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Abstract. Restricted on the proof of unsatisfiability of unsatisfiable formulas, a modified DPLL — RSMLS
algorithm is presented. The new algorithm has a symmetry rule (Literal renaming ) and three simplified rule
((1,*)-Resolution, Subformula, and Multiple ). As an example, RSMLS algorithm is applied for the proof of
unsatisfiability of pigeon-hole formula P",. We show with respect to RSMLS algorithm that P", has a

refutation tree with at most O(n’) nodes.
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1. Introduction

A literal is a propositional variable or a negated propositional variable. For a formula F, var(F) denotes
the set of variables occurring in the formula F, /i#(F) denotes the set of literals generated by var(F). A
renaming of formula F' is a mapping ¢ on var(F), satisfy that: for every variable x Evar(F) , ¢(x) = x or
@(x) = —x. A variable renaming of formula F is a permutation of variables. A literal renaming of formula F
is a combination of a renaming and a variable renaming. Formally, a literal variable renaming of formula F'
can be defined by a mapping ¢: lit(F) —lit(F), satisfy that ¢(—L) =—¢(L), where L is a literal, and
supposed that ——L = L. We can know that: a formula will not change its satisfiablility on the action of a
literal variable renaming. When we are proving to the satisfiablility of a formula, we can proof one formula
of two if one formula can change to another formula in the proof process, and eliminating the proof of the
other formula. This is the rule of symmetry for propositional proof systems. In DPLL algorithm, if a formula
labeled to some node and the formula can change to another formula of another node by literal renaming,
then we can label one of the two nodes with empty clause. Such, we could reduce the node number of the
splitting tree and simplify the proof.

In [1], Krishnamurthy have explained the action of symmetry rule in proof system. However Urquhart
have given a disabled example with respect to symmetry rule[2]. Even though when we prove some hard
examples of resolution, the symmetry rule still has key action in the proof. If we ignore the times of deciding
symmetry we could reduce some hard examples of exponential verify times to polynomial times. Certainly,
the idealistic result is that: for a given hard example formula, in the process of proof, verifying symmetry can
be finished in polynomial times and proving to formula with symmetry proof system can be finished in
polynomial times. Such, the whole process of proof can be finished in polynomial times.

When we use symmetry rule in the proof of propositional calculation, we will meet the following
deciding problem: for given CNF formulas H and F, whether there is a literal renaming ¢ such that p(H)=F?
This problem is closely related to the graph isomorphism. In [3,4], we have proved that: even to Horn
formulas, this problem is same hard as the graph isomorphism. We know that: until now, the complexity of
the problem of graph isomorphism is still a unsolved problem.[5]. It is easy to prove that the deciding
problem of graph isomorphism is a NP problem. But we do not know either whether it can be decided in
polynomial times or whether it is NP complete problem. So, we consider the literal renaming restricted on
subgroups of some minimal unsatisfiable formulas [6], and found some subgroups of minimal unsatisfiable
formulas which can be decided in polynomial times if we restricted literal renaming on them. A formula F is
called minimal unsatisfiable if F is unsatisfiable but the formula which deleted any clause from F is
satisfiable. In [7], C. H. Papadimitriou and D. Wolfe have proved that: for every formula F, it can be
transformed to a another formula in polynomial times, such that
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* Fis satisfiable if and only if AF) is satisfiable;
 Fis unsatisfiable if and only if f{F) is minimal unsatisfiable.

From the above we can know that a unsatisfiable formula can be transformed to a minimal unsatisfiable
formula in polynomial times. Therefore, it is of great significance to use minimal unsatisfiable formulas to
study unsatisfiable formulas. The formulas that we known as resolution hard examples are almost minimal
unsatisfiable formulas[1,8,10,11].

In the research of SAT problem, we interest to consider the following two kinds of problems: one is how
to look quickly for a true assignment to satisfy a satisfiable formula and what characters these formula
possessed. Another is how to look quickly for a refutation proof to a unsatisfiable formula and what
characters these formula possessed.

In this paper, based on the idea due to H. Kleine Biining and Zhao X.S.[12], we restricted on the proof of
unsatisfiablility of unsatisfiable formulas. We consider an improved strategy with a literal renaming of the
well known DPLL algorithm[4]. Meanwhile, we introduce the following three simplified rules: (1) (1,*)-
resolution (it is permit to use (1,*)-resolution in the algorithm); (2) subformula rule(it is permit to delete
extra clauses in the algorithm); (3) multiple rule (we can replace one of the same formulas with empty
clause). By introduce the above three rules, we given out an improved algorithm from DPLL algorithm—
called RSMLS algorithm. As a applied example, we will apply RSMLS algorithm to the proof of
unsatisfiablity the famous hard formula—pigeon hole formula P’,. We have proved that: based on RSMLS

algorithm, the formula P’, there is a refutation tree with at most O(x*) nodes.

