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Abstract. In this paper, we first extend and analyze the steepest descent method for solving optimal
control problem for systems governed by Volterra integral equations. Then, we present some hybrid methods
based on the extended steepest descent and two-step Newton methods, to solve the problem. The global
convergence results are also established using some mild assumptions and conditions. Numerical results
show that the proposed hybrid methods are more powerful and faster than the extended steepest descent
method.
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1. Introduction
The classical theory of optimal control was originally developed to deal with systems of controlled
ordinary differential equations [9]. A wide class of control systems can be described by Volterra integral
equations instead of ordinary differential equations. It is well-known that Volterra integral equations can be
used to model many classes of phenomena, such as population dynamics, continuum mechanics of materials
with memory economic problems, the spread of epidemics, non-local problems of diffusion and heat
conduction problem. An excellent survey on applications of Volterra integral equation can be found in [6]
and [8] .
The problem of optimal control of systems governed by Volterra integral equations has been studied by
many authors e.g. Vinokurov [10], Medhin [11], Schmidt [13] and Belbas [3, 4, 5]. The methods that are
usually employed for solving this problem are based on the necessary conditions obtained using Pontryagin's
maximum principle. Belbas in [3] presented a method based on discretization of the original Volterra integral
equation and a novel type of dynamic programming in which the Hamilton-Jacobi function is parametrized
by control function. In more recent work of Belbas [4], the controlled Volterra integral equations are
approximated by a sequence of controlled ordinary differential equations and the resulting approximating
problems can then be solved by dynamics programming methods for ODEs controlled systems. The
interested reader may found some references on optimal control of Volterra integral equations by methods
other than dynamic programming in [5,7, 10, 11].
Due to the difficulties in obtaining analytical solution for the problem, the numerical methods have been
usually interested. Belbas in [5] described several iterative schemes for solving Volterra optimal problems
and analyzed the conditions that guarantee the convergence of the methods. Schmidt in [14], proposed some

Published by World Academic Press, World Academic Union

254

M. Reza Peyghami et al: Some Explicit Class of Hybrid Methods for Optimal Control of Volterra Integral Equations

direct and indirect numerical methods for solving optimal control problems governed by ODEs as well as
integral equations.
In this paper, we are going to provide some explicit iterative methods based on the necessary conditions
for solving Volterra optimal control problems in which the control variables are not constrained by any
boundaries. We first generalized the Steepest Descent (SD) method for solving the problem and then
hybridize the SD and Two-Step Newton (TSN) methods in order to efficiently solving the Volterra optimal
control problem. The proposed hybrid method integrates the SD and TSN methods to obtain global
convergence results together with fast convergence rate. Our numerical results show that the hybrid schemes
are more powerful and faster than the SD method.
The paper is organized as follows: the Volterra optimal control problem and some elementary related
results are stated in section 2. Section 3 is devoted to describe and analyze the generalized SD and TSN
methods. The new hybrid schemes based on SD and TSN methods are also constructed in this section. The
global convergence of the proposed hybrid methods is analyzed in section 4 and finally some numerical
results are given in section 5 to show the efficiency of the proposed hybrid methods in comparison with the
SD method.

2. Problem Statement
Consider a controlled Volterra integral equation of the form
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Fig. 1: The error behaviours of SD and three hybrid methods of Example 1.
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Fig2: The error behaviours of SD and three hybrid methods of Example 2.
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Fig. 3: The errors behaviours of SD and three hybrid methods of Example 3.

3. Conclusion
In this paper, an extension of steepest descent method for solving optimal control problem of Volterra
integral equations is presented. The method is restricted to a special class of optimal control problems. Then,
with notice of the importance of Newton and two-step Newton methods, SD method is hybridized with these
methods. These hybrid methods in comparison with SD are faster and their accuracy is better. The
convergence analysis of these methods are also established under some mild assumptions and conditions.
One possible future work is to extend this research to optimal control problem with constrained control
variables, or use multi-step method with faster rate of convergence.

4.

References

[1] I. K. Argyros, On the theorem of L. V. Kantorovich concerning Newton's method, Appl. Math. Comput., 155
(2003), pp. 223-230.
[2]

I. K. Argyros, Newton Methods, Nova Science Publisher, New York, 2005.

[3]

S. A. Belbas, A new method for optimal control of Volterra integral equations, Appl. Math. Comput., 43 (1976),
pp. 469-473.

[4]

S. A. Belbas, A reduction method for optimal control of Volterra equations, Appl. Math. Comput., 197 (2008),
pp. 880-890.

[5]

S. A. Belbas, Iterative schemes for optimal control of Volterra integral equations, Nonlinear Analysis 37(1999),
pp. 57-79.

[6] C. Corduneanu, Integral Equations and Applications, Cambridge University Press, 1991.
[7]

L. W. Neustadt and J. Warga, Comments on the paper " Optimal control of processes described by integral
equations " by V. R. Vinkurov, SIAM J. Control, 8 (1970), pp. 572-572

[8] J. Kondo, Integral Equations, Clarendon Press, Oxford, 1991.
[9]

M. R. Hestenes, Calculas of Variation and Optimal Control Theory, John Wiley, 1966.

JIC email for subscription: publishing@WAU.org.uk

266

M. Reza Peyghami et al: Some Explicit Class of Hybrid Methods for Optimal Control of Volterra Integral Equations

[10] V. R. Vinokurov, Optimal control of processes described by integral equations, parts I, II, and III, SIAM J.
Control, 7 (1969), pp. 7324-7355.
[11] N. G. Medhin, Optimal processes governed by integral equations, J. Math. Anal. Applic.,120(1986) , pp. 1-12.
[12] A. D. Polyanin and A. V. Manzhirov, Handbook of Integral Equations, CRC Press, 1998.
[13] W. H. Schmidt, Volterra integral processes with state constraints, SAMS, 9 (1992), pp. 213-224.
[14] W. H. Schmidt, Numerical methods for optimal control problems with ODE or integral equations,
Lecture Notes in Computer Science, 3743 (2006), pp. 255-262.
[15] M. I. Kamien and E. Muller, Optimal control with integral state equations, Rev. Econ. Stud., 43 (1976), pp.469473.
[16] I. K. Argyros and F. Szidarovszky, The Theory and Applications of Iteration Methods, CRC Press, 1993.
[17] L. K. Kantorovich and G. P. Akilov, Functional Analysis, Pergamon Press, Oxford, 1982.
[18] L. S. Pontryagin, The Mathematical Theory of Optimal Process, Pergamon Press, Oxford 1987.
[19] E. B. Lee and L. Markus, Fundation of Optimal Control Theory, John Wiley, 1967.

JIC email for contribution: editor@jic.org.uk

