|| < ||z — y|| forz,y € C and t € G;

(2) asymptotically nonexpensive if there exists a function K : G — [0, 00) with inf sup K (ts) < 1 such

s€G e
that | T (t)x — T (¢) y|| < K (t) ||x — y|| forall 2,y € C and t € G;

(3) asymptotically nonexpensive type if there exists a function a (-) : G — [0, +00) with in(f; sup a (ts) =0
s€G e
such that |7 (t)z — T (s) y|| < ||z — y|| + a(t) forall z,y € C'and t € G.
A function u () : G — C'is said to be an almost orbit of S, if inf sup[sup ||u (hts) — T (k) u (ts)||] =
s€G teG heG
0. We denote by ¢ (t) = sup ||u (ht) — T (h) u (t)||, then inf sup ¢ (ts) = 0.
heaG s€G teq

Let T" be the set of strictly increasing continuous convex functions f (0) = 0 with f : [0, +00) —

[0,400). S is said to be of type (I') if there exists 7 € I' and a function ¢; (-) : G — [0, +00) with

1nf sup ¢1 (ts) = 0 such that
Gieq

n
,7 <
=1

Z )\iT (t) Xr; — T (t) i )\11‘%
i=1

>_1g3x {lzi = )l = IT () 2 = T O 2511} + 01 (1)

n
forallt e G,z; e C(1<i<n)and \; >0,> N\, = 1.
i=1
Remark 1 By Bruck[2,Theorem2.1], we know if X is a uniformly convex Banach space , then Lipschitzian
semigroup is type (T').
We denote by 3 (t) = max{« (t),¢1(t)}, then 3 (¢t) > 0 and 1nf sup 3 (ts) = 0, by F (.S) the set of

G e
common fixed points of S, by AO (S) the set of all almost-orbits of S,letd = 2sup {||z||;z € C}, and

LAO(S) = {T (h)u(-): h € G,u(") € AO (S)}.

3 Lemmas and Main Results

Lemma 2 Let X is (F), then ﬂG@{u (ts);t € G} N F(S) consists of at most one point. Specially, for
se

any x € C, then ﬂG@{T (ts)x;t € G} N F (S) consists of at most one point.
se

Proof. We firstly prove that forall A € (0,1), f,g € F (5)

inf sup X (1) + (1= ) £ = gl < sup inf [Aus(t5) + (1= \) f — g]
G e seG teG@

Since =1 (0) = 0 and ! is continuous, then for anye > 0, there exists § € (0, %) such that

~1(56) < = (1)
3
For such an 9, by definitions of ¢ and (3, there exists sg, tg € G such that, for all ¢t € G,
@ (tso) <4 [(tto) <9 2)
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By Eq.(2), for all @ € GG, we have

inf sup ||u (tsso) — f|| < sup ||u (ttpaso) — f]]
s€G e te@

< Sup Hu (ttoasg) — T (tto) u (aso)|| + sup T (tto) u (aso) — f||
cG S
< ¢ (aso) + féleﬂ(tto) + |lu (aso) — f|

<5+ 08+ |lu(aso) — fl
=20+ [lu(aso) = f]

Since a € G is arbitrary, it is then easily seen that

inf sup ||u (tssg) — f|| < 20 + inf ||u(asg) — f]|
s€G e acG

Then there is s; € G such that, for all ¢t € G,
|u(ts1s0) — fIl < 30 + inf |lu(aso) — f|| 3)
aeG
By Eq.(1,2,3), for all @ € GG, we have

inf Sup IAu(ts) + (1= X) f — g

< ?up ||>\U (ttoasiso) + (1 = A) f — 4|

< Ap(as150) + Sup IAT (tto) u (asiso) + (L = X) f =T (tto) (Au(asiso) + (1 — A)) f]|

+sup T (tto) (AU (a81so) (L=XN)f) -4l

<d+ iéléw_l (I[u (as1s0) = fI| = [IT (tto) u (as1s0) — fI| + B (tto))

+ [ Au(asiso) + (1= A) f — gl + §ggﬂ (tto)

<25+ féle’y’l (llu(asiso) = fIl = [lu (ttoasiso) — fI + ¢ (asis0) + B (tto))

+ [|Au (asis0) + (1 = A) f — g

<20+t <35 + inf [lu(aso) — fIl = inf Jlu (ts0) — fIl + 25) + [ Au(asiso) + (1= A) f =gl

<25+ 471 (58) + ||\ (as180) + (1 — )f gll
< e+ |[Au(asiso) + (1= X) f— ¢

Since a € G is arbitrary, we have

inf sup || Au(ts) + (1 = N) f —g|l < e+ inf || Au(asiso) + (1 = A) f —g||
s€G @ aceG

