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Abstract: This paper concerns the problem of the k-subdirect sum of two H-matrices. Some
sufficient conditions are given such that the k-subdirect sum of two H-matrices is an H-matrix.
Our main results generalize the one provided by Bru, Pedroche and Szyld [Subdirect sums of
M -matrices and of their inverse, Electron. J. Linear Algebra, 13,162-174(2005)]. Furthermore,
the subdirect sum of block strictly diagonally dominant (BSDD) matrices is also researched.
Examples are given to illustrate the theoretical results presented.
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1 Introduction

Subdirect sums of matrices are generalizations of the usual sum of matrices. They were introduced by Fallat
and Johnson [1], where many of their properties were analyzed. Foe example, they studied that the subdirect
sum of positive definite matrices, or of symmetric M -matrices, is a positive definite matrix or symmetric
M -matrix, respectively. Following, Bru, Pedroche and Szyld mainly studied sufficient conditions for the
subdirect sum of M -matrices to be an M -matrix. Afterwards, in [5] sufficient conditions are given so that
the subdirect sum of S-strictly diagonally dominant (S-SDD) matrices is an S-SDD matrix. The case of the
subdirect sum of strictly diagonally dominant (SDD) matrices is also treated.

In fact, S-SDD matrices and M -matrices are contained into the class of H-matrices. When differential
equations [11–14] are discreted, linear system Ax = b can arise from many practical problems, where A is
often an M -matrix or an H-matrix. Properties of H-matrices were widely studied by many authors, e.g.,
see [2], [3] and [7]. We recall the definition and some results of H-matrices.

Given a matrix A = (aij) ∈ Rn×n, the comparison matrix of A, µ(A) = [αij ], is defined by

αij =
{ |aij |, i = j,
−|aij |, i 6= j,

if µ(A) is an M -matrix, then A is called an H-matrix.
If there exists a positive vector v = (v1, v2, . . . , vn) such that

|aii|vi >
∑

i6=j

|aij |vj , i, j = 1, 2, . . . , n,

then A is called to be an H-matrix. The two definitions of H-matrix are equality. Every principal submatrix
of an H-matrix A is an H-matrix.

All through the paper, we denote e = [1, 1, . . . , 1]T and |A| = (|aij |).
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In this paper, we will study the subdirect sum of H-matrices and present sufficient conditions to justify
that the k-subdirect sum of H-matrices belongs to the same class. Our main results extend the ones provided
by Bru, Pedroche and Szyld [4]. Additionally, we also consider the case of the subdirect sum of block strictly
diagonally dominant matrices. Examples are given to illustrate the theoretical results presented.

2 Subdirect sums of H-matrices

We begin to introduce the definition of subdirect sum of matrices. Suppose A and B are partitioned into
2× 2 blocks as follows:

A =
[

A11 A12

A21 A22

]
∈ Rn×n, B =

[
B11 B12

B21 B22

]
∈ Rm×m, (1)

where A22 and B11 are square matrices of order k, k is an integer such that 1 ≤ k ≤ min(n,m). Following
[1], we call the following square matrix of order N = n + m− k,

H =




A11 A12 0
A21 A22 + B11 B12

0 B21 B22


 (2)

the k-subdirect sum of A and B and we denote it by H = A⊕k B.
As is well known that subdirect sum of two M -matrices, A⊕k B, may not be an M -matrix when k=1.

Correspondingly, it does not necessarily hold even for the more simpler H-matrices. The following example
can illustrate it.

Example 2.1 Given two H-matrices

A =




4 1
... −1

−1 3
... 1

· · · · · · · · · · · ·
1 1

... −1




, B =




1
... 0 0

· · · · · · · · · · · ·
0.4

... 1 0.7

0.5
... 0.3 1




.

However,

H = A⊕1 B =




4 1 −1 0 0
−1 3 1 0 0
1 1 0 0 0
0 0 0.4 1 0.7
0 0 0.5 0.3 1




is not an H-matrix.

We begin with discussing the first result of the subdirect sum of H-matrices when k = 1.

