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Abstract: In this letter, we will consider homotopy perturbation method (HPM) and Padé-
approximant, for finding approximate solutions of two dimensional viscous flow. The HPM
technique provides a sequence of functions which converges to the exact solution of the prob-
lem. The Padé-approximant increase the convergence of the solutions obtained by the HPM. It
is of interest to be noted that Padé-approximants give results with no greater error bound than
approximation by polynomials.The solutions is compared with the exact solution.
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1 Introduction

Most of engineering problems, especially some heat transfer and fluid flow equations are nonlinear, therefore
some of them solved using computational fluid dynamic (numerical) method and some are solved using the
analytical perurbation method [1-3].

In the numerical method, stability and convergence should be considered, so as to avoid divergent or
inappropriate results. In the analytical perturbation method, we should exert the small parameter in the
equation [4]. Finding the small parameter and exerting it into the equation are therefore the problems with
this method. Perturbation method is one of the well-known methods to solve the nonlinear equations which
was studied by a large number of researchers such as Bellman [5] and Cole [6]. Accually, these scientists had
paid more attention to the mathematical aspects of the subject which included a loss of physical verification.
This loss in the physical verification of the subject was recovered by Nayfeh [7] and Van Dyke [8].

In recent years, there has appeared an ever increasing interest of scientist and engineers in analytical
techniques for studying nonlinear problems. Such techniques have been dominated by the perturbation
methods and have found many applications in science, engineering and technology. However, like other an-
alytical techniques, perturbation methods have their own limitations. For example, all perturbation methods
require the presence of a small parameter in the nonlinear equation and approximate solutions of equation
containing this parameter are expressed as series expansions in the small parameter. Selection of small pa-
rameter requires a special skill and very important. Therefore, an analytical method is welcome which does
not require a small parameter in the equation modeling the phenomena.

Since there are some limitations with the common perturbation method, and also because the basis of
the common perturbation method was upon the existence of a small parameter, developing the method for
different applications is very difficult. Therefore, many different new methods have recently introduced
some ways to eliminate the small parameter such as artificial parameter method introduced by Liu [9], the
homotopy analysis method by Liao [10] and the variational iteration method by He [11-13]. One of the
semi-exact methods is the HPM [14-22].

∗Corresponding author. E-mail address: mm rashidi@yahoo.com

Copyright c©World Academic Press, World Academic Union
IJNS.2009.06.30/237



388 International Journal of Nonlinear Science,Vol.7(2009),No.4,pp. 387-394

In this paper we solve the flow field due to stretching boundary with partial slip by the HPM. The flow
due to a stretching boundary is important in extrusion processes. The bathing fluid is entrained by the tan-
gential velocity of the extrusate and thus affects convective cooling [23]. Vleggaar showed experimentally
the velocity of an extrusate is initially proportional to the distance from the orifice[24].

2 Basic concepts of HPM

The homotopy perturbation method is a combination of classical perturbation technique and homotopy tech-
nique. To explain the basic idea of homotopy perturbation method for solving nonlinear PDEs, we consider
the following ODE:

A(u)− f(r) = 0, r ∈ Ω (1)

Subject to boundary condition

B(u,
∂u

∂n
) = 0, r ∈ Γ (2)

where A is general nonlinear differential operator, B a boundary operator, f(r) is a known analytical func-
tion, Γ is the boundary of domain Ω and ∂

∂n denotes differentiation along the normal drawn outwards from
Ω.

The operator A can, generally speaking, be divided into two parts: a linear part L and a nonlinear part
N . Eq. (1) therefore can be rewritten as follows:

L(v) + N(v)− f(r) = 0 (3)

We construct a homotopy of Eq. (1) v(r, p) : Ω× [0, 1] → < which satisfies

H(v, p) = (1− p) [L(v)− L(u0)] + p [A(v)− f(r)], p ∈ [0, 1, ], r ∈ Ω (4)

where p ∈ [0, 1] is an embedding parameter and u0 is an initial guess approximation of Eq. (3) which
satisfies the boundary conditions.

3 Governing equations

Consider a two-dimensional stretching boundary (Fig. 1) where the lateral surface velocity is proportional
to the distance x from the origin.

