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Abstract: This paper studies the synchronization of a general complex dynamical network with
non-delayed and delayed coupling. What is more, the coupling matrix is not necessary sym-
metric or irreducible. Adaptive controllers have been designed to make the dynamical network
synchronize. Analytical results show that the states of the dynamical network with non-delayed
and delayed coupling can globally asymptotically synchronize onto a desired orbit under the
designed controllers. A numerical example is given to demonstrate the validity of the proposed
method, in which the famous Lii system is chosen as the node of the network.
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1 Introduction

One of the interesting and significant phenomena in complex dynamic networks is the synchronization of all
dynamic nodes. Network synchronization has many applications in various fields such as the synchronous
information exchange in the internet and the synchronous transfer of digital or analog signals in the commu-
nication networks [1-3]. Synchronization problem of complex networks has been extensively investigated
during the past two decades [4-19]. In these researches above, most of the authors use the method of adding
controllers to all the nodes to make the complex networks get synchronization. This method is valid for
almost all complex networks including random, regular, small-world, and scale-free structure. Especial, Li
et al. introduced a linear state feedback controller to synchronize a complex network to a desired orbit [15];
Li and Chen showed several robust adaptive controllers for complex dynamical network with unknown but
bounded nonlinear couplings [17]; Zhou et al. investigated adaptive synchronization of uncertain complex
dynamical networks [20].

It is noticed that most of the studies on synchronization of dynamical network have been performed
under some implicit assumptions that there exists the information communication of nodes via the edges
only at time ¢[4,8-10,16] or at time ¢ — 7[6,7,10,12-14]. However, in many circumstances, this simplification
does not match satisfactorily the peculiarities of real networks: there exists the information communication
of nodes not only at time ¢ but also at time ¢t — 7. In effect, this phenomenon exists commonly in our real
world, for example, in the stock market, decision-making of single trader is influenced by that of others at
time t as well as at time ¢ — 7.Whereas the synchronization of both delay-coupled and non-delay coupled
complex dynamical network have almost been ignored in the literatures.

Motivated by the above discussions, in this letter, we will investigate the synchronization of the networks
with both delayed and non-delayed coupling. A simple controller is designed to make the nodes of network
synchronized. Our network model contains the previous network model with only non-delayed coupling or
only delayed coupling as a special case. In particular, the coupling matrix is not necessary symmetric or
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irreducible. In this paper, adaptive method is employed to realize the synchronization of complex network
and efficient controller is designed which ensures the states of each node to reach the desired manifold.
Numerical examples are also provided to demonstrate the effectiveness of the theory.

The rest of the Letter is organized as following. The network model is introduced and some necessary
lemmas, hypotheses are given in Sec. 2. The synchronization of the complex networks with non-delayed
and delayed coupling is discussed in Sec. 3. Examples and their simulations are obtained in Sec. 4. Finally,
the Letter is concluded in Sec. 5.

2 Model and preliminaries

Now we consider the dynamical complex networks consisting of /N identical nodes that are n-dimensional
dynamical units. The model with non-delayed and delayed coupling can be described as

N N
& (t) = G (t) + b (2 (t) 1) + ¢ Y _agTa; () + e byTzj(t—7), i=12...,N, (21
j=1 j=1
where x; (t) = (21 (), zi2 (), ..., Tin (t))T € R™ is the state vector of node i, Gx; is the linear part

