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Abstract: Based on the variation properties of continous functions, the variation properties of
recurrent Fractal Interpolation(rFIF) are studied.And the rank of the variation of the general
rFIF is estimated. Using the rank of the variation, the dimension theorem is proved without the
condition that the connection matrix is irreducible.
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1 Introduction

The fractal interpolation functions firstly proposed by Barnsley [1] not only open a new research field in the
approximation theory of functions but also are applied in computer graphics. The unsmoothed curve can be
described by the fractal interpolation functions due to the unique characteristic applied in unsmoothed-curve
fitting, such as coastline, fracture surface etc.A lot of work has been devoted to the study of the fractals and
the fractal interpolation functions, such as[1-8].

The paper first introduces the concept and properties of continuous function variation, and then investi-
gates variation of recurrent fractal interpolation function (rFIF), at last figures out the dimension theorem of
rFIF image based on the property of variation of rFIF.

Based on the investigation on continuous function variation [2-3], δ-variation has the properties as fol-
lows: where f, f1, f2 is continuous function for I and Vf,δ (I) is δ-variation of continuous function f.

Lemma 1 [3]: (1)Vc1f+c2,δ (I) = |c1| · Vf,δ (I), for random constant c1, c2.
(2)Vf1,δ (I)− Vf2,δ (I) ≤ Vf1+f2,δ (I) ≤ Vf1,δ (I) + Vf2,δ (I).

Lemma 2 [3]: (1) If f (t) is differentiable functions on I , then 0 ≤ Vf,δ (I) ≤ 2max
t∈I

|f ′ (t)| · |I| · δ.

(2) If f (t) is continuous function on I and L (t) = at + b, then

Vf◦L,δ (I) =
1
|a|Vf,|a|δ (L (I))

Lemma 3 [3]: If f (t) is continuous function on I , 0 = x0 < x1 < x2 · · · < xN = I and Ii = [xi−1, xi],

then
N∑

i=1
Vf,δ (Ii) ≤ Vf,δ (I) ≤

N∑
i=1

Vf,δ (Ii) + 2 (N − 1) · Vf (I) · δ.

Recurrent FIF is developed based on FIF whereas rFIF is more flexible than FIF. Set a = x0 < x1 <
x2 · · ·xN = b being partition in closed interval I=[ 0, 1 ] where N ≥ 2 and let y0, y1, y2, · · · , yN be random
real number. For any i = 1, 2, · · ·N , set Ii = [xi−1, xi], Di =

[
xl(i), xr(i)

]
, where l(i), r(i) ∈ {0, 1, · · ·N}

and xr(i) − xl(i) > xi − xi−1 and let Ki = Ii ×R, K = I ×R.
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Now define ωi: K → K is the following transformation:

ωi =
(

x
y

)
=

(
Li (x)
Fi (x, y)

)
(1)

where Li (x) = aix + bi,Fi (x, y) = diy + pi (x) ∈ Pr, pi (x) ∈ Pr|di| < 1, and let ωi satisfy(
x

l(i)
, y

l(i)

)
mapping to (xi−1, yi−1) and

(
x

r(i)
, y

r(i)

)
mapping to (xi,yi)( or

(
x

l(i)
, y

l(i)

)
mapping to

(xi,yi) and
(
x

r(i)
, y

r(i)

)
mapping to(xi−1, yi−1) respectively). Therefore, the incidence matrix C= (Cij)

is determined, where if Ij ⊂ Di, Cij=1 otherwise Cij=0.
Let H̃ = H (K1)×H (K2)×· · ·H (KN ) , where H (Ki) is a set composed by all non-vacuous subsets

of Ki. For ∀A = (A1, A2, · · · , AN ) ∈ H̃, define:

W




A1
...
AN


 .=




C11ω1 · · · C1Nω1
...

. . .
...