Theorem 2.1 Let the block matrix

H =




H11 H12 0
h21 h22 h23

0 H32 H33


 ,

where H11 and H33 are square matrices of order n − 1 and m − 1, respectively, and with h22 a number.
Then H is an H-matrix if and only if h22 may be written as h22 = a22 + b11 so that

A =
[

H11 H12

h21 a22

]
, B =

[
b11 h23

H32 H33

]

are both H-matrices.
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Proof. First suppose H is an H-matrix, then there exists a positive diagonal matrix D =diag(D1, d, D2)
where D1 ∈ R(n−1)×(n−1) and D2 ∈ R(m−1)×(m−1) are diagonal matrices, such that HD is an SDD matrix,
that is,

HD =




H11D1 H12d 0
h21D1 h22d h23D2

0 H32d H33D2


 ,

since |h22|d = |a22 + b11|d > |h21|D1e + |h23|D2e, then there exists ε > 0, such that

|a22 + b11|d = |h21|D1e + |h23|D2e + ε.

Let

|a22| = 1
d
(|h21|D1e +

ε

2
), |b11| = 1

d
(|h23|D2e +

ε

2
).

Then

A′ =
[

H11D1 H12d
h21D1 a22d

]
, B′ =

[
b11d h23D2

H32d H33D2

]

are two SDD matrices. Furthermore,

A′ =
[

H11 H12

h21 a22

] [
D1 0
0 d

]
= AD′, B′ =

[
b11 h23

H32 H33

] [
d 0
0 D2

]
= BD′′,

where

D′ =
[

D1 0
0 d

]
, D′′ =

[
d 0
0 D2

]
.

Thus we obtain that A and B are two H-matrices. Conversely, suppose

A =
[

H11 H12

h21 a22

]
, B =

[
b11 h23

H32 H33

]

are two H-matrices. By definition, H = A⊕1 B is given by

H =




H11 H12 0
h21 a22 + b11 h23

0 H32 H33


 ,

with h22 = a22 + b11, the comparison matrix of H

µ(H) =




µ(H11) −|H12| 0
−|h21| |a22 + b11| −|h23|

0 −|H32| µ(H33)


 ,

where µ(H11) and µ(H33) denote the comparison matrices of H11 and H33, in view of the result of [1],
µ(H) is an M -matrix, so H is an H-matrix. ¥

Nevertheless, subdirect sum of two H-matrices may not be an H-matrix when k ≥ 2, the following
example illustrates it.

Example 2.2 Given two H-matrices

A =




2
... 1 1

· · · · · · · · · · · ·
−1

... 5 0

1
... 9 5




, B =




5 −9
... 1

0 5
... 1

· · · · · · · · · · · ·
1 1

... 2




.
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The matrix H = A⊕2 B is

H = A⊕2 B =




2 1 1 0
−1 10 −9 1
1 9 10 1
0 1 1 2


 .

In fact

µ(H)−1 ≈




0.25 −0.06 −0.06 −0.06
−0.23 −0.03 −0.08 −0.06
−0.26 −0.08 −0.03 −0.06
−0.26 −0.06 −0.06 0.44




is not an M -matrix and therefore H is not an H-matrix.
Now we advance a sufficient condition to analyze the k-subdirect sums of two H-matrices when k ≥ 2.

Theorem 2.2 Let A ∈ Rn×n, B ∈ Rm×m be two H-matrices, which are partitioned as in (1), k be an
integer such that 2 ≤ k ≤ min(n,m). There exist v1 > 0 ∈ R(n−k)×1, v2 > 0 ∈ Rk×1, v′1 > 0 ∈ Rk×1

and v′2 > 0 ∈ R(m−k)×1 such that
{

µ(A11)v1 − |A12|v2 > 0,
µ(A22)v2 − |A21|v1 > 0,

{
µ(B11)v′1 − |B12|v′2 > 0,
µ(B22)v′2 − |B21|v′1 > 0.

(3)

Let C = A22 + B11 be an H-matrix and

vε = µ(C)−1(|A21|v1 + |B12|v′2 + ε),∀ ε > 0 ∈ Rk×1. (4)

Then, if vε ≤ v2, vε ≤ v′1, the k-subdirect sum H = A⊕k B in (2) is an H-matrix.

Proof. We will show that there exists a positive vector v = (v1, v2, . . . , vN ) such that

|hii|vi >
∑

i6=j

|hij |vj , i = 1, 2, . . . , N.

Note that from (3) we can get {
µ(A11)v1 − |A12|v2 > 0,
µ(B22)v′2 − |B21|v′1 > 0.

Obviously, comparison matrix of H

µ(A⊕k B) =




µ(A11) −|A12| 0
−|A21| µ(C) −|B12|

0 −|B21| µ(B22)


 .

Taking the positive vector V = [v1, vε, v
′
2]

T it is a routine to show that µ(A⊕k B)V > 0N×1 and therefore
µ(A⊕k B) is an M -matrix and hence A⊕k B is an H-matrix. ¥

Note that A,B are H-matrices and therefore the positive vectors (v1, v2) and (v′1, v
′
2) of (3) always exist.

