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Abstract: This paper concerns the problem of the k-subdirect sum of two H-matrices. Some
sufficient conditions are given such that the k-subdirect sum of two H-matrices is an H -matrix.
Our main results generalize the one provided by Bru, Pedroche and Szyld [Subdirect sums of
M -matrices and of their inverse, Electron. J. Linear Algebra, 13,162-174(2005)]. Furthermore,
the subdirect sum of block strictly diagonally dominant (BSDD) matrices is also researched.
Examples are given to illustrate the theoretical results presented.
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1 Introduction

Subdirect sums of matrices are generalizations of the usual sum of matrices. They were introduced by Fallat
and Johnson [1], where many of their properties were analyzed. Foe example, they studied that the subdirect
sum of positive definite matrices, or of symmetric M -matrices, is a positive definite matrix or symmetric
M -matrix, respectively. Following, Bru, Pedroche and Szyld mainly studied sufficient conditions for the
subdirect sum of M -matrices to be an M-matrix. Afterwards, in [5] sufficient conditions are given so that
the subdirect sum of S-strictly diagonally dominant (S-SDD) matrices is an S-SDD matrix. The case of the
subdirect sum of strictly diagonally dominant (SDD) matrices is also treated.

In fact, S-SDD matrices and M -matrices are contained into the class of H-matrices. When differential
equations [11-14] are discreted, linear system Az = b can arise from many practical problems, where A is
often an M -matrix or an H-matrix. Properties of H-matrices were widely studied by many authors, e.g.,
see [2], [3] and [7]. We recall the definition and some results of H-matrices.

Given a matrix A = (a;;) € R™*", the comparison matrix of A, i(A) = [w;], is defined by

‘aij‘a ZZ]?
Qi = . .
Y { _|aij|7 i # J,

if u(A) is an M-matrix, then A is called an H-matrix.
If there exists a positive vector v = (v, ve, ..., v,) such that

|(17;7;|Ui > Z ‘aij"l)j, Z7] = 1)27 N
i#]
then A is called to be an H-matrix. The two definitions of H-matrix are equality. Every principal submatrix

of an H-matrix A is an H-matrix.
All through the paper, we denote e = [1,1,...,1]T and |A| = (|ai;])-
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In this paper, we will study the subdirect sum of H-matrices and present sufficient conditions to justify
that the k-subdirect sum of H-matrices belongs to the same class. Our main results extend the ones provided
by Bru, Pedroche and Szyld [4]. Additionally, we also consider the case of the subdirect sum of block strictly
diagonally dominant matrices. Examples are given to illustrate the theoretical results presented.

2 Subdirect sums of /-matrices

We begin to introduce the definition of subdirect sum of matrices. Suppose A and B are partitioned into
2 x 2 blocks as follows:

A A } x { B11 B2 ] x
A= € R"*", B= e R 1
|: Agl A22 B21 322 ( )

where Ago and Bj; are square matrices of order k, k is an integer such that 1 < k& < min(n, m). Following
[1], we call the following square matrix of order N =n +m — k,

A Ar 0
H=| Ay A+ Bi1 B )
0 Bay Bas

the k-subdirect sum of A and B and we denote itby H = A @, B.

As is well known that subdirect sum of two M -matrices, A @, B, may not be an M -matrix when k=1.
Correspondingly, it does not necessarily hold even for the more simpler H-matrices. The following example
can illustrate it.

Example 2.1 Given two H-matrices

4 1 -1 1 0 0
A= -1 3 1 B =
0.4 1 0.7
i 1 1 —1_ _0.5 03 1 ]
However,
4 1 -1 0 0
-1 3 1 0 0
H=A® B= 1 1 0 0 0
0O 0 04 1 07
0 0 05 03 1

is not an H-matrix.
We begin with discussing the first result of the subdirect sum of H-matrices when k = 1.

Theorem 2.1 Let the block matrix

Hy1 Hip O
H= | hor ho hos |,
0 Hs Hss

where H11 and Hss are square matrices of order n — 1 and m — 1, respectively, and with hoo a number.
Then H is an H-matrix if and only if hos may be written as hos = aoge + b1y so that

Hyy Hia bir  hos }
A = B =
[ ho1  ase ] ’ [ Hss Hss

are both H-matrices.
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Proof. First suppose H is an H-matrix, then there exists a positive diagonal matrix D =diag(D;, d, D3)
where D1 € R("=D*(=1) and D, € RM~1)*(m=1) are diagonal matrices, such that H D is an SDD matrix,
that is,
Hi1Dy Hiad 0
HD = | ho1Dy  hoad hosDy |,
0 H3aod  H33Do

since |hoa|d = |agz + b11|d > |ha1|D1e + |has|D2e, then there exists € > 0, such that
|CL22 + b11|d = |h21|D1€ + |h23|D2€ + €.

