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Abstract. The inverse eigenvalue problem of constructing centro-anti- symmetric matrices M ,C   and  
of size n  for the quadratic pencil  so that has a prescribed subset of 
eigenvalues and eigenvectors is discussed. A general expression of solution to the problem is provided. The 
set of such solutions is denoted by . The optimal approximation problem associated with  is posed, that 

is: to find the nearest triple matrix 

K
2( )Q MX CX KΛ = Λ + Λ+ X

LS LS

[ , , ]M C K  from . The existence and uniqueness of the optimal 
approximation problem is discussed and the expression is provided for the nearest triple matrix. A numerical 
method for solving the problem is given. 

LS

Keywords: centro-anti-symmetric matrix, matrix equation, quadratic eigenvalue problem, inverse 
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1. Introduction  
Let denote the set of all n  complex matrices, n mC × m× n mUC ×  denote the set of all n  unitary 

matrices, 
n×

HA  is conjugate transpose of matrix A , A+  is Moore-Penrose generalized inverse matrix of A , kI  is 
unit matrix, is Frobenius norm of matrix. k k×

Let n nR C ×∈ satisfying 1H
nR R R I−= = ≠ ±  be a nontrivial generalized reflexive matrix. n nA C ×∈ is 

said to be generalized  centro-anti-symmetric matrices if  RAR A= − . The set of all n generalized  
centro-anti-symmetric matrices is denoted by . 

n×
nD

In this paper, we discuss the inverse quadratic eigenvalue problem for generalized centro-anti-symmetric 
matrices as following:  

Problem I. Given matrices , find ,n m m mX C C× ×∈ Λ∈ , , nM C K D∈  , such that 
2 0MX CX KXΛ + Λ + = .                                                            (1) 

Problem II. Given triple matrix 3[ , , ] n nM C K C ×∈ , find [ , , ] LM C K S∈ , such that 

[ , , ]
min[ , , ] [ , , ] [ , , ] [ , , ]

LM C K S
M C K M C K M C KM C K

∀ ∈
− = − .                                 (2) 

where is set of solution for Problem I. 2{[ , , ] | 0, , , }L nS M C K MX CX KX M C K D= Λ + Λ + = ∈

2. The solution Problem I 
Lemma 1. Suppose n nR C ×∈ be a nontrivial generalized reflexive matrix, the spectral decomposition of R  

as follow:[1,2] 
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[ , ]
H

k
H

n k

I O P
R P Q

O I Q−

⎡ ⎤⎡ ⎤
= ⎢ ⎥⎢ ⎥−⎣ ⎦ ⎣ ⎦

.                                                          (3) 

where [ , .Then the necessary and sufficient conditions of ] n nP Q UC ×∈ nA D∈ as follow: 

12

21

[ , ]
H

H

O A P
A P Q

A O Q
⎡ ⎤⎡ ⎤

= ⎢ ⎥⎢ ⎥
⎣ ⎦ ⎣ ⎦

.                                                            (4) 

where 12 21,H HA Q AP A P AQ= = . 

Proof. Suppose nA D∈ , by (3) and RAR A= −  ,we have 

[ , ] [ , ]
H H

k
H H

n k n k

I O I OP P
A P Q A P Q

O I O IQ Q− −

⎡ ⎤ ⎡ ⎤ k⎡ ⎤ ⎡
= −⎢ ⎥ ⎢ ⎥

⎤
⎢ ⎥ ⎢− − ⎥
⎣ ⎦ ⎣⎣ ⎦ ⎣ ⎦ ⎦

.                                    (5) 

Let 

11 12

21 22

[ , ]
H

H

A AP
A P Q

A AQ
⎡ ⎤ ⎡ ⎤

=⎢ ⎥ ⎢ ⎥
⎣ ⎦⎣ ⎦

.                                                           (6) 

By (5) and (6) , we have  

11 22 12 210, 0, ,H HA A A P AQ A Q A= = = = P .                                                 (7) 

Therefore by (6) and (7), we have  

12

21

[ , ]
H

H

O A P
A P Q

A O Q
⎡ ⎤⎡ ⎤

= ⎢ ⎥⎢ ⎥
⎣ ⎦ ⎣ ⎦

.                                                           (8) 

where 12 21,H HA P AQ A Q AP= = . 