Remark 2.1 When k = m = n(i.e.,we have a usual sum of matrices A and B) this theorem is useless.

Corollary 2.1 Let A and B be two H-matrices partitioned as in (1) and A22 + B11 be an H-matrix. If
A12 and B21 are zero matrices, then for all ε > 0 A⊕k B is an H-matrix.

Corollary 2.2 Let A and B be two H-matrices partitioned as in (1) where A21 = 0. There exists posi-
tive vector V = [v′1, v

′
2]

T where v′1 > 0 ∈ Rk×1 and v′2 > 0 ∈ R(m−k)×1 such that µ(B)V > 0. Let
A22 + B11 be an H-matrix and vε = µ(C)−1(|B12|v′2 + ε), ∀ε > 0 ∈ Rk×1. If vε ≤ v′1, then the k-
subdirect sum H = A⊕k B is an H-matrix.
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The following example [4, Example 2.5] can illustrate that Theorem 2.2 is more general than Theorem
2.3 of [4].

Example 2.3 ([4, Example 2.5]) The two H-matrices

A =




5
... −1/2 −1/3

· · · · · · · · · · · ·
−1

... 4 −2

−1
... −6 10




, B =




1 −2
... −1/3

−3 9
... 0

· · · · · · · · · · · ·
−2 −1/2

... 6




and positive vectors

V1 =




1
· · ·
1
1


 , V2 =




2.5
1
· · ·
1




satisfy µ(A)V1 > 0, µ(B)V2 > 0. Computing vector vε from (4) we obtain vε ≈
[

0.887
0.525

]
, with ε =

[
1
1

]
. Then vε satisfies the conditions of Theorem 2.2. Therefore the 2-subdirect sum

H = A⊕2 B =




5 −1/2 −1/3 0
−1 5 −4 −1/3
−1 −9 19 0
0 −2 −1/2 6




is an M -matrix, i.e., is an H-matrix in accordance with Theorem 2.2. However, Theorem 2.3 of [4] can not
be sure whether the example is an M -matrix or not.

Example 2.4 The following nonnegative H-matrices

A =




3
... 2 1

· · · · · · · · · · · ·
1/2

... 2 3

1
... 1 4




, B =




1 2
... 1/3

3 9
... 0

· · · · · · · · · · · ·
2 1/2

... 6




and positive vectors

V1 =




1.8
· · ·
2
1


 , V2 =




2.5
1
· · ·
1




satisfy µ(A)V1 > 0, µ(B)V2 > 0. Computing vector vε from (4) we obtain vε ≈
[

1.349
0.556

]
, with ε =

[
1/30
1/30

]
. Then vε satisfies the conditions of Theorem 2.2. Therefore the 2-subdirect sum

H =




3 2 1 0
1/2 3 5 1/3
1 4 13 0
0 2 1/2 6




is a nonnegative H-matrix in accordance with Theorem 2.2.
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In the special case of A and B reducible H-matrices, the results of Theorem 2.2 are easy to be estab-
lished. Let

A =
[

A11 A12

0 A22

]
∈ Rn×n, B =

[
B11 B12

0 B22

]
∈ Rm×m, (5)

with A22 and B11 are square matrices of order k.

Theorem 2.3 Let A and B be reducible H-matrices partitioned as in (5) and A22 + B11 be an H-matrix.
Then H = A⊕k B is a block upper triangular H-matrix.

Proof. It is well known that if every diagonal block of block upper triangular matrix H is an H-matrix,
then H is an H-matrix. Since A11, B22 and A22 + B11 are H-matrices, then H is a block upper triangular
H-matrix. ¥

In some applications, such as in domain decomposition [8], [9] and [10] matrices A and B partitioned
as in (1) arise with a common block, i.e., A22 = B11. Bru, Pedroche and Szyld [4] introduced that it does
not ensure H = A⊕k B to be an M -matrix when A22 = B11. Equivalently, the subdirect sum H = A⊕k B
given by two H-matrices partitioned as in (1) with a common block may not be an H-matrix.

Example 2.5 Given the H-matrices

A =




4
... 3 3

· · · · · · · · · · · ·
4

... 7 1

0.5
... 2 4




, B =




7 1
... 1

2 4
... 4

· · · · · · · · · · · ·
9 2

... 6




.

