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Abstract. In the most real world situations, an objective function is not satisfied the decision maker’s goals
and reduce the efficiency of the models. Also the coefficients of decision variables are not exactly known.
One way to illustrate the uncertainty is intervals. In this paper we consider multiobjective linear
programming with interval coefficients and solve it with respect to necessarily efficient points.
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1. Introduction

We usually face some difficulties when a real world problem is formulated to a mathematical
programming problem. One of the difficulties is caused by the uncertainty is knowledge, information and
decision maker’s preference. Another difficulty is that most of the problems are inherently characterized by
multiple and conflicting aspects of evaluation.

Multiobjective linear programming with interval coefficients is one of the approaches to tackle the above
difficulties in mathematical programming models. This paper is aimed at providing an approach, which is
based on efficient points, to solve an uncertainty multi objective linear programming with equal constraints
and inequality constraints, respectively.

Consider, with out loss of generality, the following MOLP with interval coefficients

Max CX
st AX=b (1.2)
X >0,C e®

mxn matrix, bisan mxivector and x is a 1xn vector.
We define necessarily efficient solution in this manner:

A solution is necessarily efficient to problem (1.1) if and only if it is efficient for any ceo . The
necessarily efficient set (Ng ) is obtained by

Ne = []Xe©
Ce®
Where is the efficient solution set for each ce®.

1.1. Finding necessarily efficient points
To find the entire set of necessarily efficient solution to (1.1), we use the following algorithms but first,
we state some necessary definitions.
Let R<9’W1 """ wy) :cg"wl """ Wg)B_lN -c'', where the columns of the interval matrix, cgg*wl"“'wg), are defined as
CLBJlj j< gwj=U
[C5;Cp;l g<ism
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g is the tree level.

Let REOWiWe) gnd  RY(8WWe) he composed of the lower and upper bounds of each elements
belonging to the interval matrix rR©@"+""%s) respectively. The operator "sc" is defined as:
sc(RL(g,wl,m,wg))={RL(g+1,w1,-~,wg,L) RL(g+1,w1,~--,wg,U)} and

SC(RU(g,wl,m,wg)) :{RU(Q+1,W1,~--,Wg , L)’ RU(g+1,w1,-~,wg ,U)}

1.2. The necessary efficiency tests
We listed below some necessarily efficiency tests:

The Bitran necessarily efficiency test [1]
Stepl. let s-=RXO}

Step2. Select one element R“9"+%s) from s‘and check whether it is efficient.
(a) If it is efficient then remove the element from st.
(b) Otherwise, add scR-9WrWe)y  to st If ROWWo) _gMw.wn) then R is not

necessarily efficient.

Step3. If the set st is empty, then Rr is necessarily efficient.
Step4: Return to step 2.
If the solution being analyzed is not necessarily efficient, we use the following algorithm

To test the necessary efficiency.

The Ida necessarily efficiency test [4,5]
Stepl. let sY :{RU«»){

Step2. Select one element RV %) from sY and check whether it is efficient.

(@) If it is not efficient, then Rris not necessarily efficient.

(b) Otherwise, add scRV(O™ W)y o sY If ROW-W) _gMwe.wn) Do not add any thing
to sV

Step3. If the set sY s empty, then Rris necessarily efficient.
Step4. Return to step 2.

The Chernikova’s efficiency test [7]
Stepl: Computer.

Step2: Analyze columns and rows of r and proceed as follows:
(a) If there are any columns in rsuch thatr; >0, then eliminate these columns.

(b) If there are any rows in rsuch thatr; <o, then eliminate these rows.

Step3: Analyze columns and rows of r and proceed as follow:
(a) If there is a column in r such that rj <0, then r is not efficient.

(b) If there is a row in r such thatr; >0, then r is efficient.
(c) Ifthere isarow in rsuch that r; >0 and arowi' =i suchthatrj; >0 (R;j=0), then r is efficient.
Step4: Calculate the summation of the columns( Ry ) and rows (R ) of R.
@)IfrRg , then R is not efficient.
(b) If Rz >0 , then R is efficient.

2. Interval MOLP with equal constraints

Definition 1: We define the set of s={x|Ax =b,Ac[A],be[b]} as the solution of interval system of equations
[AIx =[b] .[3]
That is, sis the set of all solutions of ax =b for all A<[A],b<[b]. This set is not an interval vector.

