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Abstract. In this paper, we consider the existence of common quadratic Lyapunov functions for a linear control
system. For stable LTI systems whose system matrices are upper triangular form, or lower triangular form, it is proved
that there exit common quadratic Lyapunov functions. Then, two algorithms of computing a common Lyapunov
function are given. Finally, two examples are listed.
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1. Introduction

In recent years, there has been increasing attention given to the stability and stabilization of switched
systems. The stability of a switched system can be assured by a common Lyapunov function of the different
models for arbitrary switching. When the switching models are linear time-invariant, the work of
determining conditions for the existence of a common quadratic Lyapunov function, or the methods of
computing a common quadratic Lyapunov function is done in [1,2]. In [3], it is proved that a set of block
upper triangular matrices share a common quadratic Lyapunov function, if and only if each set of diagonal
blocks share a common quadratic Lyapunov function.

In this note, we will show that when the system matrices are upper triangular form or lower triangular
form, there exits a common quadratic Lyapunov function V (x) = x" Px where P >0 is a diagonal matrix.
Based on this result, the algorithms of a common quadratic Lyapunov function are given.

2. Preliminaries
We start with some notations which will be used later on. Throughout, R™" denotes the space of nxn
matrices with real entries. X; is ith component of the vector X in R". a; stands for entry in the (i, j)
position of the matrix A in R™".
Let us consider the set of LTI systems
L, X=Ax,i=12;-m, Q)
where m is finite and the A,, i =1,2,---,m are constant Hurwitz matrices in R™" i.e., the eigenvalues
of A, lie in the open left half of the complex plane and hence the X, are stable LTI systems . Let the
matrix P=P" >0, P e R™", be a simultaneous solution to the Lyapunov inequations
A'P+PA <0,i=12,---,m, 2
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then V (x) = x' Px is called a common quadratic Lyapunov function for the systems (1).

Since the system matrices are upper triangular form or lower triangular form, we can write

a-1i1 a1i2 a1in aJi.l 0 0
R I PN T i=12,m
0 0 - a, aél 8, Ay
3. Main Results
Theorem 3.1. LetA, i=12,---,m be Hurwitz matrices in R™" such that A are upper triangular
matrices. Then the systems L, X= AX, i=12,---,m share a common quadratic Lyapunov function
V (x) = X" Px, where
1 0 --- 0
0 e 0
P=|. p,l , ~ |>0.
0 0 pm1

Proof. Noticing that A, is Hurwitz, we get a}j <0, j=12,---,n and Rank(A,) =n. We prove the
theorem by mathematical induction. When n =2, we have

A:{a{l aﬂ’P:[l O}>0
0 a, 0 p

and
2 a1i2 i i
A'P +PA = . |=D, <0, ,m. Let detD, >0,
a‘12 2a22 pl
. : (a,)? (a,)’ -
it is obtained that p, > . Forany p, > max o , A/ P+ PA, are always negative define.
4a1la‘22 Lsism 4a11 22
Thus, we get a common quadratic Lyapunov function
V(x) = x"Px,
where
F 0 }
= >0
0 p
with
i \2
o, > max (32"

1ism 4a),8,,

Assume that forn = k > 2, the conclusion is true. When n =k +1, we have

alil aiz e ai,kﬂ 1 0 v 0
P N L
0 0 - ali<+1,k+1 0 0 - p,

and
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i i i
2a11 a, T a1,k+1
a. 2al al .
AITP+PAI — Z:LZ 2:2p1 . 2,'k+l :Dll+l<0-
i i i
Ay Bk 2801k, Py

In addition, we denote E, = (a1, 4,1, 84 .1) - By deduce, it follows
. D, E, D, 0
detD;ﬂ:det{ Ko }FZdet{ S }pk
(Ek ) ak+1,k+1 (Ek ) ak+1,k+1
= —det Dli< (Ell )T (Dll )_1 Eli< +2det Dli ali<+1,k+1 Py
Assume k is odd, then detD, <O and detD;,>0 . From the equation above, we obtain

Ei T Di 71Ei Ei T Di 71Ei
P, >( ) (D) Ey (E) (. ) _Ee , ATP +PA are always negative define.

. For any p, > max

2a'li<+1,k+l t<i<m 2all<+1,k+1
Thus, we obtain a common quadratic Lyapunov function
V(x) = x"Px,
1 0 --- 0
0 .- 0 ENTY(DIYIE!
where P =] . p,l . . |>0 with p, > max( ) (. ) By . This completes the proof of the
: : . : i<i<m 2all<+1,k+1
theorem.
Theorem 3.2. Let A, i=12,---,m be Hurwitz matrices in R™" such that A are lower triangular

matrices, then the systems X, X=AX, i=12,---,m share a common quadratic Lyapunov function
V (x) = X" Px, where

1 0 - 0
p|0 P O
0 0 pn—l

Proof. Since A, is Hurwitz, we get a}j <0, j=12,---,n and Rank(A,) =n. We prove the theorem
by mathematical induction. When n =2, We have