We have that the 2-subdirect sum

H = A⊕2 B =




4 3 3 0
4 14 2 1

0.5 4 8 4
0 9 2 6




is not an H-matrix. In fact

µ(H)−1 ≈




−7.32 2.82 1.15 2.14
−3.62 1.42 0.98 1.04
−6.48 2.34 0.55 1.82
−7.59 2.91 1.66 2.33




is not nonnegative matrices.

Here, we continue to discuss that A and B to be principal submatrices of a given H-matrix H such that
they have a common block with all positive (or negative) diagonal entries.

Theorem 2.4 Let H be an H-matrix of order n + m − k, and let A and B be two overlapping princi-
pal submatrices of order k. Then the k-subdirect sum C = A⊕k B is an H-matrix.

Proof. Let

H =




H11 H12 H13

H21 H22 H23

H31 H32 H33




be an H-matrix with H22 square matrix of order k ≥ 1, then there exists a positive diagonal matrix D =
diag(xn−kIn−k, xkIk, xm−kIm−k) such that HD is an SDD matrix. Obviously,

C = A⊕k B =




H11 H12 0
H21 2H22 H23

0 H32 H33



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is an H-matrix. Indeed, we still set D = diag(xn−kIn−k, xkIk, xm−kIm−k). ¥
We give the following example to illustrate the result of Theorem 2.4.

Example 2.6 Consider an H-matrix

H =




1
... 0.3 −0.4

... 0.5
· · · · · · · · · · · · · · · · · ·
0.9

... 1.6 0.4
... 0.7

0.1
... 0.4 1.3

... 0.4
· · · · · · · · · · · · · · · · · ·
−0.1

... −0.9 0.1
... 2




.

Taking D = diag(1, 1, 0.7, 0.6), HD is an SDD matrix. The 2-subdirect sum

C = A⊕2 B =




1
... 0.3 −0.4

... 0.5
· · · · · · · · · · · · · · · · · ·
0.9

... 3.2 0.8
... 0.7

0.1
... 0.8 2.6

... 0.4
· · · · · · · · · · · · · · · · · ·
−0.1

... −0.9 0.1
... 2




is an H-matrix according to Theorem 2.4. In fact, let D = diag(1, 1, 0.7, 0.6), CD is an SDD matrix.

3 Subdirect sum of block strictly diagonally dominant matrices

Bru, Pedroche and Szyld [5] show that the k-subdirect sum of strictly diagonally dominant (SDD) matrices
is an SDD matrix. In this section, we consider the problem of the subdirect sums of block strictly diagonally
dominant (BSDD) matrices.

Let A = (Aij ) ∈ RN×N , B = (Bij ) ∈ RN×N be partitioned as

A =




A11 A12 · · · A1k

A21 A22 · · · A2k
...

...
. . .

...
Ak1 Ak2 · · · Akk


 , B =




B11 B12 · · · B1m

B21 B22 · · · B2m
...

...
. . .

...
Bm1 Bm2 · · · Bmm


 . (6)

Then its block comparison matrix µb(A) = (bij) is defined by

bij =
{ ||A−1

ij ||−1, i = j,

−||Aij ||, i 6= j,

(here || · || is some multiplicative matrix norm with ||I||=1). Then we can reformulate the definition of block
diagonal dominance due to Varga and Feingold [6]. A is said to be block strictly diagonally dominant if its
block comparison matrix exists and µb(A) is strictly diagonally dominant. We continue to partition (6) as
follows

A =

[
Ã11 Ã12

Ã21 Ã22

]
, B =

[
B̃11 B̃12

B̃21 B̃22

]
, (7)

where Ã22 and B̃11 are block square matrices of order k with corresponding partition. Then

H̃ =




Ã11 Ã12 0
Ã21 Ã22 + B̃11 B̃12

0 B̃21 B̃22


 (8)
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is called the k-subdirect sum of block matrices with corresponding partition. Note that µb(H̃) ∈ R3×3

Generally, the k-subdirect sum of BSDD matrices is not a BSDD matrix.

Example 3.1 The block matrices

A =




1 0
... 1/4 5/8

0 1
... 1/20 29/40

· · · · · · · · · · · · · · ·
−5/12 1/3

... 1 2

−1/6 2/3
... −2 1




, B =




2 −3
... 4 0

3 2
... 0 4

· · · · · · · · · · · · · · ·
4 0

... 2 −3

0 4
... 3 2




are two BSDD matrices. However

H̃ =




1 0
... 1/4 5/8

... 0 0

0 1
... 1/20 29/40

... 0 0
. . . . . . . . . . . . . . . . . . . . . . . .

−5/12 1/3
... 3 −1

... 4 0

−1/6 2/3
... 1 3

... 0 4
. . . . . . . . . . . . . . . . . . . . . . . .