of the node dynamical with G € R"™ and h :  x RT — R™ is a continuously differential nonlinear
function, c is the coupling strength, 7 > 0 is the coupled delay, A = (a;;), B = (b;;) € RV* are the
coupling matrices with zero-sum rows, which represent the coupling strength and the underlying topology
for non-delayed configuration and delayed one at time ¢ respectively, a;; > 0, b;; > 0 for i # j, a;j, b;;
are defined as follows: if there is a connection from node j to node ¢ (i # j), a;; > 0, b;; > 0, otherwise
a;j =0, by =0(i#j)fori,j=1,2,...,N,andI" € R"*™ is a positive definite diagonal matrix which
describes the individual couplings between node ¢ and node j.
Since G is a given constant matrix, then there exists a nonnegative constant /3 satisfying ||G||, < .
Let C([—7,0], R™) be the Banach space of continuous functions mapping the interval [—, 0] into R"
with the norm ||¢|| = sup ||¢(#)]|. For the functional differential equation (2.1), its initial conditions are
—7<0<0
given by x;(t) = ¢;(t) € C([—7,0], R™). We always assume that (2.1) has a unique solution with respect
to initial conditions.
Our goal is to design the adaptive controller u; () to synchronize the network (2.1) onto a given evolution
s(t), i.e.,
lim |lz;(t) —s(t)||=0, ¢=1,2,...,N,
t—o0

where s (t) is a synchronous solution of the network (2.1).

In the letter, we have the following hypothesis:

Hypothesis 1 (H1): Suppose that h(z;(t),t)is Lipschitz continuous. That is, there exists a Lipschitz
constant y satisfying ||h (z; () ,t) — h (s,t)|ly < pllesly for 1 <@ < N.

3 Adaptive global synchronization with delayed and non-delayed coupling

In order to achieve the global synchronization, we introduce adaptive control strategy to nodes in the network
(2.1). Then the controlled network is given by

N N
& (t) = Ga; (£) +h (2 (), 1)+ e Y _agla; () +e Y byl (t—7)+u; (t), i=1,2,...,N, 3.1)
j=1 j=1
where
ui (t) = —pi () (s (1) =5 (1)) (i = 1,2,...,N,) (3.2)

are the adaptive controllers, p; (t)are time-delaying gains. To guarantee negative feedback, the adaptive
gains are designed as:

pi () =qi (i (t) —s ()" (zi(t) —s(t), i=1,2...,N, (3.3)
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where ¢; is a positive constant to be determined.
Define
ei(t)=x;(t) —s(t),ei(t—7)=a;(t—7)—s(t—7).

Then we have the following dynamical error equations:

N N
é; (t) = Ge; (t) +h (1'1 (t) ,t) —h (8, t) + CZ aijl“ej (t) + CZ bijl“ej (t - T) -+ U (t) (3.4)
p =1

It is obvious that the stability of the synchronous solution z; (¢) of the network (3.1) is equivalent to the
stability of the errors e; (¢) forall : = 1,2, ..., N about its zero solution. And we have the following result.

Theorem 1 The complex dynamical network (3.1) globally asymptotically synchronizes with the desired
evolution s (t) under the adaptive controllers (3.2) and the adaptive gains (3.3), where p; (0) and g; are
arbitrary positive constants.

Proof. Selecting a lyapunov-Krasovskii function as

t—1

N N
Vi =32 00+ 5> P S [ 67 Qs (e (s))ds

=1 =1 7j=1

2

where p is a positive constant to be determined.
Differentiating the function V' (¢)by using the inequality 227y < 27 Qz + y” Q~'y([7]), we have

al G+GT al al
V(t)=> e (1) i () + (@i (), 8) = h(st) + ¢ ayTe; (t) +¢> biTej (t—7)

=1 =1 =1
N N J J

= piel (M ei(t)+ > (i —p) lles (1)]° + Z { ej (1)) Qjej (1) — (e (t—7))" Q; (e; (t— 7))
i=1 i=1
N N N N N

<Y BHn—pel Wet)+cY Y el (aiTe;(t)+cd> > el (t)byTe;(t—7)
=1 i=1 j=1 i=1 j=1
N N J J

+ Z (ej (1)) Qje; (1) — Z (ej (¢t — T))T Qjej (t—7)
=1 =1
N N N

<Y (B+p—pe] (t)ej () +cd el (1)yA%; 1)+ ef (t)y;Be; (t—7)
i=1 j=1 Jj=1
N N

‘1‘2(63 (1) Qje; (t) _Z(ej (t—7))" Qjej (t—7)
j=1 j=1
al I cyi A cy; B

=3 (0.6 ¢-7) A AR il [N

where ' = diag {y1,72, -, N }> 25 (8) = (41 (1), 252 (£) 5 - -, jm ()7
From the Schur complements([21]),

