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Abstract: In this paper, we aim to construct an explicit finite difference scheme for solving the twodimensional sine–Gordon equation. By using Taylor expansion, we prove that the local truncation error of
the scheme is of 𝑂(ℎ2 + 𝜏 2 ) with grid size ℎ and time step 𝜏. Numerical results are reported to test the
theoretical analysis.
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1. Introduction
The sine-Gordon equation is an important mathematical model extensively applied in a wild variety of
physical fields, and it is often used to describe and simulate physical phenomena, such as nonlinear waves,
propagation of fluxons and dislocation of metals [1, 3]. Moreover, it has attracted much attention in
investigating solitons and condensed matter physics and the interaction of solitons in collisions plasma [2, 5,
7, 9].
Many scholars have already done a lot of research on the sine-Gordon equation. In [7], Josephson
gave the sine-Gordon equation describing the coupled superconducting junction for the first time. And zhou
in [13] gave the dimensional estimation of attractors with periodic boundary conditions. Guo [5] et al
conducted a numerical study and simulated the collision and reflection of solitons.
Simultaneously, numerical methods of studying this equation have important theoretical significance
and practical value. There has already been quite a lot of literature discussing how developing numerical
methods to solve the SG equation. Dehghan et al used the collocation method based on the radial basis
function to obtain the numerical solutions to the one-dimensional nonlinear sine-Gordon equation [4]. Liang
[8] considered the generalized nonlinear SG equations with periodic initial value problems. He established
the Fourier quasi-spectrum explicit scheme. In [12], two fully implicit finite difference schemes were
constructed. Besides, a split cosine scheme [10], and the multilevel augmentation method [6] have also been
applied to solve this equation. [11] studied the interpolated coeﬀicient finite element method and proved the
existence of the solution. Furthermore, when the grid size approached zero, the subsequences of numerical
solutions obtained on different grids converged to the exact solution in the 𝐿2 norm.
In this paper, using the finite difference method, we construct an explicit scheme that is convenient
for computer calculation in section2, and in section 3, two numerical examples are reported to confirm the
theoretical analysis.

2. An explicit finite difference scheme
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In this paper, we consider the two-dimensional sine-Gordon equation
𝝏𝒕𝒕 𝒖 − 𝚫𝒖 + 𝐬𝐢𝐧(𝒖) = 𝟎, (𝒙, 𝒚, 𝒕) ∈ 𝛀 × (𝟎, 𝑻]

(1)

with boundary and initial condition
𝑢(𝑥, 𝑦, 𝑡) = 0, (𝑥, 𝑦, 𝑡) ∈ 𝜕Ω × (0, 𝑇],

(2)

𝑢(𝑥, 𝑦, 0) = 𝜑(𝑥, 𝑦), 𝜕𝑡 𝑢(𝑥, 𝑦, 0) = 𝜓(𝑥, 𝑦), (𝑥, 𝑦) ∈ Ω,

(3)

𝟚

where Ω = (𝑎, 𝑏) × (𝑐, 𝑑) ⊂ 𝑅 is a finite computational domain with boundary ∂Ω, φ = φ(𝑥, 𝑦) and
𝜓 = 𝜓(𝑥, 𝑦) are two given functions. Choosing a positive integer N, we denote time step τ = 𝑇/𝑁, denote
the set of all time grid points by Ωτ = {𝑡𝑛 = 𝑛𝜏|𝑛 = 0,1,2, ⋯ , 𝑁}, and denote the space of all grid functions
defined on Ω𝜏 by 𝑆𝜏 = { 𝑤𝜏 = 𝑤 𝑛 |𝑤 𝑛 = 𝑤𝜏 (𝑡𝑛 ), 𝑡𝑛 ∈ Ω𝜏 }. For a grid function 𝑈 ∈ 𝑆𝜏 , we introduce the
following average operator and difference quotient operators,
1

𝛿𝑡+ 𝑈𝑛 = 𝜏 (𝑈 𝑛+1 − 𝑈 𝑛 ),

1

𝛿𝑡2 𝑈 𝑛 = 𝜏2 (𝑈 𝑛+1 − 2𝑈 𝑛 + 𝑈 𝑛−1 )

(4)