2. Preliminaries

In this section we will introduce some necessity definitions, notations and some results.

A clause C is a disjunction of literals(C=L.\V L.V ***\V L,), or a set of literals(C={L., L2, ***, L,}). A
formula F in conjunctive normal form (CNF) is a conjunction of clauses, F'=(Ci:/\C,/\***/\C,,), or a set {C:
, Gy, e, Gy 4oof clauses, or a list [Cr, Cy, ¢, C,, | of clauses. A subformula of a given formula F is a
formula which consists of part clauses of the formula F.

If a clause contains a pair of propositional and negated of a same variable, it is called a tautology clause.
In a formula, we can delete the tautology clauses and it will not affect the satisfiablility of a formula. A
clause is called unit clause if it contained only one literal. A variable x is called positive (negative) occurring
in a formula £ if literal x (—x ) occurring in formula F .

We denote #var(F) as the number of variables occurring in £ and #cl(F) as the number of clauses in F.
#el(F)-#var(F) is called the deficiency of a formula F, denoted by d(F).

Davis-Putnam-Loveland-Logemann (DPLL) algorithm is a very important algorithm to solve the SAT
problem, the detailed description about DPLL algorithm can be found in [13,14,17]. In general DPLL
algorithm, the following 4 rules are applied to simplify or resolute the problem:

1. tautology clause  Delete tautology clauses from formula F.

2. unit clause If formula F' contained a unit clause L, then delete L and delete all —L in all other
clauses which contain —L.

3. pure literal  If a literal L occurring in some clauses of the formula F and literal —L not occurring in
all rest clauses of the formula 7, then delete the all clauses which contained L.

4. splitting  If the formula F is the form as: F=[(xVvf),....(xV f,),(=xV g)se.,(~xV g, ) Ay, y],
where clauses f,,...,f,,,&s--»&,, M-, dO not contain x. —ux, then the problem to verify the satisfiability of
formula F can be split into two sub problems: to verify the satisfiability of F(x=0)=[f,,..., f,s /s 1]
and F(x=1)=[g,,....g,.h,...ly] . If anyone of them is satisfiable then F is satisfiable, otherwise F is
unsatisfiable.

It is not difficult to prove that: In the process of use DPLL to verify the satisfiablility of a formula, If
only use the rules of true rule, unit rule and pure literal rule, then this kind of formula can complete in
polynomial times. However, in general, it is unavoidable to use the splitting rule in the process of use DPLL
algorithm. Therefore, the splitting rule is the core of DPLL algorithm. The use of the splitting rule will
generate to two parts and the other rules will produced only a simplified problem. So we can use a binary
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tree to denote intuitively the process of the use of DPLL algorithm. Such binary tree is called the splitting
tree of DPLL algorithm or simplified as the splitting tree. The root node of the splitting tree is labelled by the
initial formula F. Every step the use of the rules will generate one or two new successor nodes, the new
nodes are labelled by the new formula relatively. The leaf of the splitting tree is labelled by empty formula or
empty clause. If all leafs are labelled by empty clauses, the initial formula F is unsatisfiable. Otherwise, F' is
satisfiable.

In the process of apply DPLL algorithm, the nodes number of the splitting tree is a measure form of
process complexity to verify a formula. The various improved strategies to DPLL algorithm are how to
introduce new rules and combination of rules for reducing the nodes number. In [17], the author has had a
very good sum-up to some famous improved strategies.

Definition 1. A renaming of a formula F is a mapping ¢ from /i#(F)) to lit(F)), such that for every variable
x>, ¢(x) €{x, —x}, where [it(F) is the set of literals in F.

A variable renaming of a formula F is a permutation over the set of variables in F.

A literal renaming of a formula F is a mapping ¢ from /i#(F) to [it(F), such that for every literal L, p(—L)
=—¢@(L) (supposed ——L =1L).

In fact, a literal renaming is a combination of a renaming and a variable renaming.

Definition 2. Suppose F =[(Lv f),(=Lv g,),...,(=LVv g,)),F.,,] is a formula, where L is a literal, /A g+ ***~
gn are clauses, F, is a formula which not occurring the literal L and — L, we call the formula
F'=[(fvg)s..(fvg,)F.] as (1,*)-resolution about literal L of F.

