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Abstract: The topic of fractional calculus, (integration and differentiation of fractional-order) is
a one of the singular integral and integro-differential operators (see [1], [5]-[8], [10]-[11],[14]-
[16] and [18] and the references therein). In this work, we prove some local and global existence
theorems for a nonlocal nonlinear boundary value problem of a fractional-order functional dif-
ferential equation.
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1 Introduction

The three-point boundary value problem has been studied by many authors (see [9, 12] and [19, 20]) for
instance. In [13], they study the existence of positive solutions to the three-point boundary value problem

{ u + a(t) f(u) = 0,t € (0,1),
u(0) = u

= 0, au(n) ),0<n<1,0<a<?

n

They proved the existence of at least one positive solution if f is either superlinear or sublinear by applying
the fixed point theorems in cones. Also, in [17], the author concerned with determining values for A so that
the three-point nonlinear second order boundary value problem

{ u’(t) + Na(t) f(u(t)) = 0, t € (0,1),
uw(0) = 0, au(n) = u(l1),0 <n <1,0 < a<

=

has positive solutions.
Now let § € (1,2) and vy € (0, 1], we deal here with the nonlocal nonlinear boundary value problem of
a fractional-order functional differential equation

DPu(t) + f(tu(é(t) = 0, ¢ € (0,1),

{ D u®)mo = 0, auln) = u(1), 0 <5 <1,0 < an’! < 1. M

We investigate the behavior of solutions for problem (1) with certain nonlinearities, using the equiva-
lence of the problem with the corresponding integral equation, we prove the existence of L;-solution such
that the function f satisfies the Caratheodory conditions and the growth condition.

2 Preliminaries

Let L1 (1) be the class of Lebesgue integrable functions on the interval I = [a,b], 0 < a < b < oo and I'(.)
be the gamma function.
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Recall that the operator 7" is compact if it is continuous and maps bounded sets into relatively compact
ones. The set of all compact operators from the subspace U C X into the Banach space X is denoted by
C(U, X). Moreover, we set B, = {u € Li(I) : ||u]| < 7,7 > 0}.

Definition 2.1 The fractional integral of the function f(.) € Li(I) of order 3 € R is defined by (see
[14]-[16] and [18])

B = ti(t_S)ﬁ_l S S
R = [ S as

Definition 2.2 The Riemann-Liouville fractional-order derivative of f(t) of order o € (0, 1) is defined as

(see [14]-[16] and [18])

DY f(t) = %Ic}*a (t), t € [a,b].

Now the following theorem (some properties of the fractional-order integration) can be easily proved.
Theorem 2.1 Let 3, v € R™ and o € (0,1]. Then we have:
(i) 1] : Ly — Ly, and if f(t) € Ly, then I 15 f(t) = 177 f(1).

(ii) ﬁlim 1? ft) = I f(t), n = 1, 2, 3,--- uniformly.
—n

Now, let us recall some results which will be needed in the sequel.

Theorem 2.2 (Rothe Fixed Point Theorem) [3] B
Let U be an open and bounded subset of a Banach space E, let T € C(U, E). Then T has a fixed point if
the following condition holds

T(OU) C U.

Theorem 2.3 (Nonlinear alternative of Laray-Schauder type) [3] )
Let U be an open subset of a convex set D in a Banach space E. Assume 0 € U and T € C(U, E). Then
either

(A1) T has a fixed point in U, or

(A2) there exists ¢ € (0,1) and x € OU such thatx = ¢ T'z.

Theorem 2.4 (Kolmogorov compactness criterion) (4]
LetQ) C LP(0,1),1 < p < oo. If

(i) Q2 is bounded in LP (0, 1), and
(ii) x, — x as h — 0 uniformly with respect to x € ), then ) is relatively compact in LP (0, 1),
where

t+h
xp(t) = % /t x(s) ds.

3 Main results

We begin this section by proving the equivalence of the problem (1) with the functional integral equation:

U = 17 U _LM UM s . ulb(s s
0 = = I peaon) - T [ o) d
-1 1 _ )81
st [ S s ds o
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Lemma 3.1 The nonlocal nonlinear boundary value problem

DPu(t) + f(t,u(é(t)))

I ut))i=0 = 0, v € (0,1], avu(n)

0,8 € (1,2),t € (0,1),

3)
u(1),0 < np <1,0 < an® 1t <1 4)
is equivalent to the fractional-order functional integral equation (2)

Proof: Equation (3) (see [2]) can be reduced to an equivalent integral equation

u(t) = — IP f(t,u(o(t)) + CL P + Cyt?P2.
By (4), we get Co = 0 and

— M (n—s)f~1 1 L1 —s)8-1
= /0 (1 F(ﬁ)) Fls u(@(s))ds + 1= = /0 (1-s)

Therefore, the solution of problem (3), (4) is given by the formula (2).
Conversely, let u(t) be a solution of (2) and operating on both sides of it by 1277, we get

7Put) = — I? f(t,u(é(t) — tC3 + t Cy.
Differentiating the last relation two times we obtain (3), also it is easy to check that conditions (4) are
satisfied. The proof is complete. m

Now, we present our main result by proving some local and global existence theorems for problem (1)
in L1 .

