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Abstract: we prove uniqueness of positive solution for the quasilinear problems
—Apu = Af(u) + py(u) inQ, wuwu=0 on 05}

where () is a bounded domain in RY, with smooth boundary 9%, f, g are p-sublinear at co for
positive number p with p > 1, 1{ ,@1 , Z,Slf)l , are decreasing for large u, and A, i are large positive

parameters. We also obtain the asymptotic behavior of the solution obtain as A, u — oo.
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1 Introduction

Consider the quasilinear boundary value problems

—Apu = Af(u) + py(u) inQ 0
u(z) =0 on 0S)
where the p-Laplacian operator A,z = div(|V2|[P72Vz), p > 1, f(u),v(u) > 0, for u > 0 A, are positive
parameters and  is bounded domain in RV with smooth boundary 9.

{ —Apu=Af(u) inQ @)
u(z) =0 on 05}

Problem (2) has been investigated by many authors in recent years(see e.g.,[4,5,7-9,11,14,16,17]).When
p = 2, uniqueness of positive solutions to (2) for A large and @ decreasing for large u was established in
Angenent [2], Dancer [3], Hai and Smith [10], Lin [12], Schuchman [15] and Wiegner [18] and uniqueness
of positive solutions for a class of quasilinear problems (2) when p > 1 and I{ 1@1 is decreasing for u large
and A is a large positive parameter was obtain in Hai [1], uniqueness of positive solutions to (2) when p > 1
and u,fi‘)l is decreasing on (0,00) was obtain in Geo and Webb [8], Diaz and Saa [4], and Drabek and
Hernandez [5]. In this paper, we give a positive answer to the above question. We also obtained asymptotic
behavior of solutions as A\, u — oo. Our approach depends on sharp upper and lower estimates of solutions

together with the maximum and comparison principles.

2 Main result

We make the following assumptions:
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(A.1) f,7:(0,00) — R are nondecreasing , continuous and of class C'* on (0, 00).
(A.2) liminf, o+ 2% > 0, liminf, o+ 2% > 0.

uP— u
(A.3) limsup,,_,o+ uf’(u) < oo, limsup,_,o+ uy'(u) < oo.

(A.4) There exist g € (0,p — 1) and a positive number a such that % and % are

decreasing on [a, 00).

(A.5) g : [0,00) — [0, 00) is continuous, nondecreasing, and there exists ¢; € (0,p — 1)
such that % is decreasing on (0, 00)

(A.6) lim,,_o0 %Y exists and is finite for each ¢ € (0, 1).

) g(u)
Our main result are

Theorem. Let (A.1)-(A.4) hold. Then there exist A\g > 0, pg > 0 such that problem (1) has a unique positive
solution for A > g, 1 > L.

Let g satisfy (A.5). Then, for each A > 0, there exists a unique positive solution v} to the problem

—Apuy = Ag(vy) in ) 3)
vy =20 on 0N}

(see e.g., [4,5,8] or Proposition A in the Appendix)

3 Preliminary lemmas

As usual, we shall denote by |.|;.o and ||.||x the norms in C%(Q) and L*(Q) respectively. Let A1 be the
first eigenvalue of —A,, with zero boundary conditions, and ¢; a corresponding normalized eigenfunction,
ie., ||o1]lcc = 1, and

—Apd1 = A1 in
{ 61 =0 on 99 ®

Then A; > 0 and we can assume that ¢y > 0 in € (see [14]).

Lemma 3.1. Let (A.1)-(A.2) hold. Then there exist positive number k,n such that any positive solution of
(1)satisfies

u > nop in ) for/\>>}c—1,,u>%
Proof. By (A.2), there exist k, > 0 such that

f(u) > kuP=t, y(u) > kuP~t  foru € (0,7).

