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Abstract. The inverse eigenvalue problem of constructing centro-anti- symmetric matrices M ,C and K
of size n for the quadratic pencil Q(A)=MXA®+CXA+KX so that has a prescribed subset of

eigenvalues and eigenvectors is discussed. A general expression of solution to the problem is provided. The
set of such solutions is denoted by S, . The optimal approximation problem associated with S, is posed, that

is: to find the nearest triple matrix [M\,G,R] from S . The existence and uniqueness of the optimal

approximation problem is discussed and the expression is provided for the nearest triple matrix. A numerical
method for solving the problem is given.
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1. Introduction

Let C™™ denote the set of all nxm complex matrices, UC™™ denote the set of all nxn unitary
matrices,

A" is conjugate transpose of matrix A, A" is Moore-Penrose generalized inverse matrix of A, I, is
k x k unit matrix, is Frobenius norm of matrix.

Let R e C™"satisfying R=R" =Rt~ *I, be a nontrivial generalized reflexive matrix. Ae C™"is

said to be generalized centro-anti-symmetric matrices if RAR=-A. The set of all hxn generalized
centro-anti-symmetric matrices is denoted by D, .

In this paper, we discuss the inverse quadratic eigenvalue problem for generalized centro-anti-symmetric
matrices as following:

Problem I. Given matrices X e C™™ A eC™™ find M,C,K D, , such that

MX A% +CX A +KX =0, (1)
Problem 11. Given triple matrix [M ,C, K]e C™3", find [M,C,K]<S, , such that

0.8 K-8, =i [[M.C.KI-{M.C. K| @

where S, ={[M,C,K]|MXA?+CXA+KX =0,M,C,K e D,}is set of solution for Problem I.

2. The solution Problem |

Lemma 1. Suppose ReC™"be a nontrivial generalized reflexive matrix, the spectral decomposition of R
as follow:™*?
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I o |lp"
R=[P,Q]{k }{ } @)
0 _In—k QH
where [P,Q] €UC™" . Then the necessary and sufficient conditions of Ae D, as follow:
0 p
A:[P,Q]{ A”M H] 4)
A, O ][Q

where A, =Q"AP,A,, =P"AQ.
Proof. Suppose AeD,, by (3) and RAR =—A ,we have

pH ., O |/ P" ., O
|:QH:|A[P,Q]:_|:O _Ink:||:QH:|A[P,Q]|:O _Ink:|' ©)
Let
p" Ar A
P,Q]= . (6)
ool 2]
By (5) and (6) , we have
A,=0,A,=0,A,=P"AQ,A, =Q"AP. (7
Therefore by (6) and (7), we have
O A, | P"
A=[P, . (8)
ey 5]

where A, =P"AQ, A, =Q"AP.

On the other hand, for any matrices A, e C*"™ A e C"™ we have

S s R o] el 1]
A21 0 0 _In—k A21 OO _In—k QH

O -A,| P"
=[P, =-A
[ Q][_An O }{QH }

Thus, we have AeD, .

X
Lemma 2. Given matrices X,Y,Z,FeC™, t = rank(| v |) . Suppose
z

X
> O
v :u(o Oijzulzvl”, ©)
Z

where
U=[U,U,]euC** U, eC*™ V =[V,,V,]eUC™" V, eC™, T = diag(o,, - ,0,) .
The necessary and sufficient condition of the solution exist for matrix equation AX +BY +CZ =F is
FV,=0. (10)

and when the solution of matrix equation existence, the set of general solution can write as follow:
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X
[A,B,C]=F|Y | +GU/ =FVzZUM+GU/}. (11)
Z
where G € C™G"Y js any matrix.
Let [P,Q]= N,[P,Q]" = N" ,then we have

Theorem 1. Given matrices X,Y,Z,F e C™", let

NHX = = CNTY = Y N"Z = Zy NPF = R : (12)
X2 Y2 ZZ I:2

where X,,Y,,Z,,F, e C*"  X,,Y,,Z,,F, € C""™ suppose the SVD of triple matrix

Xi
Y, |(i=1,2) as follow:
Zi
i T 0
Yi :Ui(o' O]ViH’izl’Z’ (13)

where

Xi

X = (/11“"' ’ﬂtii) ot =rank(| Y, )'U1=[UH,U12]eUC3kX3k,UlleC3kxt1,
Z.