Let

1 15 1 15
— L b Dye + € — 2 (|hos|Dae + 2.
laga| d(|h21\ 1€ + 2), |b11] d(|h23| 2€ + 2)

Then
. [ Hy1Dy Hiod ] B — [ biid  hazDs }
ho1D1  aged |’ Hsod Hsz3Do

are two SDD matrices. Furthermore,

Hy1 Hyo Dy 0O bir  hos ] [d 0 ] "
A= — AD', B = — BD",
[ hor  ag } [ 0 d] [ Hsz Hss 0 Dy

where

! _ Dlo "o d 0
v= 0 al =105

Thus we obtain that A and B are two H-matrices. Conversely, suppose

Hy His b1y h23]
A= , B=
[ ho1  az ] [H32 Hss

are two H-matrices. By definition, H = A @ B is given by
Hi Hip 0
H=| ha ax+b1 he |,
0 Hsz,  Hss

with hos = ago + b1, the comparison matrix of H

p(Hi)  —|Hizl 0
w(H) = | —l|hai| a2 +0b11| —lhas| |,
0 —|Hsa|  p(Hss)

where p(Hp1) and p(Hss) denote the comparison matrices of Hi; and Hss, in view of the result of [1],
w(H) is an M-matrix, so H is an H-matrix. H

Nevertheless, subdirect sum of two H-matrices may not be an H-matrix when k£ > 2, the following
example illustrates it.

Example 2.2 Given two H-matrices

2 11 5 -9 1
Ao g_| 0 5 1
—1 5 0
1 9 5 | 11 2 |
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The matrix H = A @9 B is

2 1 1 0
110 -9 1
H=A®:B=| " ¢ 15 4
0 1 1 2

In fact

0.25 —0.06 —0.06 —0.06
-0.23 —-0.03 —-0.08 —-0.06
-0.26 —-0.08 —-0.03 —-0.06
—-0.26 —-0.06 —0.06 0.44

p(H) ™' ~

is not an M -matrix and therefore H is not an H-matrix.
Now we advance a sufficient condition to analyze the k-subdirect sums of two H-matrices when k& > 2.

Theorem 2.2 Let A € R™*™, B € R™*™ be two H-matrices, which are partitioned as in (1), k be an
integer such that 2 < k < min(n, m). There exist vi > 0 € R(=F)x1 40 > (0 € Rk, v >0¢€ Rkx1
and vl > 0 € R™F)X1 such that

{ p(Arn)vr — |Arzfva > 0, { p(Bi1)vy — |Biz|vy > 0, 3)
p(Ag2)vy — |Agi|ur >0, | p(Baz)vy — |Bar|uy > 0.
Let C = Ago + By be an H-matrix and

ve = p(C) 7Y (|Ag1|v1 + | Bia|vh +¢€),¥Y e > 0 € RF*L 4)

Then, if ve < vg, v < vi, the k-subdirect sum H = A @, B in (2) is an H-matrix.
Proof. We will show that there exists a positive vector v = (v1,vg, ..., vyN) such that

|his|vi > Z |hijlvj, i =1,2,...,N.
i#£]j
Note that from (3) we can get

{ pw(Air)vr — |Arz|ve > 0,
p(Ba2)vy — |Baz|vy > 0.

Obviously, comparison matrix of H

p(A) —|Al 0
Ao B)= | —[Aa1] w(C) —|Big
0  —|Bai| p(Ba)

Taking the positive vector V = [v1,v¢, vh]T it is a routine to show that p(A @y B)V > Oy and therefore
(A @ B) is an M-matrix and hence A @y, B is an H-matrix. Bl
Note that A, B are H-matrices and therefore the positive vectors (v1, v2) and (v}, vh) of (3) always exist.

Remark 2.1 When k = m = n(i.e.,we have a usual sum of matrices A and B) this theorem is useless.