CN1ωN · · · CNNωN







A1
...
AN


 .=




⋃N
j=1 C1jω1 (Aj)

...⋃N
j=1 CNjωN (Aj)


 (2)

where for any i, j = 1, 2, · · ·N , set Cijωi (Aj) =
{

ωi (Aj) , if Cij = 1
∅, if Cij = 0

. Thus W is a mapping from

H̃ to H̃ . And for any continuous function f (t) defined on I , let Gi (f) = {(x, f (x)) |x ∈ Ii }. It can be
proved that there must be certain continuous function f to let (G1 (f) , G2 (f) · · ·GN (f)) be the fixed point
of W showed in (1) and (2) and f satisfies f (xi) = yi (i = 1, 2, · · ·N) which is named as rFIF determined
by {ωi, i = 1, 2, · · ·N}.

2 Analysis on variation

Recurrent FIF is a type of special continuous function and has properties of variation as follows:

Theorem 4 For i = 1, 2, · · ·N , let I (i) = {j : Cij > 0}, thus there exist αi > 0 and βi > 0 for 0 < ε < 1
so that |diai|

∑
j∈I(i)

Vf, δ
ai

(Ij)− αiδ ≤ Vf,δ (Ii) ≤ |diai|
∑

j∈I(i)

Vf, δ
ai

(Ij) + βiδ.

Proof. Since the sufficient and necessary condition for continuous function f being the fixed point of W is
f (t) = dif

(
L−1

i (t)
)

+ pi

(
L−1

i (t)
)

for anyt ∈ Ii, whereL−1
i (t) = t

ai
+ bi

ai
. Based on Lemma 1, 2 and 3,

the following formula can be derived:

|di|Vf◦L−1
i ,δ (Ii)− Vp◦L−1

i ,δ (Ii) ≤ Vf,δ (Ii) ≤ |di|Vf◦L−1
i ,δ (Ii) + Vp◦L−1

i ,δ (Ii) ≤ Vf,δ (Ii)

|di| aiVf, δ
ai

(Di)− Vp, δ
ai

(Di) ≤ Vf,δ (Ii) ≤ |di| aiVf, δ
ai

(Di) + Vp, δ
ai

(Di)

|di| aiVf, δ
ai

(Di)− 2max
∣∣p′i (t)

∣∣ · |Di| · δ ≤ Vf,δ (Ii) ≤ |di| aiVf, δ
ai

(Di) + 2 max
∣∣p′i (t)

∣∣ · |Di| · δ

|di| aiVf, δ
ai

(Di)− 2max
∣∣p′i (t)

∣∣ · |I| · δ ≤ Vf,δ (Ii) ≤ |di| aiVf, δ
ai

(Di) + 2 max
∣∣p′i (t)

∣∣ · |I| · δ

Therefore, |di| ai
∑

j∈I(i)

Vf, δ
ai

(Ij)− αi · δ ≤ Vf,δ (Ii) ≤ |di| ai
∑

j∈I(i)

Vf, δ
ai

(Ij) + βi · δ 3

There into αi = 2 max |p′i (t)| · |I| , βi = 2 max |p′i (t)| · |I|+ 2(N − 1)Vf (I).

Theorem 5 [9] For non-negative matrix Q = CS (1), set V being the corresponding directed graph of Q,
V i being the nontrivial strong connected branch of V and Qi being the sub-matrix of Q corresponding to
Vi and assume λi = ρ (Qi) > 1, thus lim

δ→0
Vf,δ (Ij) δ−1 = ∞,∀j = i (1) , i (2) , . . . , i (ti).