To facilitate our discussion, let us first state the following assumptions:

(i) f:(0,1) x R — R™ be a function with the following properties:
(1) foreacht € (0,1), f(¢,.) is continuous,
(2) foreach u € R, f(.,u) is measurable,

(3) there exist two real functions ¢ — a(t),t — b(t) such that

ft,u) < a(t) + b(t)|u/|, foreach t € (0,1), u € R,
where a(.) € L1(0,1) and b(.) is measurable and bounded.

(i) ¢:(0,1) — (0, 1) is nondecreasing and there is a constant M > 0 such that ¢/ > M a.e. on (0,1).
Also, define the operator 7" as

atPl — )1
) = - P fao) - 2 | i)

T—apt
81 L (1—s)8-1
* 1—anf-1 /0 r(3) f(s,u(¢(s))) ds.

To solve equation (2) it is necessary to find a fixed point of the operator 7.
For the local existence of a solution we have the following theorem:

Theorem 3.2 Let the assumptions (i) and (ii) are satisfied.

If suplb(t)] < MK,

%)
where K = (1 — an®~1) T'(1 + B3), then the nonlocal boundary value problem (1) has a solution u € B,
where

~ Rl
e (D) |
117 sup | b(t) |
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Proof: Let u be an arbitrary element in B,.. Then from the assumptions (i) - (i), we have

-1 1 (1 _ g)8-1
Tut) < — /O L™ s u(@(s)) ds.

1—an’! L'(5)
Then
I EOIY
< [t [ U st ds a
< i [ e @) s
- i [ (i), e
= & [ 1t s
< [ a6+ o) i
< & (llall + supluc |/ (6 \ds)
< (lall + swolbcty [ atoto) 116145)
= (IIaH + sup b(1) / |dw>
< o (Nl + sup o >|Mr|u|)

The last estimate shows that the operator 7" maps L into itself. Now, let v € 0B,,
then the last inequality implies

1 1
7l < 5 (Ilall+ sup o013 v).
Then T(0B,.) C B, (closure of B,) if

1 1
Izl < g (Ilall+ suw b)) <

which implies that
1 1
% (H all + sup]|b(t) \M 7"> <

Therefore .
% lall
T 1— 3 sup| b(t) |

Using inequality (5) we deduce that > 0. Moreover, we have

1
Il = /0 F(s, u(@(s)))] ds

IN

1
| el + o) o)) as
< lall + suplp(o)l- 7 Ihull.
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This estimation shows that f in L1(0,1).

Further, f is continuous in u (assumption 1) and 7 maps L1 (0, 1) continuously into itself, 7 f (¢, u(o(t)))
is continuous in w.Since w is an arbitrary element in B,., T' maps B, continuously into L (0, 1).

Now, we will show that T" is compact, to achieve this goal we will apply Theorem 2.4. So, let () be a
bounded subset of B,. Then T'(2) is bounded in L;(0, 1), i.e. condition (i) of Theorem 2.4 is satisfied. It
remains to show that (T'u), — Twin L1(0,1) as h — 0, uniformly with respect to T'u € T' §2. We have the
following estimation:

1
I(Twy — Tul| = /0 |(Tun(t) — (Tu)(t) | dt
1 1 t+h
= /0 | 7 /t (Tu)(s) ds — (Twu)(t) | dt

< [ (3 [T e - aueas )
< [ TP s + P ) s
+ /01 % /tHh | — K" + K P | dsdt
n /01 % /tm | Ko s"0 — Ko 91| ds dt,
where ) " - oot
K= e [ feu(ets) ds
and
Ko = par [ R o)) as

Since f € L1(0,1) we get that I’ f(.) € L1(0,1). Moreover t°~1 € L;(0, 1). So, we have (see [21])

1 t+h
=T ) + P e ato) |ds — o

1 t+h
h/ | - K"+ Ky tP7 ds — 0
t

and
1

t+h
/ | Ky s® 1 — KytP~tds — 0
hJi
for a.e. ¢t € (0,1). Therefore, by Theorem 2.4, we have that 7°(2) is relatively compact, that is, 7" is a
compact operator.

Therefore, Theorem 2.2 with U = B, and E' = L;(0, 1) implies that 7" has a fixed point. This complete
the proof. m

Now for more global solution of the nonlocal boundary value problem (1), consider the following as-
sumption:

(iii) Assume that every solution u(.) € L1(0, 1) to the equation

o t8-1 m (n—g)8-1
u(t) = 0(=1° f(t,u(o(t)) — 11— Z s /0 7—2) f(s;u(o(s))) ds

P11 (1= g
+ [ /0 () f(s,u(é(s))) ds) ae.on (0,1), 1< B < 2.

satisfies ||u|| # r (r is arbitrary but fixed).
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Theorem 3.3 Let the conditions (i) - (iii) be satisfied , then the nonlocal boundary value problem (1) has at
least one solution w € L1(0,1).

Proof: Let u be an arbitrary element in the open set B, = {u : ||u|| < r,r > 0}. Then from the assumptions
(i) - (i1), we have

1 1
7l < g (1l + sup ol ).

The above inequality means that the operator 7' maps B, into L;. Moreover, we have

1
AL < lall + sup [b(2)]-

Il

This estimation shows that f in L1 (0, 1).

As a consequence of Theorem 3.2 we get that 7" maps B, continuously into L1 (0, 1) and 7" is compact.
SetU = By and D = E = L;(0, 1), then in the view of assumption (iii) the condition A2 of Theorem 2.3
does not hold. Therefore, Theorem 2.3 implies that 7" has a fixed point. This complete the proof. m
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