The velocity is as follows:
U = a x (5)

Let (u, v) be the fluid velocities in the (x, y) directions. Navier’s condition is then [18]

u(x, 0)− U = k υ
∂u

∂y
(x, 0) (6)

where k is a proportional constant and υ is kinematic viscosity of the bulk fluid. The steady 2-D Navier-
Stokes equations are:

ux + vy = 0 (7)

uux + v uy = ν (uxx + uyy)− px/ρ (8)

u vx + v vy = ν (vxx + vyy)− py/ρ (9)

where p and ρ are pressure and density. For solving Eqs. (7)-(9) we must apply boundary conditions (Eqs.
(5) and (6)). Other boundary conditions are no lateral velocity and pressure gradient far from the stretching
surface. For similarity solutions we set [23]

u = a x f ′(t) (10)

v = −√a υ f(t) (11)
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t = y
√

a/υ (12)

Continuity Eq. automatically is satisfied. Eq. (8) can be written as follows:

f ′′′(t)− f ′2(t) + f(t) f ′′(t) = 0 (13)

With the boundary conditions:
f(0) = 0 (14)

f ′(∞) = 0 (15)

f ′(0) = K f ′′(0) + 1 (16)

Eq. (15) shows there isn’t lateral velocity at infinity, on the other hand in y = 0 the v velocity is equal zero
(Eq. (14)). Eq. (16) is from Eq. (6) and K = k

√
a υ is a non-dimensional parameter indicating the relative

importance of partial slip. For K = 0, the fluid is inviscid.
In this section He’s HPM is used to find approximate solutions of the Eq. (13). Suppose the solution

have the form:

f(t) = f0(t) + p f1(t) + p2f2(t) + p3f3(t) + p4f4(t) + p5f5(t) + · · · (17)

If we apply Eq. (4) to Eq. (13), then:

(1− p) f ′′′(t) + p
[
f ′′′(t)− f ′2(t) + f(t) f ′′(t) = 0

]
= 0 (18)

Then substituting Eq. (17) into Eq. (18) and rearanging based on powers of p- terms, we have:

p0 : f ′′′0 = 0 (19)

p1 : f ′′′1 − f ′20 + f0 f ′′0 = 0 (20)

p2 : f ′′′2 − 2 f ′0 f ′1 + f0 f ′′1 + f1 f ′′0 = 0 (21)

p3 : f ′′′3 − f ′21 − 2 f ′0 f ′2 + f0 f ′′2 + f1 f ′′1 + f2 f ′′0 = 0 (22)

p4 : f ′′′4 − 2 f ′0 f ′3 − 2 f ′1 f ′2 + f0 f ′′3 + f1 f ′′2 + f2 f ′′1 + f3 f ′′0 = 0 (23)

p5 : f ′′′5 − f ′22 − 2 f ′0 f ′4 − 2 f ′1 f ′3 + f0 f ′′4 + f1 f ′′3 + f2 f ′′2 + f3 f ′′1 + f4 f ′′0 = 0 (24)

p6 : f ′′′6 − 2 f ′0 f ′5 − 2 f ′1 f ′4 − 2 f ′2 f ′3 + f0 f ′′5 + f1 f ′′4 + f2 f ′′3 + f3 f ′′2 + f4 f ′′1 + f5 f ′′0 = 0 (25)

lp7 : f ′′′7 − f ′23 − 2 f ′0 f ′6 − 2 f ′1 f ′5 − 2 f ′2 f ′4 + f0 f ′′6 + f1 f ′′5 + f2 f ′′4 + f3 f ′′3 + f4 f ′′2 +
f5 f ′′1 + f6 f ′′0 = 0

(26)

To determine f(t), the above equations should be solved with appropriate boundary conditions (eqs. (14)-
(16)). The solutions of above equations for K = 0 and K = 20, are as follows

f(t) = − 31
1307674368000

t15 − 116383
20922789888000

t16 +
626881

355687428096000
t17−

1718011
11058645491712000

t19 +
70525699

2432902008176640000
t20 +

419
12934088294400

t18−
1323139

4644631106519040000
t21 − 6597271

28820531481477120000
t22 +

18992159
1988616672221921280000

t23+

t− 1
2
t2 +

1
6
t3 − 1

24
t4 +

1
120

t5 − 1
720

t6 +
1

5040
t7+

1
13440

t8 − 1
51840

t9 − 13
1209600

t10 +
13

4435200
t11+

29
479001600

t12 − 307
1245404160

t13 +
839

12454041600
t14

(27)
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and

f(t) = − 26454129170347965799
13359654× 1032

t18 − 34981592008374802708157
290095344× 1033

t19+

9610620390380100302367991
1099944846× 1036

t20 + 0.124 t− 0.0219t2 − 152109012706142059
1135134× 1027

t15+

961
375× 103

t3 +
15987
1× 109

t5 − 94928946234172707119
108972864× 1028

t16

− 2263
1× 107

t4 − 6636411496225660841695231
1466593128× 1038

t21

−4137391052244534387257825723
48397573224× 1040

t22 +
7342381

1575× 1011
t7 − 70153

75× 109
t6+

1384631564415805048337910253
107033094630× 1041

t23 +
49660951
14× 1015

t8−
679770225707

756× 1019
t10 − 3799829309

567× 1016
t9 +

30866371688293
31185× 1020

t11+

470250127393223949061
4288284× 1031

t17 − 87749876813408687
972972× 1024

t13

−3550152787477
6237× 1022

t12 +
28171951570650389

2837835× 1024
t14

(28)