Corollary 2.1 Let A and B be two H-matrices partitioned as in (1) and Ass + Bi1 be an H-matrix. If
Ao and By are zero matrices, then for all ¢ > 0 A &y, B is an H-matrix.

Corollary 2.2 Let A and B be two H-matrices partitioned as in (1) where Ay = 0. There exists posi-
tive vector V. = [v},vh]T where vj > 0 € R* and vy > 0 € R ®*1 such that u(B)V > 0. Let
Aoy + Byy be an H-matrix and v. = p(C)~Y(|Bia|vh + €), Ye > 0 € R Ifv. < o), then the k-
subdirect sum H = A ®y, B is an H-matrix.
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The following example [4, Example 2.5] can illustrate that Theorem 2.2 is more general than Theorem
2.3 of [4].

Example 2.3 ([4, Example 2.5]) The two H-matrices

5 ¢ —1/2 -1/3 1 -2 : -1/3
P P 0
-1 4 -2
-1 6 10 -2 —1/2 6 |
and positive vectors
1 2.5
1
Vi=| | | Ve= .
1 1

0.887

0.525 ] , With € =

satisfy u(A)Vy > 0, u(B)Va > 0. Computing vector v, from (4) we obtain v, ~ [

[ 1 ] . Then v, satisfies the conditions of Theorem 2.2. Therefore the 2-subdirect sum

5 —1/2 —-1/3 0
-1 5 -4 -1/3
-1 -9 19 0
0 -2 -1/2 6

H:A@QB:

is an M -matrix, i.e., is an H-matrix in accordance with Theorem 2.2. However, Theorem 2.3 of [4] can not
be sure whether the example is an M -matrix or not.

Example 2.4 The following nonnegative H-matrices

3 2 1 1 2 1/3
A— B—1| 3 9 0
1/2 2 3
1 I 4 ] 2 1/2 6 |
and positive vectors

1.8 2.5

v | v 1

1=1 o [» V2=

1] 1

. . . 1.349 .

satisfy u(A)Vi > 0, u(B)Va > 0. Computing vector v, from (4) we obtain v, ~ 0.556 | ° with € =

[ %gg ] . Then v, satisfies the conditions of Theorem 2.2. Therefore the 2-subdirect sum

3 2 1 0
1123 5 1/3
H=1"7 4 13 o
0 2 1/2 6

is a nonnegative H-matrix in accordance with Theorem 2.2.
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In the special case of A and B reducible H-matrices, the results of Theorem 2.2 are easy to be estab-
lished. Let

| A Agp nxn | Bi1 B2 mxm
A_[O A22]ER , B= 0 Ba eER ) 5)

with Ago and Byq are square matrices of order k.

Theorem 2.3 Let A and B be reducible H-matrices partitioned as in (5) and Ass + B11 be an H-matrix.
Then H = A &, B is a block upper triangular H-matrix.

Proof. It is well known that if every diagonal block of block upper triangular matrix H is an H-matrix,
then H is an H-matrix. Since A1y, Bos and Age + By are H-matrices, then H is a block upper triangular
H-matrix. B

In some applications, such as in domain decomposition [8], [9] and [10] matrices A and B partitioned
as in (1) arise with a common block, i.e., Ao = Bjy;. Bru, Pedroche and Szyld [4] introduced that it does
not ensure H = A @y, B to be an M -matrix when Ass = Bj;. Equivalently, the subdirect sum H = A@ B
given by two H-matrices partitioned as in (1) with a common block may not be an H-matrix.

Example 2.5 Given the H-matrices

4 : 3 3 7 1 : 1
A= B— 2 4 4
4 : 7 1
_0.5524_ _9226_
We have that the 2-subdirect sum
4 3 30
4 14 2 1
H=A&:B=\ 5 4 g4
0O 9 2 6

is not an H-matrix. In fact

732 282 1.15 2.14
~3.62 1.42 098 1.04

—1
p(H) —6.48 234 055 1.82
759 291 1.66 2.33

Q

is not nonnegative matrices.

Here, we continue to discuss that A and B to be principal submatrices of a given H-matrix H such that
they have a common block with all positive (or negative) diagonal entries.

Theorem 2.4 Let H be an H-matrix of order n + m — k, and let A and B be two overlapping princi-
pal submatrices of order k. Then the k-subdirect sum C = A @y B is an H-matrix.