Taking two positive integers 𝐽 and 𝐾, we denote space grid size ℎ1 = (𝑏 − 𝑎)/𝐽, ℎ2 = (𝑑 − 𝑐)/𝐾
and ℎ = max{ ℎ1 , ℎ2 }, denote the set of all space grid points by Ωℎ = {(𝑥𝑗 , 𝑦𝑘 )|𝑥𝑗 = 𝑎 + 𝑗ℎ1 , 𝑦𝑘 = 𝑐 +
𝑘ℎ2 , 𝑗 = 0,1,2,··· , 𝐽; 𝑘 = 0,1,2,··· , 𝐾}, and denote the space of all grid functions defined on Ωℎ with
homogeneous boundary conditions by 𝑆ℎ = { 𝑤ℎ = 𝑤𝑗,𝑘 |𝑤𝑗,𝑘 = 𝑤ℎ (𝑥𝑗 , 𝑦𝑘 ) for (𝑥𝑗 , 𝑦𝑘 ) ∈ Ωℎ , and 𝑤𝑗,𝑘 =
0 for (𝑥𝑗 , 𝑦𝑘 ) ∈ Ωℎ ∩ 𝜕Ω}.
For a grid function 𝑊 ∈ 𝑆ℎ , we introduce the following difference quotient operators,
1
(5)
𝛿𝑥2 𝑊𝑗,𝑘 = 2 (𝑊𝑗+1,𝑘 − 2𝑊𝑗,𝑘 + 𝑊𝑗−1,𝑘 ),
ℎ1
1
(6)
𝛿𝑦2 𝑊𝑗,𝑘 = 2 (𝑊𝑗,𝑘+1 − 2𝑊𝑗,𝑘 + 𝑊𝑗,𝑘−1 ),
ℎ2
Δℎ 𝑊𝑗,𝑘 = δ2𝑥 𝑊𝑗,𝑘 + δ2𝑦 𝑊𝑗,𝑘 .
(7)
For simplicity, we introduce three index sets as follows:
𝐼ℎ0 = {(𝑗, 𝑘)|𝑗 = 0,1,2, ⋯ , 𝐽; 𝑘 = 0,1,2, ⋯ , 𝐾 },
𝐼ℎ = {(𝑗, 𝑘)|𝑗 = 1,2, ⋯ , 𝐽 − 1; 𝑘 = 1,2, ⋯ , 𝐾 − 1},
Γℎ = {(𝑗, 𝑘)|(𝑗, 𝑘) ∈ 𝐼ℎ0 , 𝑏𝑢𝑡 (𝑗, 𝑘) ∉ 𝐼ℎ .
We consider the 2D nonlinear SG equation at (𝑥𝑗 , 𝑦𝑘 , 𝑡𝑛 ),
𝑢𝑡𝑡 (𝑥𝑗 , 𝑦𝑘 , 𝑡𝑛 ) − Δ𝑢(𝑥𝑗 , 𝑦𝑘 , 𝑡𝑛 ) + sin 𝑢(𝑥𝑗 , 𝑦𝑘 , 𝑡𝑛 ) = 0.

(8)

𝑛
𝑛
Denote numerical solution of 𝑢𝑗,𝑘
by 𝑈𝑗,𝑘
, appling second-order centered finite difference operators to
temporal and spatial derivatives, i.e.

𝜕2𝑢
𝜏2 4
2 𝑛
,
𝑦
,
𝑡
=
𝛿
𝑈
−
𝜕 𝑢(𝑥𝑗 , 𝑦𝑘 , 𝜉1 ), 𝑡𝑛−1 < 𝜉1 < 𝑡𝑛+1 ,
(𝑥
)
𝑗
𝑘
𝑛
𝑡
𝑗,𝑘
𝜕𝑡 2
12 𝑡
𝜕2𝑢
ℎ12 4
2 𝑛
(𝑥 , 𝑦 , 𝑡 ) = 𝛿𝑥 𝑈𝑗,𝑘 − 𝜕𝑥 𝑢(𝜂𝑥 , 𝑦𝑘 , 𝑡𝑛 ), 𝑥𝑗−1 < 𝜂𝑥 < 𝑥𝑗+1 ,
𝜕𝑥 2 𝑗 𝑘 𝑛
12
2
𝜕 𝑢
ℎ22 4
2 𝑛
,
𝑦
,
𝑡
=
𝛿
𝑈
−
𝜕 𝑢(𝑥𝑗 , 𝜂𝑦 , 𝑡𝑛 ), 𝑦𝑘−1 < 𝜂𝑦 < 𝑦𝑘+1 .
(𝑥
)
𝑦 𝑗,𝑘
𝜕𝑦 2 𝑗 𝑘 𝑛
12 𝑦
So we rewrite the equation as:
𝑛
𝑛
𝑛
𝑛
𝛿𝑡2 𝑈𝑗,𝑘
− (𝛿𝑥2 + 𝛿𝑦2 )𝑈𝑗,𝑘
+ sin(𝑈𝑗,𝑘
, (𝑗, 𝑘) ∈ 𝐼ℎ , 0 ≤ 𝑛 ≤ 𝑁 − 1,
) = 𝑅𝑗,𝑘

(9)
(10)
(11)

(12)

𝑛
we can get from (9)-(11) the local truncation error |𝑅𝑗,𝑘
| ≤ 𝑐(τ2 + ℎ12 + ℎ22 ).