It is obvious that unit resolution is a particular case of (1,*)-resolution.

Definition 3. Suppose F=[C: , C,, ***, C,] is a formula, F is called as a minimal unsatisfiable formula
(simplified as MU) if F is unstatisfiable and '\ C, be satisfiable for any clause C,(1<i<n) in F.

It has proved that the difference Hel(F)-#var(F) of a minimal unsatisfiable formula F' is a positive
integer[15,16]. In general, we can group the minimal unsatisfiable formulas depends on the difference
#cl(F)-#var(F) . For positive k>1, denoted MU(k) ={FEMU | #cl(F)-#var(F)=k }, the formula in MU(k)
is called MU(k) formula.

Lemma 1. Suppose F=[(Lv f),(=LVg),....(~Lv g,),F.,] is a formula, where L is a literal, /. g;+

g, are clauses, F.is a formula which not occurring the literal L and —L. F'=[(fv g,),....(f vV g,)s Fouu] 18
(1,%)-resolution about literal L of F, then F'is MU(k) formula if and only if F' is MU(k) formula.

Proof  without loss of generality, suppose F=[(xv f),(—xVvg)),....(—xv g,).F,,] , where F, not
occurring x and —x, SO F'=[(f'V g)s...(fV &, )s F,y 1 -

(=) suppose F'€ MU(k) and #var(F)=n, then #cl(F) = ntk, #var( F' )=n-1 and #cl( F' )= n+k-1. so
d(F')=k. we will prove F' € MU(k).

(1) F'is unsatisfiable. If not so, there is a true assignment v, such that v( F' )=1. It satisfied

v(fveg)=...=w(fvg,) =wF,,)=1.The following is an extended assignment v' from v, such thatv'(F)=1:
v(y) yevar(F)\{x}
vI(y)=<0 yv=x and v(f)=1
1 y=x and v(f)=0

It is clear thatv'(F)=1. It is contradiction with the unsatifiablility of F.

(2) F' is a minimal unsatisfiable formula. Otherwise, there is a clause heF' such that F\{#} is
unsatisfiable. There are the following cases.

Case 1.1 for some i(1<i<p),h=(fvg,)

Without loss of generality, supposes=(f v g,). Since F is a minimal unsatisfiable formula, we have that
F =[(xV [).(—=xV g,),....(—xVv g,). F,,] 1s satisfiable. So there is a true assignment v such that v(#,)=1. This
impliesv(xv /) =v(—xv g,)=...=v(—xv g,) =w(F,,) =1. If v(x)=1, then v(g,)=...=w(g,) =v(F,,) =1. If (x)=0, then

v(f)=w(F,,)=1.8So, we havev(F\{#})=1. It is contrary.
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Case 1.2 heF,,
As F'is minimal unsatisfiable, F, =[(xv f),(-xV g,),....(—x Vv g,).F,.,] is satisfiable, where F,,, = F,,, \ {h} . So
there is a true assignment v such that v(#)=1. This implies v(xv /) =v(-xv g)=...=v(—xv g,) =w(F,)=1. If

v(x)=1, then v(g))=...=v(g,) = v(F,,) =1. If (x)=0, then w(/)=w(F,,)=1. So, we havev(F"\{i})=1. It is contrary.

es

(<=) Suppose F'=[(fV g)s-...(/ V &,).F,.,]1€ MU(k) . We will prove that 7€ MU(k).

First, F' is unsatisfiable. Otherwise, there is a true assignment v such that v(F)=1. If v(x)=1, then
v(g)=...=W(g,) = v(F,,) =1.If v(x)=0, then v(f)=v(F, )=

..)=1.So0, we have U Ttis contrary.

Second, F' is minimal unsatisfiable, otherwise, there is a clause #< F such that F\{#} is unsatisfiable.
There are the following cases.
Case 2.1 h=(xv )

Note that: F,. is satisfiable. So there is a true assignment v such that v(Frest)=1. We can expand v to be
another true assignment v' such that v'(F\{#})=1:

v(y) yevar(F)\{x}
v'(») ={
0 y=x

Case 2.2 for some i(1<i< p),h=(—xvg,)
Without loss of generality, supposez=(—xvg,). Since F' is a minimal unsatifiable formula, we have
that: F =[(fvg,).....(fvg,).F.,] is a satisfiable formula. So, there is a true assignment v such that v(F)=1.

it is the same as above, we can expand the assignment v to v' such that v'(F\{})=1:

v(y) yevar(F)\{x}
VvVi(y)=4 0 yv=x and v(f)=1
1 y=x and v(f)=0

Case 2.3 heF

rest

=V e (Ve bl is satisfiable, where F,

rest

As F' is minimal unsatisfiable, so =F, \{h . So

there is a true assignment v such that v(#;)=1. Using the same expanded method in case 2.2, we will get a
true assignment v' from v, such thatv'(#\ {#}) =1. It is contrary. This is end of the proof.