Because sis generally so complicated in shape, it is usually impractical to use it. Instead, it is common
practice to seek the interval vector [x]containing s that has the narrowest possible interval components.
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This interval vector is called hull and we solve the system when we find the hullx].
Theorem 1: For an interval equality constraint
n
Z[A}-,A?]xj —[bl Y]
j=1

The following pair of inequality constraints
n n _
D Ajxjzptand > Ajx; =b
j=1 j=1

AY x>0 - Ak xj20
where A;={ 1 ! and Aj=; L

] b , define a convex region of possibility in which every point
Aj Xj <0 Aj Xj <0

could satisfy some legal version of the original interval equality by an appropriate choice of fixed values for
the interval coefficients and vice versa.

Now, we consider the following MOLP with interval coefficients and equal constraints:
Max CX

st [AIX =[b] (2.2)
X >0,Ce®
where [A] iS @ mxn interval matrix, [b] iS @ mx1 interval vector and @ is a set of all pxn matrices with
Cyj <[Cg.Ciy1-
By using the theorem 1, problem (2.1) is equivalent to the following problem:
Max CX
st AUx>pt (2.2)
Abx <pY
X >0,Ce®
Note that the problem (2.2) is a multiobjective programming with interval coefficients and crisp

constraints. So we can find its necessarily efficient solution by using the algorithm we mentioned in the
section 1.

3. Interval MOLP with inequality constraints

Consider the following interval MOLP with inequality constraints :
Max CX
st [AIX <[b] (3.1)
X20,Ce®
where o isasetofall pxn matrices with cy e[ctj,cg.], [A] is a mxn interval matrix and [b]is a mx1 interval
vector .

To find the necessarily efficient solution for the problem (3.1), we try to convert it to a problem similar
to (1.1) and find the necessarily efficient points as the method which explain in section 1. For this purpose,
we suggest the following method:

Consider the following constraint with interval coefficients:

n

Z[Aj]xj <[b] (3.2)

j=1
where [b]:[bL,bU],[Aj]:[A}‘,AljJ],xj20,j:1 ..... n.

Finding the feasible region is a essential problem for interval programming problem. Several definitions
of feasible region have been proposed by researchers [1,2,6,7]. Here we use the definition given by Ishibuchi
and Tanaaka which is based on the concept of degree of inequality holding true for two intervals[6].
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Definition 2: For an interval A=[al,AY1and a real number x , the degree for inequality A<x holding true is

given as follows:

L
g(A < x) = max{0, min{L, TJ*A 3
AY _A

Definition 3: For two intervals A=[a-,AY] and B=[B-,BY], the degree for inequality A<s holding true is
given as follows:
BY — AL
U_gL,.gVU_al
According to definition 3, the feasible region of interval constraint (3.2) can be determined by the
following theorem:

Theorem 2: For a given degree of inequality holding true g, the interval inequality constraint (3.2) can be
transformed to

g(A<B)=g(A-B <0)=max{0,min{l, 13}
A

n
Z:(qAJL-J Xj+ (1—q)AJ|-'xj) < (1—q)bU +qu
j=1
For more detailed discussion on the feasible of interval constraint, see [6]. Therefore by using theorem 2,
for a given degree of inequality holding true g, the problem (3.1) convert to:

Max CX

n

st Z(qA}’xj +A-q)AFxj) < (1-q)b” +gb" (3.3)
j=1

X>0,Ce®

Numerical example

Consider the following MOLP with inequality constraints in which the interval matrices ¢, Aand bas
follow:

[L2] [23] [-2-1] [34] [23] [01] [12]
C=|[-10] [2] [12] [23] [34] [L2] [04]
[34] [01] [L2] [L2] [04] [-2-1] [-2-1]

[010] [0.2,2] [010] [010] [0.2,2] [010] [0.2,2] [717]
(Al [-37] [-28] [-19] [010] [0.22] [-19] [010] _|7an
[-28] [-19] [010] [-19] [02,2] [-19] [-37]| [747]
[-19] [010] [0.22] [-28] [010] [-37] [-28] [717]

If g=0.1then by using theorem 2, the matrices in the interval constraints [A]x=[b] transform to following
matrices Aandb:

12112 1 2 16
2 10 1 2 0 1 16

A= b=
-1 010 2 0 -2 16
0 1 2 -11 -2 -1 16

Now, we want to use the necessary efficiency test for the extreme point

00,322 6,000,322 g7
3'3 3'3
So, we obtain
1 450 2
3 3 1 221 2 10 233 1 2 00
4|3 90 -3 2 .12 0 -200 u
BL- , N= ,c¥=l024 2 1 00
1, 8 1 0 2 0 -200
411 -1-100
% 31 0 1 1 -2 -101
= 0 1 -=
3 3
Thus,
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RO -cPB?N-cY -