Suppose that A > %, p > bt and let u be positive solution of (1). By the strong maximum principle
[17], there exists € > O such that u > €1 in €). Let 79 be the largest number such that u > 1p¢; in 2 and
suppose by contradiction that 779 < 7. Let

Qo = {3716 Q: U(f) <ngi(x)}

and m = min{(3)7=7, (45)7=1, L} Then € # § and
—Apu = Mf(u) + py(u) = (A4 p)k(nod1)P ! > (A + p1) (mnod1)?~" in Qg
u=mn¢p1 ondl

Since
—Ap(mmnodn) = (A1 + p1) (mmod1)P~L in Qg
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minop1 < g1 on g
It follows from the weak comparison principle (see, e.g.,[14,16]) that
u > mno¢r inQp
Clearly,
u>ngy = mnod1 in Q\ Qo

Hence v > mno¢; in €2, and since m > 1, this contradicts the maximality of ng. This complete the
proof of lemma 3.1. [J

Next, we define H (u) = —%“—, I(u) = —*—. Then H, I are increasing in (0, c0) and lim,, .o H(u) =
P (w) YP=T (u)

00, limy, o I(u) = o0 if (A.4) holds.
Lemma 3.2 Let (A.1) and (A.4) hold. Then for each C > 0, there exist M1, Mo, and 5\, it > 0 such that

My(HY A1) + T (1)) € HYAFT0) + T (i1 C) < My(H (A1) + I (i 1))
forA>XM\pu>pn

1

1 piT B YT 1 1
Proof. By writing H 1 (A#=T) as H 1 (T5—), I 1 (ur=T) as I 1 (), where nr—1 = A»-1C,

nlp%l = /M%l C, we see that the left-hand inequality follows from the right hand one.

a1 -
LetC > 0,r = %. Then f;—;l, 7;—;1 are decreasing on [a, 00). Let A = (%)pﬂ,

= (miqlz((ci)c))p_l and 6 = maw(Cﬁ,l). Let A > A\, > fi, and 2 = H‘l(/\ril) + I_l(up%l).

Then x > a and g(fz) < 6"g(x),

v 0 \hger st
7)) 0 (@)
> O >

771 (6r) 0y (@)
which implies 6z > H*I(/\ﬁC), Ox > Iil(,u,P%lC’), so 20x > Hil()\ﬁC’) + Iil(,uﬁ(}’).
This completes the proof of lemma 3.2. [J

Lemma 3.3. (i) Let (A.1),(A.2), and (A.4) hold. There exist positive constants C1, Co, and 5\, o> 0 such
that any positive solution of (1) satisfies

CLLH(AFT) + I (i )Jd (2, 09) < u(w) < Co[H(AF) + I~ (1) d(x, 02)
forallx € Qand \ > 5\ W > fi. Here d(x,0Q) denotes the distance from x to 0.
(ii) Let (A.1),(A.2),(A.5), and (A.6) hold. Then there exist positive constants Cs,Cyq, and A, ji > 0

such that any positive solution of (1) satisfies

CH[G (NT) + G (7)) d(,0Q) < ul) < Co[G—(AFT) + G (u71 )]d(x, O9)

forallz € Qand X > X\, pn > fi, G(u) = —
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Proof. Suppose that (A.1),(A.2) hold. Let u be a positive solution of (1) and Let A > %, w > L where k
is defined in Lemma 3.1 Let D be an open set such that D C €2 and let ¢ be the solution of

1 inD

_Ap(ﬁ:{ 0 inO\D ’ ¢ =0 on N &)

By Lemma 3.1, there exists ¢ > 0 such that u > cin D. Hence

Af(e)+py(e) inD
—_ — >
Ay = A1)+ ) > { | . ©
which implies by the weak comparison principle that
1
u > (Af(e) +py(c) 1o in Q.
Let a be the largest number such that u > )\ﬁ ao, /M’%l ao in €.
Suppose that ¢(z) > co > 0 for x € D.
Then we have
1 _1__ .
g = M () + py(u) > § A ATTaC) Fnurrac) in D ™
0 in Q\D
which implies
w> (AN aco) + py(uitac)) 71 ¢ ing2
By the definition of a,
1 1 1
a = (f(Ar=Taco) +y(pr=Tac))»-1,
or, equivalently,
1 Nt 1 1 T e 1
H(\r=Tacy) = ——5%— > A\v=Tcg, [(ur—Tacy) = ———T>— > pr-Tco
Pt (AP=Taco) =T (uP=Taco)
1 1

