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Abstract:This letter studies optical solitons that is governed by the nonlinear Schrodinger’s
equation with dual-power law nonlinearity and including the fourth order dispersion term. The
solitary wave hypothesis is used to obtain the closed form 1-soliton solution. The restriction on
the parameters are also obtained, during the course of derivation of the solution, for the solitons
to exist.
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1 Introduction

The theoretical possibility of existence of optical solitons in a dielectric dispersive fiber was first predicted
by Hasegawa and Tappert [4]. A couple of years later Mollenauer et al succesfully performed the famous
experiment to verify this prediction [4]. Important characterestic properties of these solitons are that they
posses a localized waveform which remains intact upon interaction with another soliton. Because of their
remarkable robustness, they attracted enormous interest in optical and telecommunication community. At
present optical solitons are regarded as the natural data bits for transmission and processing of information
in future, and an important alternative for the next generation of ultra high speed optical communication
systems [1-15].

The fundamental mechanism of soliton formation namely the balanced interplay of linear group velocity
dispersion (GVD) and nonlinearity induced self-phase modulation (SPM) is well understood. In the pico
second regime, the nonlinear evolution equation that takes into account this interplay of GVD and SPM and
which describes the dynamics of soliton is the well known nonlinear Schrodinger’s equation (NLSE). The
NLSE, which is the ideal equation in an ideal Kerr media, is in its original form found to be completely
integrable by the method of Inverse Scattering Transform (IST) and tremendous success has been acheived
in the development of soliton theory in the framework of the NLSE model. In this paper the NLSE is going
to be studied with the inclusion of the fourth order dispersion (40OD) term in a dual-power law media [2, 9].
The NLSE does not give correct prediction for pulse widths smaller than 1 picosecond. For example, in
solid state solitary lasers, where pulses as short as 10 femtoseconds are generated, the approximation breaks
down. Thus, quasi-monochromaticity is no longer valid and consequently higher order dispersion terms
creep in. One needs to consider the higher order dispersion for performance enhancement along trans-
oceanic and trans-continental distances. Also, for short pulse widths where the group velocity dispersion
changes, within the spectral bandwidth of the signal, can no longer be neglected, one needs to take into
account the presence of 40D [7, 9].
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2 Mathematical analysis

The NLSE with the dual-power law of nonlinearity is used to describe the saturation of the nonlinear re-
fractive index. Also, this serves as a basic model to describe the solitons in photovoltaic-photorefractive
materials such as LiNbOgs. The propagation of ultrashort optical pulses in a nonlinear media can be chara-
terized by the nonliner refractive index that is given by [2, 6, 7]

n:no—l—n2|E|2m—|—n4|El4m (1)

here, in (1), E represents the electric field intensity and ng > ns|E|*™ > ny|E|*™. The dimensionless form
of the NLSE with 40D is given by [2, 7, 9]

iqt + aQzz — bqgcxzx +c <|Q|2m + k ’(_I|4m) q = 0 )

in (2), a, b and c are real numbers. If b = 0, (2) reduces to NLSE with dual-power law nonlinearity. In
addition, if m = 1, (2) reduces to parabolic law nonlinearity. The coefficient of a represents the GVD while
the coefficient of ¢ represents the SPM with dual-power law nonlinearity. The constant £ binds the two
nonlinear terms and the exponent m governs the power laws. The range of validity of the parameter k, for
the solitons to exist, will be determined in this paper. Also, the coefficient of b is the 40D term. The solitons
are the result of a delicate balance between dispersion and nonlinearity.

It is to be noted that (2) is not integrable by the classical method of IST since it will fail the Painleve
test of integrability [1]. It is, however, still possible to obtain a closed form 1-soliton solution of (2). It is
assumed that the 1-soliton solution to (2) is given by the following phase-amplitude format [3, 7].

q= P(z,t)e 3)
where P is the amplitude portion while ¢ is the phase portion of the soliton. It is also assumed that [7]
d(x,t) = —Kkx + wt + 6 “)

where & is the fequency of the soliton, w is the wave number, while @ is the phase constant. On substituting
these into (2) yields
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Substituting (5)-(8) into (2) and equating the real and imaginary parts yields
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For optical solitons with dual-power law nonlinearity, a proper choice for the function P(x, t) will be [7]

A
_ 11
P (A + cosh )P (n

with
T = B(x — vt) (12)

where A is the amplitude, B is the inverse width of the soliton and v is the soliton velocity while the
exponent p is unknown at this stage. This unknown exponent will be determined in terms of m. The
parameter A depends on the coefficients a, b, ¢ and k and the exact form of these dependency will also be
determined during the course of the derivation of the soliton solution to (2). Thus, from (11), (9) reduces to

pvBsinh T pAB (2@/-@ + 4lm3) sinh 7
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while (10) reduces to
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Now, from (14) setting the exponents (2m + 1)p and p + 2 equal to one another gives
1
pP=— 15)
m

The same value of p is recovered, when the exponents (4m + 1)p and p + 4 are set equal to one another.
Also noting that the functions 1/(\ + cosh 7)P*7, for j = 0, 1, 2, 3 and 4 are linearly independent, their
respective coefficients in (14) must vanish. Therefore, these yield

1
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_ AB?

ma

{m? (a + 6br?) — K* (a + br*) — bB*} (18)

w

M
A=y (19)
where
M = (2m® +2m? + 1) /be(m + 1)(2m + 1) (3m + 1)
—Vk(m + 1) (6m® + 6m” + 2m + 1) (a + 6bx?) (20)
and
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This leads to the fact that the parameter k£ must lie in the interval

be(2m + 1)(3m + 1) (2m3 + 2m? 4 1)
be (oo, b DEm+ 1) (2m - ) . 22)
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for the solitons to exist. Finally, applying the same strategy to (13), yields
2k A 2 3 2 2
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From (16) and (17), one can conclude that the amplitude and the width of the soliton are related as

g _BPm 1) 222 (2m® + Tm? + 4m + 1) — (6m3 + 6m? + 2m + 1
—Cm2(2m3+2m2+1){ (2m® 4+ Tm® +4m + 1) — (6m” + 6m* +2m + 1) }
(24)
Hence the 1-soliton solution of (2) is given by
Q(l',w _ A ei(—n:c+wt+9) (25)

[\ + cosh Bz — vt)]m
where the amplitude, width, wave number, velocity of the soliton and the parameter A are given by (16)-(19)
and (23).

3 Conclusions

In this paper, an exact optical 1-soliton solution to the NLSE, with dual-power law nonlinearity, and 40D
is obtained. The governing equation is thus integrable although the Painleve test of integrability will fail.
In future, this NLSE will be studied along with its perturbation terms. This will also include the stochastic
perturbation terms. The quasi-stationary soliton will be obtained in presence of such perturbation terms.
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