Lemma 1 shows that the formula in MU(k) is closed in (1,*)-resolution, that is, a minimal unsatisfiable
formula is still a minimal unsatisfiable formula after once (1,*)-resolution, and the differences of the number
of clauses and the number variables are equal .

For n>1, we denoted the pigeon-hole principle with n pigeons and n-1 holes to a formula PHP", as
follows.

n p—
PHE | = Ajcpen (X, VooV X)) > Vigenn Vicicjen (Xip AX;,)

From the above formula PHP"

n-1>

follows (simplified the pigeon-hole formula).

we define the pigeon-hole formula P, with n pigeon and n-1holes as

no_
P, = N<p<n (xp,l V...V xp.nfl) A Nighgn-1 Nisi<j<n (=, v _‘x/‘.h) .

In formula P, , variable x;; denotes the ith pigeon be put into the jth hole. Clearly, var( P, )=n(n-1) and

cl(pr, )=n+%n(n—l)2 .

Proposition 1: P, is a minimal unsatisfiable formula.

Proof: (1) P!

n-1

is unsatisfiable.

Nlgpn (xp,l V...V xp,n—l) A Nighgn-1 Nigi<j<n (_‘xi,h Vv _'xj,h)

Suppose the formula is satisfiable. There is a true

assignment ¢ over the variable set{x , |1< p<nl<h<n-1}, such that:

p.h

(1.1) Forevery p(l<p<n), o(x,;v..vx,, ) =10
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(1.2) For every pair i, j(1<i< j<n), and every h(1<h<n-1), Py v =) =1
From (1.1), for every p(1<p<n), thereis some h(1<h<n-1), such that ¢(x,,)=1. By pigeon principle:

tfp(xi,h) = @(xj,h) =1

there exists some pairi, j(1<i< j<n), and somer(1<h<n-1), such tha . This is contradiction

with (1.2).
Intuitively, the satisfiablity of the formula ., (x,, v...vx,, ) expressed that the n pigeons have to be
put into the holes. The satisfiablity of the formula ~ ., , A ..., (—x,, v—x,,) expressed that: in the n pigeons,

every pair pigeons can not be put into the same hole. Now there are only n-1 holes so it is not possible to
satisfy the both formulas.

(2) P, is minimal unsatisfiable.

That is, we need to prove that: The formula that we delete any clause C from P!, is satisfiable. We
discuss them as the following two cases.

Case 1 Forsome p(l<p<n), C=(x,,v..vx,, ).

C=(x, V..

Without loss of generality, we suppose V) Deleting C from the formula P’,, we get the

formula:

F = No<pn (xp,l V...V xp,n—l) A Nighgn-1 Nigi<jn (_‘xi,h Vv _'xj,h) .

We define a true assignment ¥, over the variables set {x,, [I<p<nl<h<n-1} as follows:

0 xe{x X, }
wi(x)=11 xe{x,;,mnX,, 1}
0 xe {xpvh (1< p<nl<h<n—1F —{X] s X 15 Xg 50 Xy}

so, we have that v, ( F;) = 1.

C=(x,

Intuitively, deleting VeV Iaa) from the formula P!, it expressed that the No. 1 pigeon may be not

put into the hole. Then we could put the No. 2 pigeon into the No. 1 hole, put the No. 3 pigeon into the No. 2
hole, ..., the No. n pigeon into the No. n-1 hole. This is what the true assignment ¥; denoted.

Case 2 For some pairi, j(1<i<j<n),and for someh(l<h<n-1), C=(—x,, v—x,,).
Without loss of generality, we suppose C = (—x,, v—x,,) . Deleting clause C from the formula P, , we get
the following formula:

Fy= Ay (X, Vv, ) A Aoshsn-1 Nsi<jsn (ﬂ[,h Vﬂ/‘,h) A
<p<n P pan—

Nosi<jsn (=x;, V—‘x”) A N3gjgn (—xy, V_'xj.l) °

s llSpsnl<h<n-1}

We define a true assignment y, over variables set b as the following:

1 xe{x,;,x,,}

WZ (x) = 1 X e {x3,2 ""7xn,n71}

0 xe {xpvh [I<Sp<ml<h<n-1} —{xlyl,xz,l,xlz,...,me}
Then, we have that y, (F,) = 1.