On the other hand, for any matrices ( ) ( )
12 21,k n k n k kA C A C× −∈ ∈ − × , we have  

12 12

21 21

12

21

[ , ]

[ , ] .

H
k k

H
n k n k

H

H

I O I OO A O A P
R R P Q

O I O IA O A O Q

O A P
P Q A

A O Q

− −

⎡ ⎤⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤
= ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦ ⎣ ⎦
− ⎡ ⎤⎡ ⎤

= = −⎢ ⎥⎢ ⎥−⎣ ⎦ ⎣ ⎦

 

Thus, we have nA D∈ . 

Lemma  2 [2] . Given matrices , , , n mX Y Z F C ×∈ , (
X

Y

Z

t ra n k )
⎡ ⎤
⎢ ⎥=
⎢ ⎥
⎢ ⎥⎣ ⎦

. Suppose 

1 1
H

X
O

Y
O O

Z
U V U

⎡ ⎤
Σ⎛ ⎞⎢ ⎥ = Σ⎜ ⎟⎢ ⎥ ⎝ ⎠⎢ ⎥⎣ ⎦

= HV ,                                                 (9) 

where 
3 3

1 2[ , ] n nU U U UC ×= ∈ , ,3
1

n tU C ×∈ 1 2[ , ] m mV V V UC ×= ∈ , 1
m tV C ×∈ , 1d iag ( , , )tσ σΣ = . 

The necessary and sufficient condition of the solution exist for matrix equation  is  AX BY CZ F+ + =

2 0FV = .                                                                         (10) 

and when the solution of  matrix equation existence, the set of general solution can write as follow: 
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2
H

H=

1
2 1 1[ , , ] H H

X
A B C F Y G G

Z
U V U UF

+

−

⎡ ⎤
⎢ ⎥= + Σ +⎢ ⎥
⎢ ⎥⎣ ⎦

= .                              (11) 

where  is any matrix. ( 3 )n n tG C × −∈

Let ,then we have [ , ] , [ , ]HP Q N P Q N=

Theorem 1. Given matrices , , , n mX Y Z F C ×∈ , let 

1 1 1

2 2 2

, , ,H H H H 1

2

,
X Y Z

N X N Y N Z N F
F

X Y Z
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= = = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦F

                            (12) 

where 1 1 1 2, , , k mX Y Z F C ×∈ , ( )
2 2 2 1, , , n k mX Y Z F C − ×∈ . Suppose the SVD of triple matrix 

 as  follow: ( 1, 2 )
i

i

i

X
Y i
Z

⎡ ⎤
⎢ ⎥ =⎢ ⎥
⎢ ⎥⎣ ⎦

, 1, 2
i

i H
i i i

i

X
O

Y U V i
O O

Z

⎡ ⎤
Σ⎛ ⎞⎢ ⎥ = ⎜ ⎟⎢ ⎥ ⎝ ⎠⎢ ⎥⎣ ⎦

,=                                                  (13) 

where  

1( ), ,
ii t iiλ λΣ = , ( )

i

i

i

i

X
Y
Z

t ra n k
⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

, , , 3 3
1 11 12[ , ] k kU U U UC ×= ∈ 13

11
k tU C ×∈

3( ) 3( )
2 21 22[ , ] n k n kU U U UC − × −= ∈ , 23( )

21
n k tU C − ×∈ , 1 2[ , ] m m

i i iV V V UC ×= ∈ , . 1
im t

iV UC ×∈

Then the necessary and sufficient conditions of centro-anti-symmetric solution for matrix equation 
 as follow: AX BY CZ F+ + =

1 2 2 2 1 20 , 0F V F V= = .                                                             (14) 

and when the solution exist for (1), the generalized solution can write as follow: 

2 2

1 1 1

, , 2H HO A O B O C HA N N B N N C N
A O B O C O
⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