Hence

1

3
RUO _| 8 3

3

(£2]

N wlow|~

[-1-2] [34] 0 ©
(2]

-1 U
23] 0 0BIN-CY

2] 0 0

77

21 10 7 13 4 7
- 55 8 g] [-2,0] [-2,0] [?155] [g ) E] [g ) g]
[?5] L3 [-14 [50153 [51?] [E'E] i
[_3v_2] [1v3] [1v3] [§ ’ ?] [3v5] [1v2] [_ § ’ 5]
_4 2, , 07 4
3 3 3 3 3
0 RRO_| S 1 3 o 82
3 3 3
1 301 1 2 31
3 3

Since RY@ >0 and there is an element rRY®RY® -0), then rRV@is efficient and r-© is not efficient.
Therefore, by the two efficiency tests, it may be necessary to examine the efficiency of both r&D and rREY)

Thus,

1L) _ ~@LL) -1 U _
RED —cEYBIN-cf =

Hence

RUU) _

w|low|F

|
N
w

RUAL) _ 2

w|l~N o

2

|
w|~

0

2

w wlbw“;‘

wu|l5co|u1 3

[-1-1] [34] 0 O
ROV —c@VIBIN-cl =| 1221 [23] 0 o[BiN-C

[2

11
[_gvg] [_110] [_1!0] [_

2]

2] 0 0

10 14
3'3

=1 [

8 13
3'3

8 7 5 4
] [EIE] [_E!_E]

8 4 14

8

=52

[-2-2] [34] 0 0
[L1]
L1

[23] 0 0B'N-C}
2] 0 0

2 11
[-3:00 [=21 [-21 [

57 15
[E'E] [12] [-10] [515]

7 10
(8-21 2 2 [27]

13
3
il
3

N wlow|~

wlaw|~N N

4

-2 1

0|, REGWVI_| 2

1 8

3 3
5 2

-2 _2

8
3

1
[_510] )

A 23 B3 B8 Bd 03]

7 4 5
—4 =2 [-2——~
4 52 [2-3]
8 13 57 2 1
) Byl B30
14 5 1
321 [L2] [-Z0
B3] B3] 50
4, ., 88 5
3 3 3 3
2 0 0 3 2 _L
3
3 3 3
L, 74,
3 3 3
1 .1 L 85 2
3 3 3 3
1 1 2 31 —l
3

Since rRY™) >0 and there is an element RYV (RYEYV —g), then RV is efficient. However, R“M) is

not efficient since RL™Y) <o. On the other hand, R-*1is not efficient since RL®Y <o . Finally, r@-Y and

R@LY) are not efficient because RY™Y <o. Therefore, by the two efficiency tests we conclude that r is not

necessarily efficient(there is an element in sV

00,3220 000,032 18
3 3 3 3

RUAY) that is not efficient) and the solution
0)" is not necessarily efficient when q=o0.1.
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4. Multiobjective linear programming with fuzzy coefficients.

In conventional mathematical programming, coefficients of problems are usually determined by the
experts and crisp values. but in reality, in an imprecise and uncertain environment, it is an uncertain
assumption that the knowledge and representation of an expert are so precise. Hence in order to develop
good operation research methodology fuzzy , interval and stochastic approaches are frequently used to
describe and treat imprecise and uncertain elements present in a real decision problem. In fuzzy
programming problems the constraints and goals are viewed as fuzzy sets and assumed that their
membership functions are known. But, in reality, to a decision maker (DM) it is not always easy to specify
the membership function.

At least in some of the cases, use an interval coefficients may serve the purpose better. though by using
a - Cuts, fuzzy numbers can be degenerated into interval numbers.

Moreover , most real word problems are inherently characterized by multiple, conflicting and
incommensurate aspects of evaluation .these axes of evaluation are generally operationalized by objective
functions to be optimized in framework of multiple objective linear programming models.

In this section, we focus on multiobjective linear programming with fuzzy coefficient. By introducing
« -cuts and Ramik and Raminek ranking, we degenerate the problem to a multiobjective linear programming
with interval objective functions and crisp constraints then define necessarily efficient points and find these
points for new problems.