Intuitively, if we delete the clause C=(—x, v—x,,) from the formula P, , it expressed that No.land No.2
pigeons can both be put into No.1 hole. This is what the true assignment y, denoted.

From the above, the formula P”

n-1

is a minimal unsatisfiable formula. It is the end of the proof.

n

Furthermore, we have that P", e MU (%n(nz —4n+5)).

3. Improved Algorithm
The improved algorithm is based on the idea due to H. Kleine Biining and Zhao X.S [12].
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We consider an extension of the well known DPLL algorithm. The new algorithm is called RSMLS
algorithm (Resolution-Subformula-Literal renaming-Multiple-Splitting). RSMLS algorithm is restricted on
the refutation proof of unsatisfiable formulas. In this algorithm, resolution rule is specified as (1,*)-resolution,
subformula rule is specified as a unsatisifiable subformula from a unsatisifiable formula, symmetry rule is
literal renaming, multiple rule is only choose one from the same formulas, splitting rule is the same as in
DPLL algorithm.

With DPLL algorithm similarly, we still use the form of tree to descript the using process of the rules.
The tree we obtained is still called splitting tree. In the splitting tree, we still use a formula to label a node.
On the leaf nodes, it is permitted to use blank clause (00) to label them.

In the RSMLS algorithm, we use the following rules.
1. Initiating

The root is labeled with the initial formula F.
2. (1,*)-Resolution

Let v be a leaf with the label F=[(Lv f),(=Lv g)),....(=LV g,),F,,, 1, where neither L nor —L occurs in F,.
Then v has one successor node v, with label [(f v g)),....(f Vv g,).F.,]. (Note: unit resolution is particular case
of (1,*)-resolution)
3. Subformula

Let v be a leaf with the label formula F, and F, is a non-empty subformula of F, then v has one successor
node v, with label F.. (Note: When this rule be used, F. should be a unsatisfiable formula.)
4. Literal renaming

Let v be a leaf with the label formula F, and ¢ is a literal renaming of F, such that ¢(F)=F,, then v
generates one successor node v, with label F..
5. Multiple

Let v be a leaf with the label formula F. If there exist some other node v with label F, then we add a
successor node v, labeled by the empty clause o.
6. Splitting

Let v be a leaf with the label formula F. and the literal L occurs both positively and negatively in F, then
v has two successor nodes v; and v,, the node v; is labeled with F(L=1) and the other node v,is labeled with
F(L=0), where F(L=1) (or F(L=0)) is simplified by replace L with 1 (or 0) in F.
7. End

If all leafs are labeled with the empty clause 0, then we halt with return the value contradictory.

It is easy to prove that a formula F is unsatisfiable if and only if there is a RSMLS refutation with return
the value contradictory.

In RSMLS algorithm, the subformula rule implied the true rule in DPLL algorithm.

4. The application of RSMLS algorithm

In this section, as an applied example, we will apply RSMLS algorithm to prove the unsatisifiablility of
the famous hard example—pigeon hole formula P’ ", has a refutation tree with

n-1> -1

and we also prove that the P,
at most O(n°) nodes.
For convenience to read, we repeat the pigeon holes formulas as follows.

P = Atepen Xyt Voo VX, D) A Ajghenat Arcicjen (TXip V21X 5)
From the proposition 1, we know that P’ is a minimal unsatisfiable formula and

P' e MU(%n(nz —4n+3)).

Theorem 1. For formula P"

n-1»

there exists a refutation tree based on RSMLS algorithm, and its splitting tree
has at most O(r’) nodes.

Proof: In the proof we define the following formulas and notations.
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H,p={(—x, v—x,,):i,jeLi<; and keR}, (Using clause set to express formula, the rest is the same.)
Gpp ={(VierXip V Vi ¥ 0) i je L and i <j},
O, =H,x+G, . (“+” express the union of sets, the rest is the same.),
where L,R c N (That is, the subsets of natural number set) with |L|=/, |R|=r, and1<r <.

i

Fori, j,l € N with (j <1), we denote that x

we denote that X, s =v x, .

ija =, vx, ., v..vx,). Similarly, foraset Sc Nandie N,
Thus, we have that G, , ={(X,, v X,):i.jeLandi< j}, and
Pl =Xy (1SS + {(—x v, )i 1<i< < and 1<k<n-1}
={(x) VX )i 1<i<ny+ {(—x,, v—x,,):1<i<j<n and 1<k <n-1}.
Now, we can begin apply RSMLS to construct the refutation tree of the formula P, .
n-1

(41) We label root node of the splitting tree with P, . Now the tree only contains one node.