Theorem 6 Set f being the transformation {ωi, i = 1, 2, · · ·N} and incidence matrix C. Let S (d) be di-
agonal matrixdiag

{
|d1| · ad−1

1 , · · · |dN | · ad−1
N

}
. Set Q = CS (1) and V corresponding to directed graph

of Q with V i being the nontrivial strong connected branch of V . For i = 1, 2, · · · r, set CiQi and Si (d) is
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respectively corresponding to sub-matrix of CiQi and Si (d). If V i is nontrivial, there is B1, B2, C > 0 to

make B1

N∑
j=1

δ2−Dj ≤ Vf,δ (I) ≤ B2

N∑
j=1

δ2−Dj + C valid. (The concept of non-negative matrix, directed

graph and strong connected branch refers to [10])

Proof. (1) Suppose D > 1, let λ = ρ (Qu), so that λ = ρ (Qu) = ρ (CuSu (1)) > 1 can be derived based
on Perron-Frobenius theorem due to ρ (CuSu (D)) = ρ (CuSu (du)) = 1. Let v =

(
vu(1), · · · vu(tu)

)
be

the strict positive eigenvector of Qu corresponding to eigenvalue λ and w =
(
wu(1), · · ·wu(tu)

)
be the strict

positive eigenvector of CuSu (D) corresponding to eigenvalue 1. Select suitable α > 0 to satisfyα ·vj > αj ,
where j = u (1) , u (2) , · · · , u (tu), the following formula is attained by (3):

Vf,δ (Ij) ≥ |dj | aj

∑

cij=1

Vf, δ
ai

(Ik)− α · δvj (3)

By theorem 3, there is δ0 > 0 to make

Vf,δ (Ij) ≥ γδ2−Dwj + αδvj/(λ− 1) (4)

valid for all 0 < δ < δ0 and j = u (1) , u (2) , · · · , u (tu), where a∗ = min {|ai| , i = 1, 2, · · ·N}. If
aa∗δ0 ≤ δ ≤ a∗δ0, a∗δ0 ≤ δ/|ai| ≤ δ0. Therefore

Vf,δ (Ij) ≥ |dj | aj

∑

k∈I(j)∩{u(1),···u(tu)}
Vf, δ

aj

(Ik)− α · δvj

≥ |dj | aj

∑

k∈I(j)∩{u(1),···u(tu)}

[
γ

(
δ

aj

)2−D

wj + αvj

(
δ
aj

)/
(λ− 1)

]
− α · δvj

≥ γδ2−Dwj + αδvj/(λ− 1)

This is derived by (3), (4). So (4) is valid for all j = u (1) , u (2) · · ·u (tu) and aa∗δ0 ≤ δ ≤ a∗δ0. By
induction (4) is confirmed to be also valid forana∗δ0 ≤ δ ≤ δ0, n = 1, 2, · · · .

On the other side, let the maximum position of elements in V be U.
(a) For element Vi with random position being 1, if Vi is nontrivial, Vi must belong to a certain nontrivial

strong connected branch V u =
{
Vu(1), · · · , Vu(tu)

}
.

And I (j) = I (j) ∩ {u (1) , · · ·u (tu)} for any j = u (1) , u (2) · · ·u (tu) due top (Vi) = 1. For any
ε > 0, let λ be spectral radius of CuSu (D + ε), thus λ = ρ (CuSu (D + ε)) < ρ (CuSu (du)) = 1 due
to P-F theorem. Let x =

(
xu(1), · · ·xu(tu)

)
and

(
yu(1), · · · yu(tu)

)
be the positive eigenvector of CuSu (D)

respectively corresponding to eigenvalue 1 and λ. Based on theorem 2 and D ≥ 1, there exists β > 0 to
make

Vf,δ (Ij) ≤ |dj | aj
∑

k∈I(j)

Vf, δ
aj

(Ik) + β · δ2−(D+ε)yj

= |dj | aj
∑

k∈I(j)∩{u(1),···u(tu)}
Vf, δ

aj

(Ik) + β · δ2−(D+ε)yj
(5)

j = u (1) , u (2) · · ·u (tu) valid for 0 < δ ≤ 1. Select enough large γ to let δ satisfy a∗ ≤ δ ≤ 1, so that

Vf,δ (Ij) ≤ γδ2−duxj + βδ2−(D+ε)yj (1− λ)−1 (6)