a
H(/\P%ldco) + I(pr—Tacy) > /\ﬁco + prTeg

Suppose that (A.4) holds and A

v

s b > f1, where

1 1

Z\ﬁmm(co, co(f(c))r=1) + gr=rmin(co, co(y(c))»~1) = a. Note that

—

1 1 1 1
Ar=Lacy 4+ pr-lacy, Ap~1cg + pur=—tcyg > a
by the choice of A, i. Using Lemma 3.2, we deduce the existence of ¢; > 0 and A > mam{%, A},
> max{5:, i} such that

1 1 1 1
Ar—Tacy + upfllc_wo > H*I(/\ﬁco) + I Y (urTeg) > e (HY(Ap=1) + T 1 (ur-1))
for A > A\, > ji. Hence

1 _1
u> AT 4 prag > QORI WD) s o (Y (AT 4 1 (T ) )d(x, O9).

[&04]
for A > \,u > fi, where c¢; is a positive constant independent of u and A, u. Next, we have

=h,—Apy(—— )= s =

u
—Ap( Top=T
pP= 1y~ (JJulloo)

) = f(u)
AT T (fufloe) )

IJNS email for contribution: editor @nonlinearscience.org.uk



G.A.Afrouzi, E.Graily : Uniqueness of Positive Solutions for a Class of Quasilinear Problems with - - - 409

Since ||h|], [|h1]| < 1, it follows from Lieberman [11] that there exist o € (0, 1) and a positive number
C depending solely on p, N, 2 such that

e <o, e <c
AP P (Julloo) pP= Ty P ([Juf|oo)
This implies
— _ |uha e« c(\ioT =
H(Jul1,a) + I(Ju10) = +— < CAP=T A prT)

1 1
Pt (lule) P (Jul1,a)

and since |u|; o > a, we deduce from Lemma 3.2 that

o < HYAFTC) + I (ur 10) < Co(HX 1) + I (i 1)) (8)

for A, p large.The right-hand inequality then follows on applying the mean value theorem, which com-
pletes the proof of (i). Next, suppose that (A.5) and (A.6) hold. Then, since

G(u . u
H((u)) =1, limy—oo I((u)) =1

Q

limy 00
it follows from (3.1) that there exist ¢y such that

1 1 1 1
G(A\r—Tacy) + G(ur—Tacy) > A\r—1¢p + ur—16
for A, p large.Proceeding as in part (i) with H, I replaced by G, we obtain the left-hand inequality in (ii).
||t||oc — 00 as A, u — oo, and
—Ap(—————) = hy.

_ b At )= a0
AP=T 7T (||u||oo) g(llulloo) p )

1 1 u
W T g (full) 1)

it follows that ||A]|o, ||1||s0 are uniformly bounded for A, x large. Hence, proceeding as in part (i), we
obtain the right-hand inequality in (ii).
This completes the proof of Lemma 3.3. [

Foreach € > 0, define Q. = {z € Q : d(z,00) < €}.

Lemma 3.4. Let (A.1),(A.2), and (A.4) hold. Let By < B < 1, where By = % and C1,Cy are given by
Lemma 3.3. Then there exists § > 0 such that if u and uy are positive solutions of (1) then

C16o
2

forallt € [0,1) and x € Qg, provided that A\ > )\, yu > [i

[HH A7) + I (07 1)] < [¢Vul(@) + (1 — 6)Vur (2)] < ColHH(AFT) + T (uiT)] (9)

Proof. Let ¢t € [0, 1]. Using (8), we get
1 1

tu+ (1 = t)Bur|1,0 < tlulr,a + (1 = urf1ra < Co[HH(APT) + I (7))
for A > A, 1 > i, and right-hand side of (9) follows. Next, by Lemma 3.3 (i),

u du < _C\[HY(AFT) + I (pT)]  ondQ
A > A, i > [i, where n denotes the outward unit normal vector. This implies