U, = [U21’U22] e UC3n-kx3(n-k) ,U21 e C3n-k)t, V, = [Vil’viz] cuc™m ’Vil cuc™

Then the necessary and sufficient conditions of centro-anti-symmetric solution for matrix equation
AX +BY +CZ =F as follow:

FV,,=0,FV,=0. (14)
and when the solution exist for (1), the generalized solution can write as follow:
A:N[O AZ}NH,B:N{O BZ}NH,C:N{O CZ}NH. (15)
A O B O C, O
where
X, ] X, T
[A,B,C]=F,|Y, | +GU} =E,+GU}: [A,,B,,C,1=F|Y, | +GUL =E,+GUS, (16)
Z, Z,

where G, € C ("G G e CC ) s any matrix.

Proof. By Lemma 1, we have easily matrix equation (1) equivalence with

(0] O B O C
N A INTX AN ZIN"Y +N 2INFZ=F. 17
A © B, O c, O
where A ,B,,C, e C"** ‘A B, C, e C*"¥ ) Then equation (13) equivalence with
1 1 2 2 2
AX, +BY, +CZ =F,, AX,+B)Y,+C,Z,=F,. (18)

therefore, Problem | equivalence with matrix equation (18). By Lemma 2, the solution exist for (18)
equivalence with
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FV,,=0,EV,, =0. (19)

and when the solution exist for (18), the generalized solution can write as follow:

@) O B O C
A=N & N",B=N ZIN",C=N ZINM, (20)
A O B, O C, O
where
X, T X,
[AB.CI=FK|Y, +GlU1H2=E1+G1UE| [A, B, C,]=F] Y, +GZU2H2:E2+GZUsz' (21)
Zl ZZ
where G, € C (M=K n=k)-1) G, € CH B 4 any matrix.
X, 1" X,
Iflet F,| Y, | +GU,; =E,+GU}, . F|Y, | +GUM =E,+GUM.
Zl ZZ
By matrix computation and Theorem 1, we have
O E,+GU. NT 00
[A,B,C]:N( y 2 ZZJP“ o N o | (22)
E1+GlU12 O O O NH
where
Il O OO O0OO
O OOl OO
P OIl,L, OO0 0O
|lo o001 O
O OI, O0O
O O OO O I,
Theorem 2. Given matrices X e C™™, A e C™", let
X
N "X :[ 1} , (23)
XZ
X, A?
where X, e C¥™, X, € C(")"™. Suppose the SVD of triple matrix | x A | as follow:
Xi
X, A?
Z O, .
XiA :Ui Vi !|:1!2! (24)
O O
Xi
XA ’ 3kx3k 3kt
where X, = (Ag, 4 Ay) t, =rank(| X;A |) U, =[U,.U,]eUC , Uy eC ,

Xi

U, =[U,,,U,,]eUc¥ =00 'y e C3" 9 v — v V. ]eUC™™ V, eUC™", the solution
of matrix equation MXA?+CXA+KX =0 can write as follow:
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o GU N O O
[M,C,K]zN( G szP” O N O (25)
UlZ O O NH
where G, e CH®% G, e CM* G0 s any matrices,
Proof. Given matrices X e C™™, A e C™™" | let
NHX={X1] (26)
X 2
X A?
where X, e C**™ X, e C ()™ suppose the svd of triple matrix | X A | as follow:
Xi
X, A?
s, O).,. .
XiA :Ui Vi l|:1121 (27)
O O
X,
X A?
where £, = (Ay;,-+, A,;) t, = rank(| X,A [),U,=[U,,U,]eUC®* U, e C*h,
X

U, =[U,,,U,,]eUC¥ 000 Yy e CXM% v =V, Vi, ]eUC™ ™V, eUC™" .

By Lemma 2, the matrix equation has solution, the solution can write as (25).