N

1
n k n k tG C − × − −∈ 2(3 )

2
k k tG C × −∈

H

.                             (15) 

where  

1

1 1 1 2 1 1 12 1 1 12

1

[ , , ] H H

X
A B C F Y GU E GU

Z

+
⎡ ⎤
⎢ ⎥= + +⎢ ⎥
⎢ ⎥⎣ ⎦

= ,  ,      (16) 
2

2 2 2 1 2 2 22 2 2 22

2

[ , , ] H H

X
A B C F Y G U E G U

Z

+
⎡ ⎤
⎢ ⎥= + +⎢ ⎥
⎢ ⎥⎣ ⎦

=

where ,  is any matrix. 1( ) (3( ) )

Proof.   By Lemma 1, we have easily matrix equation (1) equivalence with  

2 2 2

1 1 1

H HO A O B O C
N N X N N Y N N Z F

A O B O C O
⎡ ⎤ ⎡ ⎤ ⎡ ⎤

+ +⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

=

)

.                             (17) 

where ,( )
1 1 1, , n k kA B C C − ×∈ (

2 2 2, , k n kA B C C × −∈ . Then equation (13) equivalence with 

1 1 1 1 1 1 2A X B Y C Z F+ + = ,  2 2 2 2 2 2 1A X B Y C Z F+ + = .                                      (18) 

therefore, Problem I equivalence with matrix equation (18). By Lemma 2, the solution exist for (18) 
equivalence with 
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1 22 2 120, 0FV F V= = .                                                                 (19) 

and when the solution exist for (18), the generalized solution can write as follow:  

2 2

1 1 1

, ,H HO A O B O C2 HA N N B N N C N
A O B O C O
⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

N

1
n k n k tG C − × − −∈ 2(3 )

2
k k tG C × −∈

,                          (20) 

where  

1

1 1 1 2 1 1 12 1 1 12

1

[ , , ] H H

X
A B C F Y GU E GU

Z

+
⎡ ⎤
⎢ ⎥= + +⎢ ⎥
⎢ ⎥⎣ ⎦

= ,  .     (21) 
2

2 2 2 1 2 2 22 2 2 22

2

[ , , ] H H

X
A B C F Y G U E G U

Z

+
⎡ ⎤
⎢ ⎥= + +⎢ ⎥
⎢ ⎥⎣ ⎦

=

where , , is any matrix. 1( ) (3( ) )

If let 
1

2 1 1 12 1 1 12

1

H H
X

F Y GU E GU
Z

+
⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

+ += ,  . 
2

1 2 2 22 2 2 22

2

H H
X

F Y G U E G U
Z

+
⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

+ +=

By matrix computation and Theorem 1, we have 

2 2 22

1 1 12

[ , , ]

H
H

H H
H

H

N O O
O E G U

A B C N P O N O
E GU O

O O N

⎛ ⎞
⎛ ⎞+ ⎜

= ⎜ ⎟ ⎜+⎝ ⎠ ⎜ ⎟
⎝ ⎠

⎟
⎟ .                              (22) 

where 

s

r

s

r

s

r

I O O O O O
O O O I O O
O I O O O O

P
O O O O I O
O O I O O O
O O O O O I

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟

= ⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

. 

Theorem 2.  Given matrices , n mX C ×∈ m mC ×Λ ∈ , let 

1

2

H X
N X

X
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

 ,                                                                (23) 

 where ,1
k mX C ×∈ ( )

2
n k mX C − ×∈ . Suppose the SVD of triple matrix 

2
i

i

i

X
X
X

⎡ ⎤Λ
⎢ ⎥Λ⎢ ⎥
⎢ ⎥⎣ ⎦

 as  follow: 