<z—:+sup1nf [Au(ts) + (1= X)) f —gl|
seGle

Since ¢ is arbitrary, we have

inf sup [ u () + (1 = X) f — gl < sup i [Au (1) + (1~ ) f ~ g1 @
GteGq seG1eG

Let

h(\) = 1nf sup||)\u(ts) 1-=XNf—ygll Vf,ge n co{u(ts);te G}NF(S)
Gteq seG

For any € > 0, then there is so € G such that
IAu(tse) +(1=XN)f—gl|l<h(N\)+e VteqG
and hence

Au(tsr) + (1 =A)f =g, J(f=g) <N +e)lf —gl VteG
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From f € ¢o{u (ts2);t € G}, we have

AM+A=Nf=g9J(f—g) < (N +e)lf =gl

ie.
If =gl <h(A)+e
Since ¢ is arbitrary , we have

If =gl <h(N) )
Since X is (F'), then

tim (20)7 (| (ts) + (1= X) £ =gl = |F = gI) = (u(ts) = £.7 (F = 9))

uniformly for ¢, s € G.
By Eq.(4.5),

iggtigg (u(ts) = f,J(f—9)) =0 (6)

For any € > 0, then there is s3 € G such that (u (ts3) — f,J (f —g)) > —eforallt € G.
From g € o {u (ts3);t € G}, then

(g—f,J(f—9) = —¢

ie.
2
If=gl”<e
Since ¢ is arbitrary, we have f = g.

From X is (F), then

SQG@{U (ts);t € GYNF(S)

consists of at most one point.
In order to convenience, foe any ¢ € (0,1] and h € G, let F. (T (h)) = {z € C;||T (h)x — z| < e},
leta(e) = Spmin{§,ev(5)},G. = {he G;B(h) <e},R=2d+1.

Lemma 3 <F5/4 (T (h)) + B (O, 3)) NC C F(T (h) foralle > 0and h € Ge),

Proof. For any h € Gg/4 and x € (Fg/4 (T (h)) + B (O, i)) N C, we assume that x = y + z, where

(TS F5/4 (T'(h)),z€ B (0,5/4),

and hence
1T (h)x — x| < (T (h)x =T (h)yl| + T (h)y — yll + [y — |l
<2|z—yl+BMR)+IT(h)y—yll<e

ie.x € F. (T (h)) Vhe G5/4, we have

(F5/4 (T (h)) + B (o, Z)) NCCR(T(h) VheGe,.

[ |
The following lemma is very important in our proof of main result:

Lemma 4 Foranye € (0,1) and h € Ga(a(e)), there exists large enough ng € 7" such that

%ZT(hi)x € F.(T(h)) ¥n>np,aeC.
=1
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Proof. For any ¢ € (0,1], let m = [%} + 1, then there exists large enough ng € Z™ such that ng >

—1
max { 8md (7 (a(a)> 6) 16m2d} for all n > ng and h € Gy(q(c)), and let

N = [(v (a;e)»_l (m2d+m2nﬁ(h))] (< g) :

, ( D SN SN IES SEATA )
=1 j=1
S s I e e ey
< — <HT(h)i+j$ B T(h)’*ka _ HT By g T(h)i-i-k—i-le +ﬁ(h)>
1<j<k<m

LSS (R - T () & i T (h) 2

),(i:1,2,---,n).

We have - -
i:l =1 1<]<k<m
1<j<k<mi=1
< Y (d+nB(h) <m2d+m?ng(h)
1<j<k<m

We assume that the number of terms is K such that a; (z) > v (2 'a (¢)) in {a;};_,, then K~ (27 'a (¢)) <
m?d+m*np (h).ie. K < (y(27a (5)))71 (m?d + m?nf3 (h)) i.e. the number of terms is no more than
N such that a; (z) > v (27 a (¢)). For any 4, there is at most one term such that , for j € [0, N],a;}; (z) <
v (27'a(g)) in {ai+; (#)0 < j < N}.Letl; = min {j;a;4; (z) <7 (27'a(e))} 0 < j < N, then easily
seen that the number of terms no more than N such that [; # 0, hence

LR T =T () & 3T ()

Jj=1 j=1
S l & l 1 o, il 441 m il
=1 7=1 j=1 5=1
<2+ <a(e)

Then % ]; T (h)i+li+j T € Fa(g) (T'(h)),Vh € Ga(a(s)).
By lemma 3, we have

I~ 1 & it
E Z E ZT (h) Hitg x e COFa(E) (T (h)) C Fi (T (h)) ,Vh € Ga(a(e)) C Ga(a)
=1 J=1

Iy T -2y LS T g < LS IS T () e 3 T (W)
i=1 =1 j=1 J=1lli=1 =1

< L SIS TW e TH) e+ 2SS T ) e S TRtz <may Mg

7=1lli=1 =1 7=1[li=1 =1
2

< &4 mBh)d m2d®> ey e 4 e €

Sgt ~(1a(=)) + F(Ta@) = 8 +t1tie =1
1 'n T (h)'z e F5/4 (T'(h))+ B O,Z NC C F.(T(h)) Yh e Gype),z€C
n =1
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Lemma 5 Let p be a invariant mean, then T,z € DGE{T (ts)x;t € G} N F(9).
se

Furthermore , if i and v are invariant means and X is (F), then T,z = T, .