Replace numerical solution by exact solution，and then ignore the small items, we get the finite
difference scheme as follows:
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𝑛
𝑛
𝑛
𝛿𝑡2 𝑢𝑗,𝑘
− Δℎ 𝑢𝑗,𝑘
+ sin (𝑢𝑗,𝑘
) = 0, (𝑗, 𝑘) ∈ 𝐼ℎ , 0 ≤ 𝑛 ≤ 𝑁 − 1,
0
+ 0
𝑢𝑗,𝑘 = 𝜑𝑗,𝑘 , 𝛿𝑡 𝑢𝑗,𝑘 = 𝜓𝑗,𝑘 , (𝑗, 𝑘) ∈ 𝐼ℎ ,
𝑛
𝑢𝑗,𝑘
= 0, (𝑗, 𝑘) ∈ Γℎ , 0 ≤ 𝑛 ≤ 𝑁.

(13)

With von Neumann analysis method, it can be known that the stability condition of this finite difference
scheme is

𝜏2
ℎ12

𝜏2

1

+ ℎ 2 < 2.
2

3. Numerical experiments
In this section, we aim to show the performance of the explicit finite difference scheme, numerical
tests can confirm the theoretical findings which obtained in the previous.
Example 1: Considering the following issue
𝑢𝑡𝑡 − Δ𝑢 + sin 𝑢 = 0, (𝒙, 𝑡) ∈ Ω × (0,1],
𝑢(𝑥, 𝑦, 0) = sin(π𝑥) ⋅ sin(π𝑦),
𝑢𝑡 (𝑥, 𝑦, 0) = − sin(π𝑥) ⋅ sin(π𝑦).
In this test, we choose Ω = (0,2) × (0,2). And we fix temporal step 𝜏 = 1 × 10−3, ℎ1 = ℎ2 = 0.02,
we use the solution obtained by the Fourier spectral method as the numerical exact solution 𝑢𝑒 of this
𝑛
experiment. Fig.1 shows the surfaces of 𝑢𝑗,𝑘
at different times respectively and it is a time evolution
process of the numerical solution. The overall simulation results are very satisfactory.

Figure 1: Numerical results at different times for example 1

References

Journal of Information and Computing Science, Vol. 16(2021) No. 2, pp 118-121

121

[1] A. Barone, F. Esposito, C. C. Magee, Theory and applications of the sine-gordon equation, La. Rivista. Del Nuovo.
Cimento, 1, 1971, 227-267.
[2] I. L. Bogolyubskii, V. G. Makhankov, Lifetime of pulsating solitons in certain classical models, JETP Lett+, 24(1),
1976, 12-14.
[3] R. J. Cheng, K. M. Liew, Analyzing two-dimensional sine–Gordon equation with the mesh-free reproducing
kernel particle Ritz method, Comput. Method. Appl. M, 2012, 132-143.
[4] M. Dehghan, A. Shokri, A numerical method for one‐dimensional nonlinear Sine‐Gordon equation using
collocation and radial basis functions, Numer. Meth. Part. D. E, 24(2), 2010, 687-698.
[5] B. Y. Guo, P. J. Pascual, M. J. Rodriguez et al, Numerical solution of the sine-Gordon equation, Appl. Math.
Comput, 18(1), 1986, 1-14.
[6] C. Jian, Z. Chen, S. Cheng, Multilevel augmentation methods for solving the sine-Gordon equation, J. Math. Anal.
Appl, 375(2), 2011, 706-724.
[7] F. Li, D. X. Zhang, C. N. Pan, Chaotic dynamics of a Josephson junction with nonlinear damping, Chinese Phys
Lett, 27(5), 2010, 30-32.
[8] Z. Q. Liang, The global solution and numerical computation of the generalized nonlinear sine-Gordon equation,
Mathematics Applicata, 16(4), 2003, 25-28.
[9] P. X. Sheng, Chaos and turbulence in the generalized Sine-Gordon equation, J. Appl. Math, 28(3), 2005, 453-457.
[10] Q. Sheng, A. Q. M. Khaliq, D. A. Voss, Numerical simulation of two-dimensional sine-Gordon solitons via a split
cosine scheme, Math. Comput. Simulat, 68, 2005, 355–373.
[11] C. Wang, Convergence of the interpolated coefficient finite element method for the two-dimensional elliptic
sine-Gordon equations, Numer. Meth. Part. D. E, 27, 2011, 387–398.
[12] Q. B. Xu, Q. S. Chang, Two implicit difference schemes for the generalized nonlinear sine-Gordon equation, Acta
Mathematicae Applicatae Sinica, 2, 2007, 263-271.
[13] S. F. Zhou, Estimation of dimension of global attractor of sine-Gordon equation, Mathematica Applicata, 21(3),
1998, 6.