2

, 1, 2
i

i H
i i i

i

X
O

X U V i
O O

X

⎡ ⎤Λ
Σ⎛ ⎞⎢ ⎥Λ = =⎜ ⎟⎢ ⎥
⎝ ⎠⎢ ⎥⎣ ⎦

,

i

                                               (24) 

where 1( , , )
ii i tλ λΣ = , 

2

( )i

i

i

i

t rank
X
X
X

⎡ ⎤
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎣ ⎦

Λ
Λ , , 3 3

1 11 12[ , ] k kU U U UC ×= ∈ 13
11

k tU C ×∈ , 

, 3( ) 3( )
2 21 22[ , ] n k n kU U U UC − × −= ∈ 23( )

21
n k tU C − ×∈ , 1 2[ , ] m m

i i iV V V UC ×= ∈ , , the solution 
of matrix equation    can write as follow: 

1
im t

iV UC ×∈
2 0MX CX KXΛ + Λ+ =
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2 22

1 12

[ , , ]

H
H

H H
H

H

N O O
O GU

M C K N P O N O
GU O

O O N

⎛ ⎞
⎛ ⎞ ⎜ ⎟

= ⎜ ⎟ ⎜
⎝ ⎠ ⎜ ⎟

⎝ ⎠

⎟

)

.                                     (25) 

where ,  is any matrices. 1(3 )
1

k k tG C × −∈ 2( ) (3( )
2

n k n k tG C − × − −∈

Proof. Given matrices , n mX C ×∈ m mC ×Λ ∈ , let 

1

2

H X
N X

X
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

,                                                                 (26) 

where . Suppose the svd of triple matrix  ( )
1 2, n k mk mX C X C − ××∈ ∈

2
i

i

i

X

X

X

Λ

Λ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 as follow: 

2

, 1, 2
i

i H
i i i

i

X
O

X U V i
O O

X

⎡ ⎤Λ
Σ⎛ ⎞⎢ ⎥Λ = =⎜ ⎟⎢ ⎥

⎝ ⎠⎢ ⎥⎣ ⎦

,                                                 (27) 

where 1( , , )
ii i t iλ λΣ =

2

( )
i

i

i

i

X
X
X

t rank
Λ⎡ ⎤

⎢ ⎥= Λ⎢ ⎥
⎢ ⎥⎣ ⎦

, ,3 3
1 11 12[ , ] k kU U U UC ×= ∈ 13

11
k tU C ×∈ , 

3( ) 3( )
2 21 22[ , ] n k n kU U U UC − × −= ∈ , 23( )

21
n k tU C − ×∈ , 1 2[ , ] m m

i i iV V V UC ×= ∈ , . 1
im t

iV UC ×∈
By Lemma 2, the matrix equation has solution, the solution can write as (25). 

3. The solution Problem II 
For given matrices , , n nM C K C ×∈  , we denote 

11 12

21 22

[ , , ]

H

H H

H

N O O
A A

N M C K O N O P
A AO O N

⎛ ⎞
⎛ ⎞⎜ ⎟

= ⎜⎜ ⎟ ⎜
⎝ ⎠⎜ ⎟

⎝ ⎠

⎟⎟
                                       (28) 

Theorem 3.  For given matrices , , n nM C K C ×∈ , n mX C ×∈ ,and , then exist unique m mC ×Λ ∈

[ , , ] LM C K S∈  such that (2) hold in certain, and [ , , ]M C K  can write as follow: 

12 22 22

21 12 12

[ , , ]

H
H

H H
H

H

N O O
O U U

M C K N P O N O
U U O O O N

A
A

⎛ ⎞
⎛ ⎞ ⎜ ⎟

= ⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎜ ⎟

⎝ ⎠

.                    (29) 

Proof. We can proof easily  is closed convex set of real space , for given matrices  LS 3n nC ×

, , n nM C K C ×∈ , ,and , we have unique n mX C ×∈ m mC ×Λ ∈ [ , , ] LM C K S∈ , such that (2) hold, by (25), (28), 
and keep norm constant property of unitary matrix , we have  

2
[ , , ] [ , , ]M C K M C K−
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=

2

2 22

1 12

[ , , ]

H
H

H H
H

H

N O O
O G U

N P O N O M
GU O

O O N

⎛ ⎞
⎛ ⎞ ⎜ ⎟

−⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎜ ⎟

⎝ ⎠

C K  

 =

2
11 122 22

21 221 12

H

H

A AO G U
GU O A A

⎛ ⎞⎛ ⎞
− ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

 