[(ﬁJrM—P)INJerJrC’YjAS éC'YjB]<O
| BT
acB —Qj

is equivalent to

(B+p—p)In+Qj+cy; A + (4) BTQ;7'B <.
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Taking suitable positive parameters p, c, 7;, Q; such that

2
e
(B+p—p)In+Qj+cy; A% + (ZJ)BTQ;lB <0.
So we have V (t) < 0. From Lemma 1, we know the systems (3.1) is globally asymptotically synchro-
nizes with the desired evolution s (¢) under the adaptive controllers (3.2) and the adaptive gains (3.3). This
completes the proof of the theorem. m

4 Numerical results

In this section, a simple example is to explain the effectiveness of the proposed network synchronization
criteria. We assume that the controlled network (3.1) consists of three identical Lii systems. Here, a single
Lii circuit, as the desired orbit, is described by

$1=r1(s2—51), &2 =r3sy— 5153, S3= —T2S3+ 5152,

where r1 =36, 1o =3, r3=20.
The node dynamics is then given by

—T1 0 0 Tl 0 3 3
T; (t) = 0 rg 0 Tio |+ | —xiaxiz | +c Z aijI‘xj (t)—l—CZ b,-jF:nj (t — 7') — Di (t) €; (t)
0 0 7o ;3 Ti1Ti2 j=1 j=1

3 3
=Gx; (t) +h (I‘Z (t) ,t) +c Z aijl“xj (t) +c Z bijFa:j (t — ’7') — Di (t) €; (t)
j=1 j=1
and
pi(t) = qille: (W)]°, i=1,2,3.
Obviously, 5 = |G|, ~ 52.9843, and

0 0
h (:EZ (t) ,t) —h (S, t) = —X;1%43 + S153 = —X;3€41 — S1€43 s 1= 1, 2, 3.
Ti1Ti2 — 5182 Ti2€41 + 51€42
It is well known that Lii attractor is bounded. Here we suppose that all nodes are running in the given

bounded region. Our theoretical and numerical analyses show that there exist constants My = 25, My =
30 and M3 = 45satisfying ||z;;]| , ||s;|| < Mjfor1 <i < 3and1 < j < 3([22,23]). Thus one gets

1B (s (8),6) = (s, D)l < 1/ (—zisen — sre)? + (znen + s1em)?
< \J2ME 4 M+ M e (1)
~ 64.6142 ||e; (1)

Let 8 = 64.6142. The coupling matrix is

-1 1/2 1/2 ~1 1/4 3/4
A=|1/3 -1 2/3|, B=|1/2 -1 1/2
2/3 1/3 -1 1/3 2/3 —1

We take I' = diag {100, 100,100},c = 0.2, Q; = diag{0.1,0.2,0.3}, p; (0) = 1, ¢; = 100 and
sufficient large p such that

2
vy
(B+pn—p)In +Qj + ey A% + (ZJ)BTQfB <0,
Then we can clearly see that the coupled network with delayed and non-delayed coupling can globally
synchronize to the desired orbit, and the simulation results are plotted in Fig. 1.
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Figure 1: Synchronization errors e;1, €;2, €;30f network (3.1) with 7 = 0.5(i = 1, 2, 3)

Remark 1 It can be easily to verified that the dynamical network will globally asymptotically to the desired
evolution s (t) under the adaptive controllers (3.2) and the adaptive gains (3.3) when B = 0 or A = 0. That
is a special case of our network model (2.1).

5 Conclusion

The synchronization of a general dynamical network with non-delayed and delayed coupling is studied in
this paper. An adaptive controller has been designed to ensure the global asymptotical synchronization
with a desired orbit. By construction of Lyapunov-Krasovskii function, we obtain the analytical results that
global synchronization of the controlled networks can be achieved under the designed adaptive controllers.
The Lii system is chosen as the node of dynamical network in the numerical simulation, and the example
shows the effectiveness of our method.
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