12 (1= B2 < Oy Fo[H Y (A#T) 4 T (T o0

on on — 1 0[ ( ) + (:U’p )] on

Hence
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tVu(z) + (1 — )8Vur(2)| > C1B[H L (A7) + I Hur 1) on dQ (10)

Let wy = tVu(z) + (1 — t)3Vui(z). Then we have

lwe(z) — wi(20)|
|z — xo|®

< Co[H YO 1) + I Y u 1) on 09 (11)

for x,xg € Q, x # x9. Let § > 0 satisfy Co0% < C’l%. Let x € Qg and x¢ € J€) be such that
d(xz,00) = |z — zo|.
Then it follows from (10) and (11) that

1 _1
lwi(2)] > [wi(wo)| — Cob@[HLAFT) 4 71 (1)) > Sl O )+ ()]

which completes the proof of Lemma 3.4. [

4 Proof of main result

In what follows, we denote by m;,i = 1,2, ...... , constants depending only on €2, p, N, f, ~.

Proof of theorem. Let A be large enough so that Lemma 3.1, 3.2, 3.3(i), and 3.4 apply. Let u and u; be
positive solution of (1). By Lemma 3.3, u > (puy in €2, where 5y = % Let 3 be the largest number such

that w > (uy in €2 and suppose by contradiction that 5 < 1. Let

u T Ul
T T , Ul = i T
HoL T )L (T HL AT )1 (T

i “LNFTT) 4 T-L(5T) = NPT f5T (H-L(ANFT)) s Ty mT ([ (T
Since H™ " (A\p=1) + I (pup=1) = Ap=1 fr—T(H ' (AP=1)) ,up—1yp=1 (]~ (ur-1)), we have

U=

Api = Af(a) + py(a) = 1>‘f(“) — IAW(U) I
SHZIANP) I (uP=T))  y(HITAP=T)+I- 1 (uP=T))
ApUjl = )\f(dl) + ,U/Y(u~1) = Af(u1) + py(u)

b (H-IATT )11 (uP=T))  A(H-I(AP-T)+-L(u-T))

Let ¢ given by Lemma 3.4. Using the mean value theorem, we obtain

L(ﬁ B ,31[1) = Ayl — (_A ﬂdl) > A[f(ﬁml)_ﬁp_lf(m)l] + #[’Y(ﬂull)—ﬁp_l’v(ul)l} mn Qé
' T T O PTG T) A (HI P4 (a7 )

where

where a; ; = [} 99 (+Vai, + (1 — £)3Vaip)dt, and o/ (2) = 2P~ 20 = 1,2, .., N, 2 = (21, 22, o 2).
5J 0 8zj

Because of (9), we see that the operator L is uniformly elliptic in €2;5. In fact,

N
Z aij(2)&& > mol€)?, Vo € Qs &= (1, En) € RY, (12)

ij=1

where mo = (92)P=2if p > 2, (p — 1)CY if 1 < p < 2, and

|aij|0,a;95 <my Vi,5=1,..,N. (13)
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Let D ={z € Q5 :wui(x)> 4}, where ais given by (A.4). Then it follows from (A.4) and Lemma
3.3 (i) that

[f(Bur) = BPf (wa)] + [v(Bur) = 8Py (ua)] = (BT — BP~1)[f (u1)
> my(1 = B)[f(u1) +

ma(1 = B)[f (ur) +y(u1)] = ma(1 = B)[f(Crd(x, 092)) +v(Crd(z,09Q))] i (14)
for H_l(Ap%l), I_l(uplj) > 1, where mg = Simin{l,p — 1 — g}.