 =

2
11 122 22

21 221 12

H

H

A G U A

GU A A

⎛ ⎞− −
⎜ ⎟⎜ ⎟− −⎝ ⎠

 

 =
2 2 2

21 12 11 221 12 2 22
H HG U A G U A A A− + − + +

2
 

 =
2 2 2 2

1 21 12 2 12 22 11 22G A U G A U A A− + − + +  

then [ , , ] [ , , ]m in{ }M C K M C K−  equivalence with 

211 1min{ }G A U− 2 , and 122 2min{ }G A U− 2 .                                            (30) 

by (30), we have 

211 1G A U= 2 , and 122G A U= 22 .                                                        (31) 

Therefore, we have easily (29) hold. 

4. The numerical method and example 
For Problem I and Problem II, we obtain the following encapsulation: 
Algorithm1.  

1. To partition the given matrix for X  as (23); 

2. Compute SVD of matrix as (24); 

2

( 1, 2 )
i

i

i

X
X i
X

⎡ ⎤Λ
⎢ ⎥Λ =⎢ ⎥
⎢ ⎥⎣ ⎦

3. For given matrices , ,M C K , by（28）to compute matrices 1 2 2 1,A A ;  

4. By（29）to compute matrices , ,M C K .  

Example 1.  We  random selection matrices R , M ,C , K , X ,Λ as follows: 

0.0970 0.8017 0.4754 0.3488
0.8017 0.1919 0.0760 0.5608
0.4754 0.0760 0.4981 0.7213
0.3488 0.5608 0.7213 0.2089

R

⎡ ⎤
⎢ ⎥− −⎢ ⎥=
⎢ ⎥− −
⎢ ⎥−⎣ ⎦

, 

0.2722 0.4451 0.8462 0.8381
0.1988 0.9318 0.5252 0.0196
0.0153 0.4660 0.2026 0.6813
0.7468 0.4186 0.6721 0.3795

M

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

, 

0.8318 0.3046 0.3028 0.3784
0.5028 0.1897 0.5417 0.8600

,
0.7095 0.1934 0.1509 0.8537
0.4289 0.6822 0.6979 0.5936

C

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

 

0.4966 0.8180 0.3412 0.8385
0.8998 0.6602 0.5341 0.5681
0.8216  0.3420  0.7271 0.3704
0.6449 0.2897 0.3093 0.7027

K

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

, 
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0 .8939 0.2844 0.5828
0.1991 0.4692 0.4235
0.2987 0.0648 0.5155
0.6614 0.9883 0.3340

X

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

, 

0.7948 0 0
0 0.2714 0.7373
0 0.7373 0.2714

⎡ ⎤
⎢ ⎥Λ = −⎢ ⎥
⎢ ⎥− −⎣ ⎦

. 

By algorithm 1, we have the solution for Problem II as follow: 
0.5259 0.0982 0.2375 0.3873
0.1767 0.5748 0.0451 0.0647
0.1751 0.1145 0.0837 0.0986

0.0006 0.3245 0.0073 0.1325

M

−⎡ ⎤
⎢ ⎥− −⎢ ⎥=
⎢ ⎥−
⎢ ⎥− −⎣ ⎦

, 

0.0562 0.1112 0.3115 0.0911
0.0567 0.0970 0.2096 0.2138
0.0082 0.0749 0.0997 0.0400
0.0725 0.0220 0.0187 0.1405

C

−⎡ ⎤
⎢ ⎥− −⎢ ⎥=
⎢ ⎥− −
⎢ ⎥− −⎣ ⎦

, 

0.0534   0.0049   0.0507       0.1669
0.0459       0.1303   0.0577   0.0141

  0.0164       0.0375   0.0677       0.0334
  0.0263       0.0335   0.1065   0.0092

K

− − −⎡ ⎤
⎢ ⎥− − −⎢ ⎥=
⎢ ⎥−
⎢ ⎥− −⎣ ⎦

. 
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