Chose P, , we apply (1,*)-resolution in turn to every variable of x,,x,,.....x,, (it is used n times). The
generated formula is that: Q{I,Z....,n}{2.3....,;1—1} = G(I,Z,...,n}(2,3,...,n71} tH o sy where
H\’],Z,.,.,n}{2,3,,..,/1—1‘, = {(_‘xi,k Vv _'xj,k) l<i<j<n and 2<k<n -1, G{],z,...,n;{2,3,..,,n—1; = {(Xi,2~(n—]) Vv Xj,ZN(n—l)) <i<j<ny.
The formula G, ;. ., canbe explained as No.I hole is closed.
Since P, is a minimal unsatisfiable formula, by lemma 1 we have got that 9, ;. ., 1S a minimal

unsatisfiable formula.
Until now, the splitting tree has only one leaf node and label it with formulaQ,, 5. . -

(4y) For formulaQ,, ;... » We consider splitting on the variables x,,,x,...,x,,, in turn firstly. The

generated splitting tree as the following graph: (where the leaf nodes labeled with nodes label, and the
branch nodes labeled with their label formula. )

In the above splitting process, we have the following cases.

Case 1: x,, =1, Its branch node labels with v{) .

Case 2: For somed(2<d <n-2), x,,=x;=...=x,=0 and x,,, =1. Its branch node labels with v{),, .
Case 3: x,, =x,;=...=x,,, =0. Its branch node labels with v(?, .

Now we deal with the above 3 kinds of cases respectively. Suppose n>2, what the formula we concern to
IS Q{I,Z,...,n}{2,3,...,»171} .

Case 1. x, =1
(n times) (1,%*)-res.

Ql~n 22~(n-1)
X,=0

) (0)
Vin-1 Vi1

Fig. 1 Part splitting tree
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(1.1) Firstly, we compute 0y, 5. ..y (%, =1), and the simplified formula labels with () .

Since X, = 1, we delete the clauses which occur the literal X, and delete the literal —X,, in the rest

clauses which occur the literal —x,, in 9,, , ., .., . The generated formula is as follows.

Ol ny23, 1) (x1.2 =1)=G+H',
where
C'={X sy VX ooy 1 280<j<n}
H'={=x;,:2< j<n}+ {(—x;, v—x;,):2<i< j<n}+
{(=xv—x;):2<i<j<n and 3<k<n-1}+ {(—x, VX, )i2<j<n and 3<k<n-1}.

Since G'+H' contains the unit clause set {—x,,:2< j<n}, so we could simplify further: deleting the clause
set {(—x,, v—x,,):2<i<j<n} in the formula G'+H'.

Then, we get the formula Q,, 5. . (x,=1)=G"+H", where

G"= (X oy V X o)) 280 < j <)
H"={—x;,:2<j<nj+ {(—x;, v—x,;):2<i<j<n and 3<k<n-1}+
{(—x, v—x;,):2<j<n and 3<k<n-1}.

(1.2) In formula Q,, 5. . (x,=1) =G"+H", it contains the unit clause set{—x;,:2<j<n}. We apply
respectively the (1,*)-resolution to the unit clause —x,,(2< j<n) (in fact, it is unit resolution), total use n-1
times. The generated formula is the following.

Ops.omipamy + (=X v—x,):2< j<n and 3<k<n-1}.

(1.3) using once the subformula rule to delete the redundant clause set {(—x,, v—x,,):2<,<n and
3<k<n-1}, we get a minimal unsatisfiable formulaQ,; ;4 .-

(1.4) for formulaQ,; ;... » Using once the literal renaming rule (in fact, it only need to make a
permutation over the subscripts), we get the formulaQ,, 5. . -

Until now, we have got the formula Q,, . .; ., from the formula 0, ., .., (x,=1).We have
applied the rules n+1 times. So, in the branch of 0, 5. ..., (x,=1), it have generated (n+2) nodes.

Case2. forsomed(2<d<n-2) x,=x;=...=x,,=0 and x_,,, =1.

The method is similar to the case 1.

(2.1) First, we compute that 0, .5 0 (x,=x;=...=x,=0,x,, =1), and use the simplified formula
to label the node v{),, .