It is well known that Padé-approximants will converge on the entire real axis [26] if f(t) is free of singular-
ities on the real axis. The Padé-approximants of f(t) for different values of K are as follows:

K = 0 : f(t)[4,4] = (
1
6
t4 +

1
42

t3 + 10 t2 + t)/(1 +
21
2

t +
143
28

t2 +
85
84

t3 +
47
560

t4) (29)

lK = 0.3 : f(t)[4,4] = (0.7897 t + 6.574906590 t2 − 0.0216062264 t3+

0.09162528278 t4)/(1 + 8.769667708 t + 3.733347630 t2 + 0.6480062260 t3+

0.04720179853 t4)

(30)

lK = 1 : f(t)[4,4] = (0.5699999998 t + 3.756923919 t2 − 0.005201718795 t3+

0.03721878535 t4)/(0.9999999998 + 6.968287578 t + 2.524263352 t2

+0.3733598838 t3 + 0.02316897904 t4)

(31)

lK = 2 : f(t)[4,4] = (0.4320000001 t + 2.354704940 t2 + 0.006419254672 t3

+0.01675447130 t4)/(1 + 5.779409582 t + 1.842572721 t2

+0.2401598196 t3 + 0.01311000213 t4)

(32)

lK = 5 : f(t)[4,4] = (0.275 t + 1.01050853 t2 + 0.02348047362 t3+

0.003069671114 t4)/(1 + 3.938212837 t + 1.077806319 t2+

0.1208516239 t3 + 0.005617674397 t4)

(33)

lK = 20 : f(t)[4,4] = (0.1240000001 t + 0.2901258355 t2 + 0.002483762474 t3+

0.0004911686858 t4)/(1 + 2.516337383 t + 0.4437813266 t2+

0.03215924034 t3 + 0.0009716443589 t4)

(34)

When K = 0, Crane [27] found the exact solution:

f(t) = 1− e− t (35)

The perturbation solution for small K is:

f(t) = 1− e− t +
K

2
[
(1− t) e− t − 1

]
+

K2
{
0.087459 e− t + 1.221835 (1 + t e− t)− 0.25

[
h(e− t)− t + 5

] }
+ O(K3) (36)

h(t) =
1
4
t2 − 1

72
t3 +

1
864

t4 − 1
9600

t5 +
1

108000
t6 − · · · (37)
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4 Discussion

In this paper, the HPM-Padé is used to find approximate solutions of two dimensional Navier-Stokes equa-
tions. In this work, the Maple Package is used to solve the differential equations. The values of f(∞)
obtained by the HPM, the HPM-Padé and the numerical method for different values of K, have been pre-
sented in the table 1. The results show that, the HPM-Padé is more acuurate respect to the HPM. The

Table 1: Comparison between f(∞) by HPM,HPM-Paed and numerical method

K 0 0.3 1 2 5
HPM 0.937 0.840 0.701 0.601 0.464
HPM-Padé 1.006 0.896 0.746 0.633 0.475
Numerical method [18] 1 0.887 0.748 0.652 0.514

accuracy of the method is very good and obtained results are near to the exact solution. The approximate
solution obtained in Fig. 2 in comparison with exact solution admit a remarkable accuracy.

Figure 1: Two dimensional flow.
Figure 2: Comparison of the exact and approxi-
mate solution by the HPM-Padé

The approximate solutions of function f(t) have been shown in the Figs. 3,4,5. The approximate
solutions by the perturbation method is only valid for small values of K. For example the approximate
solutions that are presented in the Figs. 4 and 5 are non physical solutions, because the value of f(t) must
be less (or equal ) than one for different values of K. In the Figs. 6 and 7 the [4,4] Padé approximants of
f(t) and f ′(t) for different values of K are presented. Figs. 8 and 9 show the velocities in x direction for
different values of time. In the Fig. 10, the distribution of velocity in y direction for different values of K
are presented.
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Figure 3: Comparison of the approximate solu-
tion by the HPM-Padé and the perturbation.

Figure 4: Comparison of the approximate solu-
tion by the HPM-Padé and the perturbation.

Figure 5: Comparison of the approximate solu-
tion by the HPM-Padé and the perturbation

Figure 6: [4, 4] Pad approximants for different
values of K

Figure 7: [4, 4] Pad approximants for different
values of K.

Figure 8: The distribution of velocity in x direc-
tion versus x, t(K = 20).

IJNS email for contribution: editor@nonlinearscience.org.uk



M. M. Rashidi, D. D. Ganji: Homotopy Perturbation Combined with Padé Approximation · · · 393

Figure 9: The distribution of velocity in x direc-
tion versus x, t(K = 20).

Figure 10: The distribution of velocity in y di-
rection for different values of K(a = 2, ν =
10−6).
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