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Abstract: Hopf algebra is shown to lead , via infinitesimal deformation, to an explanation of
confinement which is a standard feature in non-abelian gauge theories. We also mention that
deformed algebra is related to fractional calculus (which is ,by definition, nonlocal). This moti-
vates the study of nonlocal field theory. It is known that such a theory is finite, free of (the so far
unobserved) Higgs particles and it agrees with the observed nonlocality of quantum mechanics.
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1 Lie Algebra Deformation

Definition 1 A Lie algebra is defined as a vector space ”g” that satisfying the following condition:
(2) [x,y] is a binary operation  i.e. [x,y] =xy-yx.
(”) [J:a y] = —[y,a:]
(iid)w, [y, 2]) + [y, [z, ]] + [z [, y]] = 0
such that: x ,y ,z isin g.

The condition (i) is called Jacobi identity, Sweedler [10].
Let”g” be a Lie algebra of a Lie group G with dimension n and basis {x1,Xo,....X,, } overa field K = R
or C defined by the relation :
[, z;] = C’sz:k (D

where ij 1,j,k=1,2, ..., n are the structure constants.
The deformed quantum bosonic oscillator algebra is given by:

[a,a™] = ¢*Y,[N,a] = —a,[N,a™] = a™ 2)
while the fermionic one is given by:
0,07 = ¢V, [N,b] = —b, [N,bF]=b", 02 =02 =0

where N is the number operator. For the infinitesimally deformed oscillators one sets ¢ = 1+t and linearize
in t to get:

[a,a™] = 1+2tN , N=a"a—ta"%a?
[b,b7] = 1+2tN , N=b"b

Using the standard definition of the Hamiltonian H=IN ,where | is the generic energy of the oscillator,
and the definition of the coordinates and momentum we get Ahmed and Hegazi [1]

q="h/2mw)(a+a") , p=ihmw/2(a+a") , [q,p] =ih+ItH 3)
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It is known Saavedra and Utreras [9] that this algebra can explain quark confinement since it corresponds
to the modified uncertainty relation

5q0p > h/2 + tE/2 4)

2 Deformation of algebras and fractional order calculus

Caputo’s definition for derivative of order o, 0 < a < 1 is given by

Def(t) = [1/T(1 — o) / F()/(t — 5)*ds

A correspondence between fractional order parameter o and deformation parameter q has been proposed
via the eigenvalues of the oscillators as follows Herrmann [6]

= (hw/2)((Inlg + [0 +1g). [nlg = (¢" —a™™)/(a—¢7")
(1/2)([n]a + [0+ 1]a)
e = 27 {all((1+ )/ 2a)]/T(1/20)]}*[<(~a,n/2 + 1/4) = <(~a,n/2 + 3/4)]

where ¢(—s,z) is Riemann zeta function defined by:

[e.e]
S(—s,z) = Z(k‘ +x)7°
k=0

Therefore deformed theories corresponds to fractional order ones.

By definition fractional order is non-local. Non-locality is a phenomena which is known to exist in
quantum systems Wikipedia [7]. A non-local electroweak theory has been constructed Moffat [8] and it has
been shown to be finite. The observed W and Z bosons are derived. Moreover symmetry breaking does not
need the existence of Higg’s particles. It is known that the absence of Higgs particles is one of the important
problems in the standard model which is currently searched for by the large hadron collider of CERN.

3 Conclusions

In this letter the following points have been shown:
(¢) Infinitesimally deformed oscillator algebra corresponds to a Heisenberg relation which may explain
confinement.
(74) There is a correspondence between g-deformed oscillators and fractional order ones. The fractional
order derivative is by definition nonlocal. Nonlocality is known to exist in quantum systems. Nonlocal field
theory are known to be finite and does not need the (so far unobserved) Higg’s particles.

Nonlinear science is expanding in many different fields e.g. algebra (our paper); Physics [5], game
theory [2], nonlinear dynamics [3] and economics [4].
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