Since x,=x,=..=x,=0 , and x,,=1 , we delete the clauses which occur any literal of
X5, 5,00, g X gy 1D the formula Oy, 105, and delete all the literal x,,,x,5,....x,,,—x,,,, from the rest
clauses which occur any literal of x,,.x,5,....x,,,—x,,,, - We have got the formula as follows:

Ounem23mmy (xlv2 =X3=...=x,=0,x,,=1 F=G'+H',
where
G'= {X,.,ZN(H) vV X/',ZN(n—l) 12<i<j<n},
H'={=x;,,:2< J<ntt{(=x, V) i2<i< j<ny + {(—xp, v, ):12<j<n andd +2<k<n-1}+
{(=xvox,):2<i<j<n2<k<n-1 and k=d+1}.

As there are unit clause set {—;,,, :2< j<n} in the formula G'+H', so it can be further simplified, that is,

v Y X

deleting the clause set of 1=, 1) 2SE<TSME o the formula G+A!.

So, we have got the formula 0, .5 0 (¥, =%5=...=x,=0,x,, =1)=G"+H",
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Where
G"={X, ) oy VX oy 128i<j <
H"={=x, ,,:2< j<n} + {(—x, vﬁxj,k):ZSjSnal’ldd+2sk$n—l}+
{(xvox,):i2<i< j<n2<k<n-1 and k=d+1}.
(2.2) In the formula Q,, 5. (¥, =%5=...=x,=0,x,, =1)=G"+H", it contained the unit clause set

{—x,4.:2<j<n}. We apply the (1,*)-resolution to these unit clauses —,,,,(2< j<n) respectively (in fact,
this is unit resolution), and it is used n-1 times. The generated formula is the following.
Opimpsdarr, wn T (X v—x,):2<j<n and d+2<k<n-1}.
(2.3) Using the subformula rule once to delete the redundant clause set
{(—x, v—x,;,):2< j<nandd+2<k<n-1} , we will get the minimal unsatisfiable formula Q,,; .05 si2 o -

(2.4) Using the literal renaming rule once to the formula Qs 2.t a2t (That is, making a
permutation over the subscripts of variables), we will get the formula Q,, 125 . -

From the above process of the formula Q,, .5 . 1© Ous yps. ..o » WE could consider them making
two steps as follows.

First step: computing the formula 0, ... . (x,=x;=...=x,=0) (using the splitting rule d times),
the formula we get denoted by 0'.

O'(¥ 4 =1)

Second step: computing the formula , and making the above (2.1)—(2.4) steps to deal with

them. It similar to the first step from N (M2 1) to Qn2azs 0 We have used (n+1) rules. So,

in the branch of ¢ *ras =1

, it has generated (n+2) nodes.
(2.5) in case 1, we have got the formulaQ,, .5 .2 - S0, here we can use the multiple rule once to
generate a successor node and label it with blank clause o.

Then, in the branch of 0'(x, ,,, =1), there are (n+3) nodes.
Case3. x,=x,=...=x,,=0.

— — — — (0)
(3.1) First, we compute the formula R (2T T T e = 0) and label the node "' with the
simplified formula.

As x,,=x;=...=x,,=0, we delete the clauses which occur the literal —x,,,—x,;,...,—x,,, from the
formula Q,, ,.s..., and delete the literals x,,,x,;.,....x,,, from the rest clauses which occur any literal of
X125 X300 X, - We will get the formula as follows.

Q{I,Z,...,n}(2,3,...,?171} (xl,z =X T T X0 T 0 ): G'+H',
where
G'={X 5y 2SS H{X o VX oy i 2Si<j <0},

H'={(—x,; v—x,;,):2<i< j<n and 2<k<n-1}.

JIC email for subscription: publishing@W AU.org.uk



314 T. Deng, et al: A DPLL Algorithm with Literal Renaming Strategy

n
Pn—l

(n times) (1, *)-res.

Ql~n 22~(n-1)
X, =1 X,=0
0
x5 =1 x;=0
(1, %) -res.
o)
(n—1 times) ’
)
subformula
o)
o (1, %) -res 11t. renaming.
(n—1 times)
lit. renaming P
o) D
Q1~(n—1)’2~(r1—2) O
subformula subformula
Ql~(n—l) 2~(-2) o
® P
multiple 11t. renaming (n—1 times)
(1, %) —res.
o QIN(;171)72~(;172) )
OQ1~(n—l) 92~(n-2)
multiple multiple
o o
O O

Fig. 2 Splitting tree
(3.2) Using the literal renaming rule once to formula G'+AH' (that is, making a permutation over the
subscripts), we get the formula as follows.
0'={X, o 1<j<sn—1+ {(=x, v, ):1<i<j<n-1 and 1<k<n-2}+
Xty VX 1y 1Si<j<n-1}
= R:l:zl + {Xi.1~(r1—2) Vv Xj.1~(r1—2) A<i<j<n-1.
(3.3) Using the subformula rule to the above formula 0', we will get the minimal unsatisfiable

formula P .