Proof. Since /. is a invariant mean, then T,z = . (t) (T (ts) x) € co{T (ts) x;t € G} forall s € G, hence
T,z € OGE{T (ts)x;t € G}. We prove that T),x € F (.5).
s€

By lemma 4, for any € > 0 and i € G (4(a(¢))) there is large enough n € Z7 such that
1< . 1 < ;
— T (h)'T(t F, T (h Vte G . e — T (h't F, T (h)) WVt .
n; (h)'T (t)x €Fye) (T (h)) €G,xeC. e n; (h't)x € Fye) (T (h)) VteG

We have , for all h € Go4(a(e))) (C Ga(e))

Tyw = u () (T () ) = (1) <i ST (ki) x> € @F, ) (T () C F. (T ().
=1

Forall s € G, since T (s) is continuous ,then , for any £ > 0, there exists €9 € (0, 5) such that
€
T (s)y —T (s) Tpx|| < 3 Vy € B(T,x,e0) .

By definition of 3 (-), there is sop € G such that hsg € G y(q(a(ey))) forall h € G.
We have T,z € F, (T (hso)) forall h € G. i.e.

1T (hso) Tyx — Tyx|| < eo
For all s € G,we have ||T' (shso) Tz — T (s) T,z|| < 5 , then
€
T (s) Tpx — Tux|| < ||T (s) Tux — T (shso) Tux|| + ||T (shso) Tux — Tux|| < 5 teo<e

Since ¢ is arbitrary, we have T,z = T (s) T),x.
Since s is arbitrary , we have T,z € F' (S5).
Hence
T,x € SQGE{T (ts)x;t € GENF(S).

If X is (F'), u and v are invariant means, by lemma 2, we have Tyr=T,r. m
Before we give our main results, we firstly give the following definition:

Definition 1 Ler {p1n; o € A} be a family means where A is a directed set on D . We call {jo; o« € A} be
asymptotically invariant ,if o, (f) — pra (Isf) = 0, po (f) — pta (rsf) — Oforall f € D and s € G.

Theorem 6 Let X is a real reflexive Banach space and X is (F'), and let G be a general semigroup, and
let C be a nonempty bounded and closed convex subset of X, and let S = {T (t) ;t € G} be asymptotically
nonexpansive type semigroup and be (I') on C, and let D be an invariant subspace of m (G) including
constant functions, for all asymptotically invariant mean {pq; o € A} of D, then

/ T (t) xdpug (t) —p € F(S).

Proof. Let I be a set of all weak limit points of net { [ T (t) zdpq (t) : @ € A}. Since C is bounded, W
is nonempty.

Suppose z € W, then there is a subset of { [T (t) zdpia, (t) ; 3 € B} where B is a directed set such that
J T (t) xdpay, (t) — 2. And from {pq, 538 € B} be bounded, then it has w* convergent subset.Without

loss of generality, we assume that the w* convergent subset is { Hag; B € B}, we have fiq, B w € D*, then
L 1s a mean.
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For all f € D, we have
i () = L) < | (f) = oy (D] + ey () = tay U )| + ey (Isf) = (s f)] — 0

hence o (f) = i (I f) .
Similarly, p (f) = p(rsf),Vs € G, then p is invariant.

From
/T (t) xdpia, (1) — Ty,

then z = T,,x € F (S). By lemma 5, W consists of one point. We have [ T (t) zdu, (t) —— p € F(S). m
By Zhang [11, Theorem 2.1], we gain weak ergodic theorem of almost orbits.

Theorem 7 Let X is a real reflexive Banach space and X is (F'), and let G be a general semigroup, and
let C' be a nonempty bounded and closed convex subset of X, and let S = {T (t) ;t € G} be asymptotically
nonexpansive type semigroup and be (I') on C, and let D be an invariant subspace of m (G) including
constant functions,f or any x € C, and let f (t) = ||u(t) — x 2teq f (+) € D, for all asymptotically
invariant mean {jio; o € A} of D, then

/U(t)dua (1) pe F(S).
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