The multiobjective linear programming with fuzzy coefficients can be formulated as follow:

n
max ZEKJXJ k=1,--',p
=1
n ~ _~
st D> AjX; <b i=1,m (4.1)
j=1
X; >0

j
Where ¢, Kij and b; are fuzzy numbers.

To find the necessarily efficiency points for problem (4.1), we transform it to a problem with interval
objective function and crisp constraints. so we use « -cuts to degenerate coefficients of objective function to
interval ,as indicated follow, and Ramik and Raminek ranking to obtain crisp constraints from our fuzzy
constraints.

4.1. Some definitions
The « -level set (« -cut) of a fuzzy set M is defined as an ordinary set M, for which the degree of its
membership function exceeds the level « :

M, ={x| g >a} a < [0,.1]

Actually, an « -level set is an ordinary set whose elements belong to the corresponding fuzzy set to a
certain degree « . A fuzzy number is a convex normalized fuzzy set of the real line R whose membership
function is piecewise continuous.

From the definition of a fuzzy number M , it is significant to note that the « -level set I\ﬁa of a fuzzy

number M can be represented by the closed interval which depends on interval value of ¢« . Namely,
v L nqU
Ma :{X | IUM Za}z[MaJVIa ]

Where M 05 or Mg represents the left or right extreme point of the « -level set I\?ia respectively.

Especially if M =(m,y,)is a triangular fuzzy number then Ma =[r(a-1)+mm-p(a-1)]
and if M =(m"“,mR,y,B)is a trapezoidal fuzzy number then M, = [#(a —1)+m",mR - B(a -1)] .

4.2. Ranking fuzzy numbers
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Dubios and prade proposed a method of ranking fuzzy numbers as follow:
Definition 2. Let M and N be fuzzy numbers, then we have
M>N<MvN=M.

By using the definition Ramik and raminek suggested the following lemma:

Lemma2. If M and N be a fuzzy numbers, Mv N =M ifand only if for every h € [0,1] we have
inf {s: u(s)> h}>inf {t:ug(t)> h}
sup{s: ug(s)= h}=sup{t: uz(t)= h}
Especially if M =(m",m®,,8)x and N = (n",nR,y,5) g be trapezoidal fuzzy numbers, the
above relation is true if and only if
m' —L'(h) « n'-L"(h) Vvhe[01]
m +R'(N)a > n"+R" () Vhe[0]]

\%

Where
L"(h)=sup{z:L(z)>h}
L"(h)=sup{z:L'(z)>h}
R'(h)=sup{z:T(z)>h}
R™(h)=sup{z:R'(z)>h}.
From the definition of Ramik and Raminek, if M =(m,a,f ) and N = (n,y,0 )., be triangular
fuzzy numbers ,then we have
m<n
M<Noim-a<n-y
m+pA<n+o
If M=(m'.m",a,fB), and N=(n'n",7, ) e be trapezoidal fuzzy numbers, similarly we can
compare them as follow
m' <n'
~ =~ m'<n'
M<N o |
m-as<n -y
m+4<n" +o
By using above definition and with respect to the kind of fuzzy numbers of the problem, we can
transform the fuzzy constraints to crisp ones. In this way, if ¢;= (Cyj i ,ﬂkj) AIJ (aij Vi ,5ij ) and

b; :(bi ,1;,v; ) be triangular fuzzy numbers, problem (4.1) is equivalent to

n
Max Z[“kj(a—1)+ckj,ckj—,Bkj(a—l)]xj k=1--,p

j=1
n
st za”XJ Sbl i=1--,m
j=1
n
Z(a” —]/IJ )XJ < bi —77i i=1,--,m (42)
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n

D (@ + B X; <b; +v, i=1--.m
j-1

Xj >0.

Similarly, if €= (c|'(‘j ,le} g By ) E\ij =(ai'j‘ ,ai? ,7ij»0ij ) and 5, = (b b ,77,,v; ) be trapezoidal
fuzzy numbers then problem (4.1) is equivalent to

n
L R
Max Z[akj(a—l)Jerj,ij —ﬁkj(a_]_)]xj K=1,,p

j=1

n
st Y agx; by i=1,...,m

n
23 <8 =L (4.3)
j=1
Z(au Yij WX] <bL i=1...,m
n
z(ai?+ﬂij X <b® +v, i=1-..,m
j=1
Xj >0.

5. Conclusion

In this paper, a MOLP with interval coefficients is focused. we proposed a procedure to transform the
problem to a Molp with interval objective coefficients and crisp constraints. Then we try to finding the
necessarily efficient points for solving primary problem.
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