P F O} ATP+PA <0
= , A'P+PA <
0 p,

2a;, @ : 2a,, a a.h)?
and Dzz{ o Zilpl}<0,|:1,2,---,m. Letdet{ o 2i1p1}>0.We obtain p, < ( izl)i :
a‘21 pl 2a22 pl a21 pl 2a22 pl 11a22
) a iy2
Forany 0 < p, < mln%, A'P + PA are always negative define. Thus, we get a common quadratic

iism 43,8,
. T R : - (ay)’
Lyapunov function V (X) = x' Px, where P = >0 with 0 < p, <min—=—.
0 p t<i<m 44, a,,

Assume that for n =Kk > 2, the theorem is true. When n =Kk +1, we have that
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a, 0 - 0 1.0 - 0
R (L g
ali<+1,1 a-li<+1’2 s a'i(+l’k+l O O e pk
and
D! Fi
A'P+PA <0.ie.D,=|, . ¢ ikpk <0
(Fk ) Py 2ak+l,k+l Py

Denote F = (84,11, 84,10, 8,14 ) - Without loss of generality, we assume (F,)" (D,)'F, #0.

Thus,
. Di Fi Di Fi
detD,,, =2detl . ° |p + det{ AU } p;
. O k+1,k+1 (Fk ) 0

= 2det(Dy )ay.. .1 Py —det(D)((F)" (D) " Fo) py

Assume k is odd, then det(D,)<O0 and detD,,>0 . From the equation above, we obtain

2a,
Py <t . Assume Kk is even, then det(D;,)>0 and detD;,<0 . We
()T (D)7F,
2a, a,
obtain p, <-——=L—— For any 0< p, < el ATP+ PA are always negative
(F) (D)~ F '<m(F) (D) R
define. Thus we get a common quadratic Lyapunov function V(Xx)= x"PXx , where
1 0 --- 0
— 0 Py - 0 2a li<+1k+1 .
P=|. . . . |>0with0 < p, <min — . This completes the proof of the theorem.
. : . : 1<|<m(F) (D) F'

4. Algorithms

Denote
(E)"(D)'E,

I<i<m 2ak+l k+1

ak+1 k+1

N, = — .
S CINCHR
Lk :(OiNk)

Based on the proof of Theorems 3.1 and 3.2, two algorithms of computing a common quadratic
Lyapunov functions are presented.

Algorithm 4.1 (A, is an upper triangular matrix)

a'i 2
Step 1 Compute max(L Forany p, € (max——=2— ( 12)
Lism 4ay, a5, tetsm 43-11 22
Step2 Set k =2;

Step 3 Compute M, . Forany p, €U, , output p, ;

,+00) , output P, ;

JIC email for contribution: editor@jic.org.uk



Journal of Information and Computing Science, 2 (2007) 4, pp 299-304 303

Step 4 If k <n—1, then goto step 3, otherwise stop;

Step 5 Output V (X) = X + P, X5 +-++ p,_,X>.

Algorithm 4.2 (A, is a lower triangular matrix)

Step 1 Compute min—2"— (8)° . For any p, € (0,min (8)°
isism 4 1a22 isism 4g, 1322

Step2Set k =2;

Step 3 Compute N, . For any p, € L,, output p,;

—="—) output p;;

Step 4 If k <n—1, then go to step 3, otherwise stop;
Step 5 Output V (X) = X2 + P X5 + -+ P, _ X2
Now, we give examples to illustrate the main results.
Example 4.1 Insystems (1), let m=2. Let

-1 -2 -1 —2 -1 -2
A=0 -2 -1/ A= 0 -1 -2|.
0 0 -2 0 0 -1

Obviously, V(X) =X+ pX5+p,Xx; . Next we will find p, and p, . We compute

{ (@,)? (a3)?

4a11a'22 4a11a'22

11 1
=max{—,—; and get (=,+o).Welet p, =1.
} {2 8} g (2 ) P,

M, —max {(Eé)T(Dé)lE; (Ef)T(Ds)lEé}: max{},ﬁ}

2al, ’ 2aZ, 8'7

and
8
U 2 = (7,4—00) .
Let p, = 2. Hence we find a common quadratic Lyapunov function

V(X) =% +xZ+2x2.
Example 4.2 In systems (1), let m=2. Let

-1 0 O -2 0 O
A=l2 -2 0| A=1 -2 0
1 1 -1 2 3 -1
Evidently, V(X)=X’+p,X>+p,x; . Next we will find p, and p, . We get
142 2\2
min :afl)l : (agl)z :min{l,i} and L, :(O,i) , Let P, _ 1
a;a,, 4a;a,, 216 16 20
: 2a; 2a’ :
szmm{ INT 3? Al e 2y\T 32 -1 z}zmm{g,ﬁ}amj Lz (0, ) Letp, =—
(FH)T(D)*FL' (F7) (D) *F; 40’ 8020 8020 401

Hence we find a common quadratic Lyapunov function V (X) = x{ + iO X5 + %01 X -
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