Since uy(z) < 4 in Q\D, the mean value theorem gives

| (Bur) = B~ f(u)] + [v(Bur) — 8P~y (wa)]| =

(1 — )| el em @) enl _ (, _ 1)e=2[f(uy(x)) + v(u(2))]],

C
where ¢ € [(y, 1]. Since limsup,_, 5+ 2f(2), limsup,_ g+ 27'(2) < oo, this implies

[f (Bu) = B~ f(ur)] + y(Bur) — 67~y (un)]| < ma(1 - B) (15)
where ms = g supyc< o |[2f'(2) + 2/ (2)]| + (p — Dmaz{1, 55} (§).

Combining (11), (14) and (15), we obtain

L([f(H-l(Aﬁ)+(1—1<uﬁ))v<ﬁz<xﬁ>+f—l(uﬁ>>]<a+ﬁu~1>) >
malf(Crd(x, 09)) + 7 (Crd(x,0))] in D
—mg in Qs\D.

Let z be solution of

L = { AT (O ) 1D g 4, 06

Since @ — 1 > 0 on €, it follows from the weak maximum principle that

[ (HYATT) + (I (7)) (HLATT) + T (D)) (@ + B

> in () 1
-5 >z 17)

Let z satisfy

Lz = ma[f(Cid(x,00)) + v(Cid(z,090))] inQs, z=0 ondQy.
Because of (13) and (14), and the maximum principle, there exists a positive number v depending on

mg, ma, §2s, f,7, such that

(see Proposition in the Appendix).
Next, we have

L(z—2)=g ,2=0 on Qs (19)

{ 0 inD
ma[f(Crd(x,09Q)) + v(Crd(z,09Q))] in Qs\D.

and note that

ma[f(Crd(z,090)) + y(Crd(z, 0N))] + mz < ma[f(C16) +y(C16)] +mz =my  in Qs\D.
It then follows from Theorems 8.16 and 8.33 Of [6] (see also the remark on page 212 of [6]) that

1
12 = zlLai0s < Cllgllno; < CmalQs\D|r (20)
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where r = %, C is a constant depending only on N, p, mg, m1, {25, and Qs5\D denotes the Lebesgue
measure of Q5\D.

From (18) and the mean value theorem,

12(z) — 2(2)| < Cma|Qs\D|rd(z,095) for = € Qs
which, together with (17), implies

2(z) < [0 — Cma|Q\D|7)d(z,09%)  for x € Qs
By Lemma 3.3 (i),

QB\DC{zrecw :d(z,00)< - —}
BoC1[H=(AP=T)+1~ 1 (uP=T)]
and hence |25\ D| — 0 as A, p — oo. Thus, for A, y large enough

z > gd(a:, 0€s)

For x € Q 5, we have d(z,0s5) = d(x,09) and therefore using (17), we obtain
2

u(zr) — pur(z) > [ #1 —— + Ll (1 = B)z(x)
FHZIOP=) 4T (pP=1))  y(H-L(AP=1) 411 (uP=T))
> Ll ——— T Ll —](1 — 3)8d(x, 0N2)
FEHZIAP=)HI-(pP=L))  y(HTAPL)+I-H(uP~1))
> ol 1 n 1 (1 - B0

FHAPT) R (P T)  5(H-I O )41 (a7 1))
for x € Qs and A, i large. In order words, there exists € > 0 such that
2

u> (B+éu in Qs
2
for A, p large. In particular,

u > Pui(x) +¢ when d(z,00) =3,
where ¢ = eCy §[H (A1) + 7 ()]

Let Q1 = Q\Q ;. Then, for \, . large enough,
u(z) > Clg[H_l()\P%l) + I_l(up%l)] > 4 which implies
—Apu = Af(u) + py(u) = Af(Bur) + py(Bur) > B2~ H(Af (ur) + pry(wr))  in Q.
since

—Ap(Bur +¢) = BP (M (u1) + py(u1))  in €y,
and u > (Buq + ¢ on 082y, it follows that

> Pur+¢  in{ 20N

Combining (20) and (21), we deduce the existence of 31 > (3 such that w > (yu in w. This contradicts
the maximality of 3. Hence 8 > 1 and Theorem is proved. [
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