3. The solution Problem 11

For given matrices M,C,K e C™" , we denote

NH O o) A A
N*[M,C,K]l O N" O |p=|_" % (28)
o) O N Axn Az

Theorem 3. For given matrices M,C,KeC™ , X e C™™ ,and A e C™" , then exist unique
[I\W,@,R]esL such that (2) hold in certain, and [I\A/I,CAZ, R] can write as follow:
— N O O
P 0 AU U )
[l\/ly(:,|<]=N£,v ] 12U 5, ZZJPH O NH O ) (29)
AU U ) 0 o NV
Proof. We can proof easily S, is closed convex set of real space C™®", for given matrices
M,C,KeC™, X e C™™ and A € C™", we have unique [M,C,K]<S_, such that (2) hold, by (25), (28),

and keep norm constant property of unitary matrix , we have

m.c.k1-M,E K]
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2

Ny N O O
= [O GZUZZJPH O N" O |-[M,C,K]
GU, O o O N"
| o qug]_(ﬂn RZJZ
GU;; O A Az
_ [ ~Au GZUZHZ—AQJ 2
) GU —Ax —Az
= ‘Glul'; - A21“2 +HG2U2'; - ;&2”2 +HA11H2 +HA22H2

:HGl - A21U12 HZ + HGz - A12U 22 Hz + ”All”2 + ”Azz ”2

then min{||[M ,C,K]-[M,C, K]“} equivalence with

min{ﬂG1 - Kzlulzu}, and min|G, - AuU, }-

by (30), we have

Gl = K21U12 , and 62 = Alezz .

Therefore, we have easily (29) hold.

4. The numerical method and example

For Problem I and Problem I1, we obtain the following encapsulation:

Algorithm1.
1. To partition the given matrix for X as (23);
X, A?
2. Compute SVD of matrix | x A |(i=12)8as (24);
X i
M,C,K

3. For given matrices

—~

4. By (29) to compute matrices KA\, 6, K .

K by (28) to compute matrices A1z,

KZl;

0.4451
0.9318
0.4660
0.4186
0.8180
0.6602
0.3420

(30)

31)

0.8462
0.5252
0.2026
0.6721
0.3412
0.5341
0.7271

0.8381
0.0196
0.6813 |’
0.3795

0.8385 |
0.5681
0.3704

Example 1. We random selection matrices R ,M ,C ,K , X ,A as follows:
(00970 0.8017 0.4754 0.3488 0.2722
n_| 08017 01919 -00760 -05608| . | 01988
04754 —0.0760 -0.4981 0.7213 0.0153
0.3488 —0.5608 0.7213  0.2089 0.7468
[0.8318 0.3046 0.3028 0.3784 0.4966
c_ 0.5028 0.1897 0.5417 0.8600| & _ 0.8998
0.7095 0.1934 0.1509 0.8537 |’ 0.8216
104289 0.6822 0.6979 0.5936 0.6449
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S.
[1]

(2]

(3]

[4]

[5]

[6]

[7]
[8]

9]

[10]

[11]

0.8939 0.2844 0.5828 0.7948 0 0
X _ 0.1991 0.4692 0.4235 A ' 0 02714  0.7373
©10.2987 0.0648 0.5155|' " e '
0 —-0.7373 -0.2714
0.6614 0.9883 0.3340

By algorithm 1, we have the solution for Problem Il as follow:

-0.5259 0.0982 0.2375 0.3873 0.0562 0.1112 -0.3115 0.0911
G- —0.1767 0.5748 0.0451 —0.0647 & 0.0567 —0.0970 -0.2096 0.2138,
-0.1751 0.1145 0.0837 0.0986 -0.0082 0.0749 -0.0997 0.0400
0.0006 0.3245 -0.0073 -0.1325 —0.0725 -0.0220 0.0187 0.1405

-0.0534 -0.0049 -0.0507 0.1669

R -0.0459 0.1303 -0.0577 -0.0141

00164 0.0375 -0.0677 0.0334

0.0263 0.0335 -0.1065 -0.0092
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