Therefore (6) is confirmed to be valid for 0 < δ ≤ 1 based on (5).
(b) Assume (5) being valid for any element Vm (1 ≤ s ≤ U − 1) whose position is less than s. Select a

Vi with position s+1. If Vi is nontrivial and assume Vi not belonging to any connected branches, p (Vj) ≤ s
for j ∈ I (i). Therefore

dimAi = max
{j:j∈I(i)}

dimWi (Aj) ≤ max
{j:j∈I(i)}

dimAj ≤ max
{j:p(Vj)≤s}

dimAj ≤ D.
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Assume that Vi is nontrivial and belongs to a connected branch V u =
{
Vu(1), · · · , Vu(tu)

}
. Set x =(

xu(1), · · ·xu(tu)

)
to be the positive eigenvector of CuSu (du) corresponding to eigenvalue 1. From theorem

3,
Vf,δ (Ij) ≤ |dj | aj

∑

k∈I(j)∩{u(1),···u(tu)}
Vf, δ

aj

(Ik) + |dj | aj

∑

{k:p(Vk)≤s}
Vf, δ

aj

(Ik) + β2δ (7)

For ε > 0, set λ being spectral radium of CuSu (D + ε), so that λ = ρ (CuSu (D + ε))
< ρ (CuSu (du)) = 1 due to P-F theorem. Let

(
yu(1), · · · yu(tu)

)
be the positive eigenvector of CuSu (du)

corresponding to eigenvalue λ. By deduction and (7), for β′ > 0,

Vf,δ (Ij) ≤ |dj | aj

∑

k∈I(j)∩{u(1),···u(tu)}
Vf, δ

aj

(Ik) + β′ · δ2−(D+ε)yj (8)

where j = u (1) , u (2) · · ·u (tu). For 0 < δ ≤ 1, select suitable γ to let

Vf,δ (Ij) ≤ γδ2−duxj + βδ2−(D+ε)yj (1− λ)−1 (9)

be valid for a∗ ≤ δ ≤ 1. Thus (9) is valid for 0 < δ ≤ 1 based on (8). Further to get

γδ2−Dwj + αδvj (λ− 1)−1 ≤ Vf,δ (Ij) ≤ γδ2−Dxj + βδ2−(D+ε)yj (1− λ)−1 ,

γwj + αδ1−Dvj (λ− 1)−1 ≤ δD−2Vf,δ (Ij) ≤ γxj + βδ−εyj (1− λ)−1 .

Thus there exists Bj , B
′
j > 0 to let Bj ≤ δD−2Vf,δ (Ij) ≤ B′

j be valid. According to Lemma 3,

N∑

j=1

δ2−DjBj ≤ Vf,δ (I) ≤
N∑

j=1

δ2−DjB′
j + 2 (N − 1) · Vf (I) · δ.

Let B1 = min Bj , B2 = max B′
j , j ∈ (1, 2, · · ·N)C = 2 (N − 1) · Vf (I) · δ, then

B1

N∑

j=1

δ2−Dj ≤ Vf,δ (I) ≤ B2

N∑

j=1

δ2−Dj + C.

3 Conclusion

The box dimension of continuous functions can be directly resolved by variation of continuous functions.
The formula refers to [2]. Thus according to the properties of rFIF variation proofed above, the dimension
theorem of rFIF is showed as follows:

Theorem 7 Let f be rFIF determined by {ωi, i = 1, 2, · · ·N} and incidence matrix C, marked as G =
Graph (f). Let S (d) be diagonal matrixdiag

{
|d1| · ad−1

1 , · · · |dN | · ad−1
N

}
. Set Q = CS (1) and V cor-

responding to the directed graph of Q with V i being the nontrivial strong connected branch of V . For
i = 1, 2, · · · r, let Ci, Qi and Si (d) be respectively corresponding to the sub-matrix ofC, Q and S (d) of V i

and di is the only real number satisfying ρ (CiSi (di)) = 1, then dimB G = max {d1,d2, · · · dm,1}.
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