Proof. Let
Hyy Hi2 His
H = | Hy Hy H3
Hsy Hzy Hsj

be an H-matrix with Hos square matrix of order k£ > 1, then there exists a positive diagonal matrix D =
diag(xp—gIn—k, Tk Ik, Tm—kIm—k) such that HD is an SDD matrix. Obviously,

Hyi Hip 0
C=A®r,B=| Ho1 2H2 Hos3
0  Hs» Hsz

IJNS homepage:http://www.nonlinearscience.org.uk/



56 International Journal of Nonlinear Science,Vol.8(2009),No.1,pp. 50-58

is an H-matrix. Indeed, we still set D = diag(z,—xLn—k, Tklp, Tm—tlm—r). B
We give the following example to illustrate the result of Theorem 2.4.

Example 2.6 Consider an H-matrix

1 : 03 —04 : 05
" 09 1.6 04 : 0.7
0.1 04 13 : 04

| 0.1 : =09 0.1 2

Taking D = diag(1,1,0.7,0.6), HD is an SDD matrix. The 2-subdirect sum

1 03 —-04 : 05
C—AmyB— 0.9 3.2 0.8 0.7
01 : 08 26 : 04

| 0.1 © —09 0.1 : 2 |

is an H-matrix according to Theorem 2.4. In fact, let D = diag(1,1,0.7,0.6), CD is an SDD matrix.

3 Subdirect sum of block strictly diagonally dominant matrices

Bru, Pedroche and Szyld [5] show that the k-subdirect sum of strictly diagonally dominant (SDD) matrices
is an SDD matrix. In this section, we consider the problem of the subdirect sums of block strictly diagonally
dominant (BSDD) matrices.

Let A= (A,) € RNN, B = (B,) € RV*N be partitioned as

(%] ]
An A o Ay Biw Biz -+ Bim
Aoy Agp o Ay By1 By -+ DBom
= . . .|, B= . . . (6)
Akl Ak? t Ak:k Bmi Bm2 -+ Bmm
Then its block comparison matrix p,(A) = (b;;) is defined by
b= { M50 =5
] — . .
! —I143ll, i # 3,
(here || - || is some multiplicative matrix norm with ||7||=1). Then we can reformulate the definition of block

diagonal dominance due to Varga and Feingold [6]. A is said to be block strictly diagonally dominant if its
block comparison matrix exists and p;(A) is strictly diagonally dominant. We continue to partition (6) as
follows

A= %11 %12 B= Ell BElQ 7 %)
Agl A22 B21 B22
where Agg and Ell are block square matrices of order k£ with corresponding partition. Then
N A:n N gl2~ 0
H =1 A Ay +Bn B ®)
0 B B
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is called the k-subdirect sum of block matrices with corresponding partition. Note that Mb(ﬁ ) € R33
Generally, the k-subdirect sum of BSDD matrices is not a BSDD matrix.

Example 3.1 The block matrices

1 0 : 1/4 5/8 2 -3 : 4 0
0 1 ¢ 1/20 29/40 32 1 0 4
A= .. , B= . . . .
-5/12 1/3 1 2 4 0 : 2 -3
| —-1/6 2/3 =2 1] L 0 4 : 3 2 |

are two BSDD matrices. However

1 o : 1/4 5/8 = 0 0

0 1 1/20 29/40 : 0 0

o | -5/12 13 3 ~1 4 0
-1/6 2/3 1 3 0 4

0 0 4 0 2 -3
.0 0o 0 4 3 2 ]

is not a BSDD matrix, since we have

1 78 0
w(H)=| —5/6 5/6 —4
0 -4 13/5

is not strictly diagonally dominant (using the co norm).
In the following we will present sufficient conditions to ensure that H=A @ B is a BSDD matrix.

Theorem 3.1 Let A = (A,,) € RN*N, B = (B,,) € RN*N be block strictly diagonally dominant
matrices partitioned as (7), let EQQ + En be nonsingular. If

1

T S oy-1
A N VS R ®
then H = A @ B in (8) is block strictly diagonally dominant.
Proof. Since 1;,(A) and pp(B) are strictly diagonally dominant, namely,
{ |45 17 > 1| A, { IBi 7" > [1Brol, (10)
1Az 171 > Azl | 1B2' 17" > [ Ba -
According to inequality (9), we obtain
(Ao + Bua) 7 2 1A+ B an

> || A21]| + || Baz2|l-

Finally, from (10) and (11), we conclude that H=A @y, B is block strictly diagonally dominant. Bl
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