0 0
... 4 0

... 2 −3

0 0
... 0 4

... 3 2




is not a BSDD matrix, since we have

µb(H̃) =




1 −7/8 0
−5/6 5/6 −4

0 −4 13/5




is not strictly diagonally dominant (using the ∞ norm).

In the following we will present sufficient conditions to ensure that H̃ = A⊕k B is a BSDD matrix.

Theorem 3.1 Let A = (Aij ) ∈ RN×N , B = (Bij ) ∈ RN×N be block strictly diagonally dominant
matrices partitioned as (7), let Ã22 + B̃11 be nonsingular. If

‖(Ã22 + B̃11)−1‖ ≤ 1

‖Ã−1
22 ‖−1 + ‖B̃−1

11 ‖−1
, (9)

then H̃ = A⊕k B in (8) is block strictly diagonally dominant.

Proof. Since µb(A) and µb(B) are strictly diagonally dominant, namely,
{
‖Ã−1

11 ‖−1 > ‖Ã12‖,
‖Ã−1

22 ‖−1 > ‖Ã21‖,

{
‖B̃−1

11 ‖−1 > ‖B̃12‖,
‖B̃−1

22 ‖−1 > ‖B̃21‖.
(10)

According to inequality (9), we obtain

‖(Ã22 + B̃11)−1‖−1 ≥ ‖Ã−1
22 ‖−1 + ‖B̃−1

11 ‖−1

≥ ‖Ã21‖+ ‖B̃12‖.
(11)

Finally, from (10) and (11), we conclude that H̃ = A⊕k B is block strictly diagonally dominant. ¥

IJNS homepage:http://www.nonlinearscience.org.uk/



58 International Journal of Nonlinear Science,Vol.8(2009),No.1,pp. 50-58

Acknowledgements

This research was supported by the Scientific and Technological Key Project of the Chinese Education Min-
istry (107098), the PhD. Programs Fund of Chinese Universities (20070614001), the Project for Academic
Leader and Group of UESTC and Yunnan NSF Grant (2006A0082M).

References

[1] S.M. Fallat and C.R. Johnson: Sub-direct sums and positivity classes of matrices. Linear Algebra Appl.
288:149-173(1999)

[2] K. Fan: Topological proof for certain theorems on matrices with nonnegative elements. Monatsh. Math.
62:219-237(1958)

[3] A. Berman, R.J. Plemmons: Nonnegative Matrices in the Mathematical Sciences. SIAM Press:
Philadephia (1994)

[4] R. Bru, F. Pedroche and D.B. Szyld: Subdirect sums of nonsingular M -matrices and of their inverse.
Electron. J. Linear Algebra. 13:162-174(2005)

[5] R. Bru, F. Pedroche and D.B. Szyld: Subdirect sums of S-strictly diagonally dominant matrices. Elec-
tron. J. Linear Algebra. 15:201-209(2006)

[6] R.S. Varga and D.G. Feingold: Block diagonally dominant matrices and generalizations of the Ger-
schgorin circle theorem. Pacific J. Math. 12:1241-1250(1962)

[7] L. Cvetkovic: H-matrix theory vs. eigenvalue localization. Numer. Algorithm. 42:229-245(2006)

[8] Gene H. Golub and Charles F. Van Loan: Matrix Computations. The John Hopkins University
Press(1989)

[9] A. Toselli and O.B. Widlund: Domain Decomposition: Algorithms and Theory. Springer Series in
Computational Mathematics, vol.34. Springer, New York(2005)

[10] B.F. Smith, P.E. Bjørstad and W.D. Gropp: Domain decomposition: Parallel multilevel methods for
elliptic partial differential equations. Cambridge University Press:Cambridge(1996)

[11] L. Wang: Comparison Results for AOR Iterative Method with a New Preconditioner. International
Journal of Nonlinear Science. 2:16-28(2006)

[12] D. Ding, L. Tian: The study of solution of dissipative camassa-Holm equation on total space. Inter-
natinal Journal of Nonlinear Science. 1:37-42(2006)

[13] W. Zhang: A loop algebra and its corresponding (2+1)-dimensional integrable hierarchy. Internatinal
Journal of Nonlinear Science. 2:88-92(2006)

[14] L. Wang, J. Zhou, L. Ren: The exact solitary wave solutions for a family of BBM equation. Internatinal
Journal of Nonlinear Science. 1:58-64(2006)

IJNS email for contribution: editor@nonlinearscience.org.uk