(3.4) Using the similar method form P, to Q,, 5. .. » We can use the (1,*)-resolution n-1 times to the
formula P, and get the formula Q,, , 05 s -

(3.5) In case 1, we get the formulaQ,, , .5 .. - S0, we can use multiple rule once to the formula
Oiis..23..n2 and generate a successor node which we labeled with the blank clause o.

So, in the branch of O, 0. . (X, =x5=...=x,,,=0), there are (n+3) nodes.
From the above, we get the splitting tree as Fig. 2.
Now, we compute the node-number of the tree in Fig. 2.
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(1) From P, t0 Oy, 5.0 » it generated n new nodes.

(2) In the subtree that its root iSQ,, 15,1 » the node number is T(n)=(n+3)+(n-3)(n+4)+(n+3)=(n-
1)(n+3)+(n-3). Then the node number of the tree in graph 2 is f{n)=n+T(n). Note that 7(n) is a quadric
polynomial.

In graph 2, all leaf nodes are labeled by empty clause (0) except the most left node is labeled by the
formula Qi3 23,2y -

(3) Now we evaluate the node number of the refutation tree (splitting tree) of P, which constructed
similarly with the method mentioned above.

In graph 2, the most left node is labeled by the formula Quz,ns.na Using the method of (A;) which

we deal with the formula Qi

the splitting tree is that

2 similarly until get the formula Quaney Then, the node number of

n+tT(n)+T(n-1)+:--+7(4)-(n-4)

(where, (n-4) is the root number of subtree which be computed twice.)

Note that:

Q{])MHZ} ={ X1y VX 0,X1 9V X39,Xp 5 V X3 5,70X) ) VX 5, 7X) 5 VX 5,0, VX, },
Q{1,2,3)<2> (xh2 =1 )={ Xy V X3,y 5,3 5, Xy 5 V Xy },
Oz (X1, =0)7{x,5,%5,.%,, VX, X, Vg, §e

To the formula Q,,;,, (x,=1), we apply the subformula rule once, get the minimal unsatisfiable
formula {x,,vx,,,—x,,,—x;, }, then apply (1,%)-resolution twice to it (in fact, it is unit resolution), get the
blank clause O.

To the formula Q,,,,,, (X,, =0), we apply the subformula rule once, get the minimal unsatisfiable
formula {x,,.x,,,—x,, v—x;, }, then apply (1,*)-resolution twice to it (in fact, it is unit resolution), get the
blank clause O.

From the above we can know that: only 8 new nodes be generated by dealing with Q,,,,,, to blank
clause 0.

In summary, to the pigeon-hole formula P/, , there exists a refutation tree which based on the RSMLS

algorithm. And the node number of the refutation(splitting) tree is 7(n)+7(n-1)+---+T(4)+12. As T(n) is a
quadric polynomial, so T(n)+T(n-1)++-*+T(4)+12 = O(n’). That is, the node number of the refutation tree
constructed above is at most O(r°). It is end of the proof.

5. The Conclusion and Further Works

On the refutation proof of unsatisfiable formulas in this paper, we have introduced literal renaming rule,
(1,%)-resolution rule, subformula rule and multiple rule (here the literal renaming is symmetry rule and other
three rules are mainly used to simplify the formula and the proof ) in DPLL algorithm. So a modified DPLL-
-RSMLS algorithm is presented. RSMLS algorithm is effective for some formulas which have symmetry
constructions and can essentially improve the hard of the proof. As an example, RSMLS algorithm is applied

for the proof of unsatisfiability of the famous pigeon-hole formula Bl We prove that: based on RSMLS

algorithm, B has a refutation tree with at most O(n’) nodes. We should note that: to prove a given formula,
the literal renaming rule is the key step to improve the complexity of the proof. So, if the deciding problem
of literal renaming between two formulas can be finished in polynomial times, the application of RSMLS
algorithm will be obviously more effective. The further work is to consider that some kinds of formulas
which literal renaming deciding problem can be finished in polynomial times.

Thanks. We owe special thanks to Prof. Hans Kleine Biining (Computer and Science department of Paderborn University, German)
and Prof. Zhao X.S. (the Institute of Logic and Cognition, Sun Yat-Sen University), for their support, help, and guidance.
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